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FOREWORD i

FOREWORD

Well, I have decided to completely retype Rudin’s Principles of Mathematical Anal-
ysis from scratch. There really are not many compelling reasons to do this—I de-
cided to begin the project just because I was tired of the fact that any time I wanted
to consult Rudin, I had to pull up a scanned copy of a book from the 1970s. Is this
a good reason? Probably not, as who will find value in this document? The main
group of people that need to consult Rudin are undergraduates in analysis courses
that use Rudin. But somebody has to do the work that nobody else will.

My original plan was to type 2 pages per day and be done in six months. How-
ever, to my surprise, five other people were willing to help me by typesetting some
of the chapters. This made the work go much faster than it otherwise would have,
and probably prevented me from only typing the first seven chapters before call-
ing it quits. Thank you. Of course, all of us will remain anonymous due to the fact
that this is a blatant violation of copyright law.

I'have made modifications in several places, including global changes to Rudin’s
outdated (or simply bad) notation. These changes are:

¢ Rather than denoting the field of real numbers by R and the field of rational
numbers by Q, I have denoted them by R and Q, respectively. The same is
true for R¥.

¢ Rather than denoting the set of positive integers by J, I denote it by IN.

* Rather than denoting sequences by {sy }, they are denoted by (sy) or (sx )2 ;.
A real valued sequence is an element of the product RY, and so modern
notation has one write them as ordered tuples. The notation {sy } appears to
define the range of a sequence, not the sequence itself.

¢ Rather than denoting an ordered k-tuple by {iy, ..., ix} as Rudin does in
I have used the notation (i1, ..., iy ). That Rudin does not do this
is especially strange, given the fact that he does use this notation in
[tion 9.33]

* Some sections, such as[Definition 10.18] have been converted into a definition
environment, as that is what their essential purpose is. I have put the title of
the section as Rudin has written it in parenthesis. This shouldn’t cause any
major confusion, as the section number is unchanged (and uniquely identi-
fies each section of the book).

¢ Proofs are non-indented and written in proof environments; as a result, they
now end with a J symbol.

* Rather than using the term “nonabsolutely” as Rudin does in [Remark 3.46}
I have used the word “conditionally,” as it is much more standard. I have
inserted “[[nonabsolutely]]” after the first instance in which I do this.

e Rather than denoting a continuously differentiable function by ¢/, I have de-
noted it by . Similarly, a function that is twice continuously differentiable
is denoted by %2, etc.

* At my discretion, I have converted inline math fractions such as %, ﬁ to be
in the form 1/2, x/ |x|. Rudin uses both styles and is not consistent. I have
tried to be more consistent than he was.
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¢ The remark above goes for summation symbols too. I have mostly followed
the notation Za,,, but in some instances (when the series is sufficiently com-
plex), I have used ) when Rudin uses L.

¢ Rather than referencing exercises as “Exercise 5, Chapter 3,” they are refer-
enced as “Exercise 3.5.” As a result, the exercises are numbered as C.E, where
C is the chapter and E is the exercise number as it appears in Rudin.

* Instead of writing ' Ej, [ have written it in full as ﬂ}l:1 E;.

* Some multi-line equations in Rudin are labeled via a single number that ap-
pears only on the first line, yet the number is supposed to label the entire
multi-line series of equations. I have fixed this.

* In the proof of [Theorem 3.54] I have shrunk the text size of one of the equa-
tions in order to make it fit on the page. Rudin opts for an uglier solution of
adding an extra line that only contains — - - - — Qy, < o at the very end.

. In Rudin says “If ' is defined at every point of aset E C [a, b],
f is said to be differentiable on E.” However, in Theorems (or proofs of) 5.9
and he says “f is differentiable in (q,b)” to mean f’ is defined at
every point of (a,b) C [a, b]. In the Corollary to[Theorem 5.12 he uses “on”

when f is defined on [a, b] and f’ is differentiable at every point of [a, b]. In
he again uses “in” for the situation where f is defined on [a, b]
and differentiable at every point of (a, b).

This situation continues on. It seems as if Rudin wants to say “differ-
entiable on E” for the situation where f is defined on E and differentiable
at every point of E. However, that is not how he defined it. As a result, I
have changed all instances of “differentiable in E” to “differentiable on E,”
to agree with his definition.

* Many typos have been fixed; however, I can’t help but feel it is likely that
even more have been introduced.

* Instead of placing a footnote to credit V.P. Havin for the proof of[Theorem 5.19
I have written Proof (V.P. Havin). 1 did this primarily because of whitespace
issues. Let it be noted here that he also translated the second edition of this
book into Russian.

Throughout the entire book, I have altered the way that Rudin uses commas
and creates paragraphs. Rudin is inconsistent with his comma usage and often
grammatically incorrect. He also seems to make new paragraphs whenever he
feels that he is saying something slightly different than the previous sentence—
there are many points throughout the book where he chains three one-sentence
paragraphs together, which I believe is simply bad style.

Page numbering is not identical: this document is slightly shorter than Rudin’s
book. All equation/exercise/theorem/corollary/definition/section/etc. number-
ing is consistent with Rudin’s original copy, however.

The page immediately before this foreword is copied exactly how it appears
in my “International Series in Pure and Applied Mathematics” copy, and so all
relevant data refers to that edition.

Should you wish, you could conceivably print this book out and bind it in some
way. The PDF has dimensions that are exactly the same as Rudin’s book (each page
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is 9in by 6in), and the font size is 9pt, as I&TEXdefines it, if you're curious.

iii
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PREFACE

This book is intended to serve as a text for the course in analysis that is usually
taken by advanced undergraduates or by first-year students who study mathe-
matics.

The present edition covers essentially the same topics as the second one, with
some additions, a few minor omissions, and considerable rearrangement. I hope
that these changes will make the material more accessible and more attractive to
the students who take such a course.

Experience has convinced me that it is pedagogically unsound (though logi-
cally correct) to start off with the construction of the real numbers from the rational
ones. At the beginning, most students simply fail to appreciate the need for doing
this. Accordingly, the real number system is introduced as an ordered field with
the least-upper-bound property, and a few interesting applications of this property
are made. However, Dedekind’s construction is not omitted. It is now in an Ap-
pendix to Chapter 1, were it may be studied and enjoyed whenever the time seems
ripe.

The material on functions of several variables is almost completely rewritten,
with many details filled in, and with more examples and more motivation. The
proof of the inverse function theorem—the key item in Chapter 9—is simplified by
means of the fixed point theorem about contraction mappings. Differential forms
are discussed in much greater detail. Several applications of Stokes’ theorem are
included.

As regards other changes, the chapter on the Riemann-Stieltjes integral has
been trimmed a bit, a short do-it-yourself section on the gamma function has been
added to Chapter 8, and there is a large number of new exercises, most of them
with fairly detailed hints.

I have also included several references to articles appearing in the American
Mathematical Monthly and in Mathematics Magazine, in the hope that students will
develop the habit of looking into the journal literature. Most of these references
were kindly supplied by R. B. Burckel.

Over the years, many people students as well as teachers, have sent me correc-
tions, criticisms, and other comments concerning the previous edition of this book.
I'have appreciated these, and I take this opportunity to express my sincere thanks
to all who have written me.

WALTER RUDIN



Chapter 1

THE REAL AND COMPLEX NUMBER
SYSTEMS

INTRODUCTION

A satisfactory discussion of the main concepts of analysis (such as convergence,
continuity, differentiation, and integration) must be based on an accurately
defined number concept. We shall not, however, enter into any discussion of the
axioms that govern the arithmetic of the integers, but assume familiarity with the
rational numbers (i.e., the numbers of the form m/n where m and n are integers
andn #0).

The rational number system is inadequate for many purposes, both as a field
and as an ordered set. (These terms will be defined in Definitions[I.6land[1.12]) For
instance, there is no rational p such that p? = 2. (We shall prove this presently.)
This leads to the introduction of so-called “irrational numbers” which are often
written as infinite decimal expansions and are considered to be “approximated”
by the corresponding finite decimals. Thus the sequence

1,1.4,1.41,1.414,1.4142, ...

“tends to v/2.” But unless the irrational number v/2 has been clearly defined, the
question must arise: Just what is it that this sequence “tends to”?

This sort of question can be answered as soon as the so-called “real number
system” is constructed.

1.1 Example. We now show that the equation
(1.1) p’=2

is not satisfied by any rational p. If there were such a p, we could write p = m/n
where m and n are integers that are not both even. Let us assume this is done.
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Then implies
(1.2) m? =2n?,

This shows that m? is even. Hence m is even (if m were odd, m?2 would be odd),
and so m? is divisible by 4. It follows that the right side of is divisible by 4, so
that n? is even, which implies that n is even.

The assumption that holds thus leads to the conclusion that both m and n
are even, contrary to our choice of m and n. Hence is impossible for rational
p.

We now examine this situation a little more closely. Let A be the set of all
positive rationals p such that p2 < 2 and let B consist of all positive rationals p
such that p? > 2. We shall show that A contains no largest number and B contains no
smallest.

More explicitly, for every p in A we can find a rational q in A such thatp < q,
and for every p in B we can find a rational q in B such that q < p.

To do this, we associate with each rational p > 0 the number

2

p2—2 2p+2
13 =p— = )
(1.3) =P 07 T ha2
Then

2(p?-2)

14 2_p,-2F =4
-y TR

If pisin A, thenpZ —2 < 0, shows that q¢ > p and shows that q% < 2.
Thus qisin A.

If p is in B, then p2 —2 > 0, shows that 0 < q < p, and shows that
q? > 2. Thus q is in B.

1.2 Remark. The purpose of the above discussion has been to show that the ra-
tional number system has certain gaps, in spite of the fact that between any two
rationals there is another: if r < s, then r < (r+5)/2 < s. The real number system
fills these gaps. This is the principal reason for the fundamental role for which it
plays in analysis.

In order to elucidate its structure, as well as that of the complex numbers, we
start with a brief discussion of the general concepts of ordered set and field.

Here is some of the standard set-theoretic terminology that will be used through-
out this book.

1.3 Definitions. If A is any set (Whose elements may be numbers or any other
objects), we write x € A to indicate that x is a member (or an element) of A. If x is
not a member of A, we write x ¢ A.

The set which contains no element will be called the empty set. If a set has at
least one element, it is called nonempty.
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If A and B are sets, and if every element of A is an element of B, we say that A
is a subset of B, and we write A C B, or B D A. If, in addition, there is an element
of B which is not in A, then A is said to be a proper subset of B. Note that A C A
for every set A.

If A C Band B C A, we write A = B. Otherwise, A # B.

1.4 Definition. Throughout the set of all rational numbers will be denoted
by Q.

ORDERED SETS

1.5 Definition. Let S be a set. An order on S is a relation, denoted by <, with the
following two properties

(i) If x € Sand y € S, then one and only one of the statements
x<y, x=Y, yYy<x

is true.
(ii) Ifx,y,z€ S,if x <yand y < z, then x < z.

The statement “x < y” may be read as “x is less thany ” or “x is smaller than y” or
“x precedes y”.

It is often convenient to write y > x in place of x < y.

The notation x <y indicates that x < y or x =y, without specifying which of
these two is to hold. In other words, x < y is the negation of x > y.

1.6 Definition. An ordered set is a set S in which an order is defined.
For example, Q is an ordered set if r < s is defined to mean that s — v is a
positive rational number.

1.7 Definition. Suppose S is an ordered set, and E C S. If there exists a § € S such
thatx < 3 for every x € E, we say that E is bounded above, and call 3 an upper bound
of E.

Lower bounds are defined the same way (with > in place of <).

1.8 Definition. Suppose S is an ordered set, E C S, and E is bounded above. Sup-
pose there exists an a € S with the following properties:

(i) ocis an upper bound of E.
(ii) If y < « then y is not an upper bound of E.

Then « is called the least upper bound of E [that there is at most one such « is clear
from (ii)] or the supremum of E, and we write

o« =supE.
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The greatest lower bound, or infimum, of a set E which is bounded below is defined
in the same manner: The statement

o =infE

means that « is a lower bound of E and that no  with > « is a lower bound
of E.

1.9 Examples.

(a) Consider the sets A and B of Example as subsets of the ordered set Q.
The set A is bounded above. In fact, the upper bounds of A are exactly the
members of B. Since B contains no smallest member, A has no least upper
bound in Q.

Similarly, B is bounded below: the set of all lower bounds of B consists
of A and of all r € Q with r < 0. Since A has no largest member, B has no
greatest lower bound in Q.

(b) If « = sup E exists, then « may or may not be a member of E. For instance,
let Eq1 be the set of all r € Q with v < 0. Let E; be the set of all r € Q with
r < 0. Then

supEy; =supEy =0,
and 0 € E4,0 € E,.

(c) Let E consist of all numbers 1/n, where n = 1,2,3,.... Then supt =1,
which is in E, and inf E = 0, which is not in E.

1.10 Definition. An ordered set S is said to have the least-upper-bound property if
the following is true:

If E C S, Eis not empty, and E is bounded above, then sup E exists in S.

shows that @ does not have the least-upper-bound property.

We shall now show that there is a close relation between greatest lower bounds
and least upper bounds, and that every ordered set with the least-upper-bound
property also has the greatest-lower-bound property.

1.11 Theorem. Suppose S is an ordered set with the least-upper-bound property, B C S,
B is not empty, and B is bounded below. Let L be the set of all lower bounds of B. Then

ax=supl

exists in S and o« = inf B.
In particular, inf B exists in S.

Proof. Since B is bounded below, L is not empty. Since L consists of exactly those
y € S which satisfy the inequality y < x for every x € B, we see that every x € B
is an upper bound of L. Thus L is bounded above. Our hypothesis about S implies
therefore that L has a supremum in S; call it x.
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If y < a then (see|Definition 1.8) y is not an upper bound of L, hence y ¢ B. It
follows that o« < x for every x € B. Thus o« € L.

If x < 3 then B ¢ L, since « is an upper bound of L.
We have shown that « € Lbut § ¢ Lif B > «. In other words, « is a lower
bound of B, but {3 is not if f > «. This means that &« = inf B. O

FIELDS

1.12 Definition. A field is a set I with two operations, called addition and
multiplication, which satisfy the following so-called “field axioms” (A), (M),
and (D):

(A) Axioms for addition
(Al) x € Fandy € F, then their sum x +y isin IF.
(A2) Addition is commutative: x +y =y +x forall x,y € IF.
(A3) Addition is associative: (x +y)+z=x+ (y+z) forall x,y,z € FF.
(A4) F contains an element 0 such that 0 + x = x for every x € F.

(A5) To every x € I corresponds an element —x € I such that
x+ (—x) =0.
(M) Axioms for multiplication

M1) If x € T, then their product xy is in IF.

M2) Multiplication is commutative: xy = yx forall x,y € F.

(
(
(M3) Multiplication is associative: (xy)z = x(yz) forall x,y,z € F.
(M4) F contains an element 1 # 0 such that 1x = x for every x € F.
(

M5) If x € F and x # 0 then there exists an element 1/x € F such that

x-(1/x)=1.

(D) The distributive law
x(y+z) =xy+xz

holds for all x,y,z € .
1.13 Remarks.

(a) One usually writes (in any field)
xX—vy, 3, x+y+z xyz, xz, x3, 2x, 3%, ...

in place of

1
x+(—y), x- (g) , (x+y)+z (xy)z, xx, xxx, x+%, X +x+X%, ...
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(b) The field axioms clearly hold in Q, the set of all rational numbers, if addition
and multiplication have their customary meaning. Thus Q is a field.

(c) Although it is not our purpose to study fields (or any other algebraic struc-
tures) in detail, it is worthwhile to prove that some of the familiar properties
of Q are consequences of the field axioms; once we do this, we will not need
to do it again for the real numbers and for the complex numbers.

1.14 Proposition. The axioms for addition imply the following statements.
(@) Ifx+y=x+ztheny =z
(b) If x+y =xtheny =0.
(c) Ifx+y=0theny = —x.
(d) —(—x) =x.
Statement [(a)]is a cancellation law. Note that [(b)| asserts the uniqueness of the
element whose existence is assumed in[(A4)] and that[(c)]does the same for[(A5)]

Proof. 1f x +y = x + z, the axioms|[(A)] give

y=0+y=(—x+x)+y=—x+(x+y)
=—x+x+z)=(—=x+x)+z=0+z=2z.

This proves|[(a)} Take z = 0 in[(a)| to obtain|(b)] Take z = —x in[(a)|to obtain ()}
Since —x + x = 0,[(Q)] (with —x in place of x) gives[(d)} O

1.15 Proposition. The axioms for multiplication imply the following statements

(a) Ifx #0and xy = xztheny = z.
(b) Ifx #£0andxy =xtheny =1.
(c) Ifx #0and xy =1 theny = 1/x.
(d) Ifx #0then1/(1/x) =x.

The proof is so similar to that of |Proposition 1.14|that we omit it.
1.16 Proposition. The field axioms imply the following statements, for any x, y, z € F.
(a) Ox = 0.
(b) Ifx # 0andy # 0 then xy # 0.

(0 (—x)y =—(xy) =x(—y).
(@) (—)(~y) =xy.

Proof. 0x +0x = (0 4+ 0)x = 0x. Hence|Proposition 1.14(b)|implies that Ox = 0, and
[@)]holds. Next, assume x # 0,y # 0, but xy = 0. Then|(a)|gives

Q)G Eees

a contradiction. Thus|(b)|holds.
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The first equality in[(c)]comes from

(—x)y+xy =(—x+x)y =0y =0,

combined with[Proposition 1.14(c)} the other half of[(c)|is proved in the same way.
Finally,

()(—y) = —Ix(—y)] = —[=(xy)l = xy
by|[(c)]and [Proposition T.14(d)} O

1.17 Definition. An ordered field is a field I which is also an ordered set, such that

(i) x+y<x+zifx,yzeFandy <z,
(ii) xy >0ifx € F,ycF,x>0,andy > 0.

If x > 0, we call x positive; if x < 0, x is negative.

For example, Q is an ordered field.

All the familiar rules for working with inequalities apply in every ordered field:
Multiplication by positive [negative] quantities preserves [reverses] inequalities,
no square is negative, etc. The following proposition lists some of these.

1.18 Proposition. The following statements are true in every ordered field.

(a) Ifx > 0 then —x < 0, and vice versa.

(b) Ifx > 0andy < z then xy < xz.

(c) Ifx <O0andy < z then xy > xz.

(d) Ifx # 0 then x* > 0. In particular, 1 > 0.
() If0<x<ythen0<1/y<1/x.

Proof.

(@) Ifx >0then0=—x+x>—x+0,s0that —x < 0. If x < O then 0 = —x+x <
—x 40, so that —x > 0. This proves|(a)}
(b) Since z >y, wehavez—y >y —y =0, hence x(z —y) > 0, and therefore

xz=x(z—y)+xy >0+xy =xy.

(¢c) By[(@)}[(b)} and [Proposition 1.16(c)}

—x(z—=y)l = (=x)(z—y) >0,

so that x(z —y) < 0, hence xz < xy.

(d) If x > 0, part (ii) of |Definition 1.17 gives x2 > 0. If x < 0, then —x > 0, hence
(—x)2 > 0. But x? = (—x)* by|Proposition 1.16(d)} Since 1 = 12,1 > 0.

(e) Ify>0andv < 0, thenyv < 0. Buty-(1/y) =1 > 0. Hence 1/y > 0.
Likewise, 1/x > 0. If we multiply both sides of the inequality x < y by the
positive quantity (1/x)(1/y), we obtain 1/y < 1/x. O
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THE REAL FIELD

We now state the existence theorem which is the core of this chapter.

1.19 Theorem. There exists an ordered field R which has the least-upper-bound property.
Moreover, R contains Q as a subfield.

The second statement means that Q C R and that the operations of addition
and multiplication in R, when applied to members of Q, coincide with the usual
operations on rational numbers; also, the positive rational numbers are positive
elements of R. The members of R are called real numbers.

The proof of is rather long and a bit tedious and is therefore
presented in an[Appendix|to[Chap. 1} The proof actually constructs R from Q.

The next theorem could be extracted from this construction with very little ex-
tra effort. However, we prefer to derive it from[Theorem T.19since this provided a

good illustration of what one can do with the least-upper-bound property.

1.20 Theorem.

(a) Ifx € R,y € R, and x > 0, then there is a positive integer n such that
nx >vy.

(b) Ifx € R,y € R, and x <y, then there exists a p € Q such that x <p <.

Part (a) is usually referred to as the archimedean property of R. Part (b) may be
stated by saying that Q is dense in R: Between any two real numbers, there is a
rational one.

Proof.

(a) Let A be the set of all nx, where n runs through the positive integers. If (a)
were false, then y would be an upper bound of A. But then A has a least
upper bound in R. Put o = sup A. Since x > 0, x —x < &, and & — x is not
an upper bound of A. Hence « —x < mx for some positive integer m. But
then « < (m+ 1)x € A, which is impossible, since « is an upper bound of A.

(b) Since x < y, we have y —x > 0, and (a) furnishes a positive integer n such
that

ny—x) > 1.

Apply (a) again, to obtain positive integers m; and m; such that m; > nx,
my > —nx. Then
—my < nx < my.

Hence there is an integer m (with —m, < m < my) such that

m—1<nx<m.
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If we combine these inequalities, we obtain
nx <m< 14+nx <ny.

Since n > 0, it follows that

3

x < — <.

3

This proves (b), with p = m/n. O

We shall now prove the existence of nth roots of positive reals. This proof will
show how the difficulty pointed out in the (irrationality of v/2) can
be handled in R.

1.21 Theorem. For every real x > 0 and every integer n. > 0, there is one and only one
positive real y such that y™ = x.

This number y is written {/x or x'/™.

Proof. That there is at most one such y is clear, since 0 < yj < y; implies y' < y%.
Let E be the set consisting of all positive real numbers t such that t™ < x. If

t=x/(1+x)then0 <t< 1. Hencet™ <t<x. Thust € E, and E is not empty.
Ift >1+xthent™ >t > xsothatt ¢ E. Thus 1+ x is an upper bound of E.

Hence|[Theorem 1.19implies the existence of
y=supkt.

To prove that y™ = x we will show that each of the inequalities y™ < x and y™ > x
leads to a contradiction.
The identity b™ —a™ = (b — )™ T+ 2a 4. 4 yields the in-
equality
b —a™ < (b—a)nb™!
when0 < a<b.
Assume y™ < x. Choose hso that 0 < h < 1 and

x—y"

h< ——m—.
< n(y+ 1)1

Puta =y, b=y+h. Then
Y+h)™" =y <hny+h)™ " <hny+1)" ' <x—y™

Thus (y +h)™ < xand y+h € E. Since y + h > y, this contradicts the fact that y
is an upper bound of E.

Assume y™ > x. Put

=YX

nyn 1°
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Then 0 < k <y. If t > y —k, we conclude that
Yttt <yt — (y—K)" <kny™ T =y —x.

Thus t™ > x and t ¢ E. It follows that y — k is an upper bound of E. Buty —k <y,
which contradicts the fact that y is the least upper bound of E.
Hence y™ = x, and the proof is complete. O

Corollary. If a and b are positive real numbers and n is a positive integer, then
(ab)1 /m_ g1 /npl/n

Proof. Putx =a'/™, B =b'/™. Then
ab=a"p" = («p)™

since multiplication is commutative. [Axiom (M2) in[Definition 1.12|{] The unique-
ness assertion of [Theorem 1.2T|shows therefore that

(ab)V/™ = ap = a'/mp!/M, 0O

1.22 Decimals. We conclude this section by pointing out the relation between real
numbers and decimals.

Let x > 0 be real. Let ng be the largest integer such that np < x. (Note that
the existence of ny depends on the archimedean property of R.) Having chosen
no,M1,...,Ni_1, let ni denote the largest integer such that

n Nk
no+ v+ -+ <x
°" 70 108 =

Let E be the set of these numbers

n N
(1.5) not gyt t e (k=012

Then x = sup E. The decimal expansion of x is
(1.6) Nno.nnanz--- .

Conversely, for any infinite decimal expansion (1.6) the set E of numbers (1.5) is
bounded above and (1.6) is the decimal expansion of sup E.
Since we shall never use decimals, we do not enter into a detailed discussion.

THE EXTENDED REAL NUMBER SYSTEM

1.23 Definition. The extended real number system consists of the real field R and
two symbols, +oco and —co. We preserve the original order in R and define

—00 < X < +00
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for every x € R.

It is then clear that +co is an upper bound of every subset of the extended real
number system, and that every nonempty subset has a least upper bound. If, for
example, E is a nonempty subset of real numbers which is not bounded above in
R, then sup E = +o0 in the extended real number system.

Exactly the same remarks apply to lower bounds.

The extended real number system does not form a field, but it is customary to
make the following conventions:

(a) If x is real then
X+oo=400, xXx—o0c0=-—-00, — =—=0.

(b) If x > 0 then x - (+-00) = 400, x - (—o0) = —0o0.
(c) If x < 0 thenx - (+00) = —00, x - (—00) = +00.

When it is desired to make the distinction between real numbers on the one

hand and the symbols +0co and —co on the other quite explicit, the former are
called finite.

THE COMPLEX FIELD

1.24 Definition. A complex number is an ordered pair (a, b) of real numbers. “Or-
dered” means that (a,b) and (b, a) are regarded as distinct if a # b.

Let x = (a,b), y = (c, d) be two complex numbers. We write x = y if and only
if a = cand b = d. (Note that this definition is not entirely superfluous; think of
equality of rational numbers, represented as quotients of integers.) We define

x+y=(a+cb+d)
xy = (ac —bd, ad + bc).

1.25 Theorem. These definitions of addition and multiplication turn the set of all complex
numbers into a field, which (0,0) and (1,0) in the role of 0 and 1.

Proof. We simply verify the field axioms, as listed in [Definition 1.12| (Of course,
we use the field structure of R.) Let x = (a,b),y = (¢, d), z = (e, ).
(A1) is clear.
(A2) x+y=(a+c,b+d)=(c+ad+b)=y+x
(A3) (x+y)+z=(a+c,b+d)+(ef)
=(a+c+eb+d+f)
=(ab)+(cted+f)=x+(y+z).
(A4) x+0=1(a,b)+(0,0) =(a,b) =x.
(A5) Put —x = (—a,—b). Then x + (—x) = (0,0) = 0.
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(M1) is clear.
(M2) xy = (ac—bd,ad +bc) = (ca—db, da + cb) = yx.
(M3) (xy)z = (ac —bd, ad + bc)(e, f)
= (ace —bde — adf — bef, acf — bdf + ade + bce)
= (a,b)(ce — df, cf+ de) = x(yz).
(M4) 1x = (1,0)(a,b) = (a,b) =x.
(M5) If x # 0 then (a,b) # (0,0), which means that at least one of the real numbers

a, b is different from 0. Hence a? + b2 > 0, by [Proposition 1.18(d), and we
can define

(e b
x \aZ+b2 a?2+b2)’
Then
a —b

X - % =(a,b) <m,m) =(1,0)=1.
D) x(y+z)=(a,b)(ct+e d+T)
= (ac + ae—bd — bf, ad + af + bc + be)
= (ac —bd, ad + bc) + (ae — bf, af + be)
=xy +xz. O

1.26 Theorem. For any real numbers a and b we have
(a,0)+(b,0) = (a+b,0),  (a,0)(b,0)= (ab,0).

The proof is trivial.

shows that the complex numbers of the form (a, 0) have the same
arithmetic properties as the corresponding real numbers a. We can therefore iden-
tify (a,0) with a. This identification gives us the real field as a subfield of the
complex field.

The reader may have noticed that we defined the complex numbers without
any reference to the mysterious square root of —1. We now show that the notation
(a,b) is equivalent to the more customary a + bi.

1.27 Definition. i = (0,1).

1.28 Theorem. iZ = —1.

Proof. i* =(0,1)(0,1) = (—1,0) = —1. O
1.29 Theorem. If a and b are real, then (a,b) = a+ bi.

Proof.

=(a,0)+ (0,b) = (a,b). O
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1.30 Definition. If a, b are real and z = a + bi, then the complex number z = a —bi
is called the conjugate of z. The numbers a and b are the real part and the imaginary
part of z, respectively.

We shall occasionally write

a = Re(z), b =1Im(z).

1.31 Theorem. If z and w are complex, then
(@) z+w=z+Ww,
(b) zZw=z-W,
(c) z+Z=2Re(z), z—z = 2iIm(z),
(d) zz is real and positive (except when z = 0).

Proof. (a), (b), and (c) are quite trivial. To prove (d), write z = a + bi, and note that
7Z = a2 + b2 O

1.32 Definition. If z is a complex number, its absolute value |z| is the non-negative
square root of zz ; that is |z| = (zz)V/2.

The existence (and uniqueness) of |z| follows from and part (d)
of Theorem 1.31

Note that when x is real, then X = x, hence |x| = V'x2. Thus x| = xif x > 0,
x| = —xifx < 0.

1.33 Theorem. Let z and w be complex numbers. Then
(a) |z| > O0unlessz=20,|0] =0,
(b) Izl = lz|,
(c) [zw| = lz| [w],
(d) |Re(z)| < |z,
(e) |z+wl| < lz|+|wl.
Proof. (a) and (b) are trivial. Put z = a + bi, w = ¢ + di, with a, b, ¢, d real. Then
lzw|? = (ac —bd)? + (ad + bc)? = (a? +b2)(c + d?) = |22 [w]?

or Izwl2 = (Jz|lw])%. Now (c) follows from the uniqueness assertion of
fem T27]

To prove (d), note that a? < a? + b2, hence

lal = Va2 < Va2 + b2
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To prove (e), note that zw is the conjugate of zw, so that zw +zw = 2Re(zw).
Hence

lz4+ W = (z+W)(Z+W) = 2Z + ZW + ZW + WW
=|z> + 2Re(zw) + [w|?
< |z]® +2|zw]| + [w|?
=212 + 21zl [wl + w]* = (Jzl + [w])2.

Now (e) follows by taking square roots. O
1.34 Notation. If x1, ..., X, are complex numbers, we write

n
X1 +X2+---+Xn:ZXj.
j=1

We conclude this section with an important inequality, usually known as the
Schwarz inequality.

1.35 Theorem. Ifay,...,an and by,..., by are complex numbers, then

2

Dby < fam ) b5l
=1

j=1 j=1

Proof. Put A = Z|q; I2,B = Z|b; 12, C = Zajgj (in all sums in this proof, j runs over
thevalues 1,...,n). If B=0, thenby = --- = by, =0, and the conclusion is trivial.

Assume therefore that B > 0. By [Theorem 1.31|we have
3 [Baj —Cbj|* = 3 (Ba; — Cby)(Ba; — Cby)
=B |aj|"~BC Y ajbj ~BCY a@jb; +/C17 3 |b;|°
=B2A—B|C[?
=B(AB—|CJ%).
Since each term in the first sum is nonnegative, we see that
B(AB —|C|)2 > 0.
Since B > 0, it follows that AB —|C \2 > 0. This is the desired inequality. O

EUCLIDEAN SPACES
1.36 Definitions. For each positive integer k, let RX be the set of all ordered k-
tuples

X = (X1,%X2,+++,%K),
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where x1, ..., Xy are real numbers, called the coordinates of x. The elements of R*
are called points, or vectors, especially when k > 1. We shall denote vectors by
boldfaced letters. If y = (y1, ...,y ) and if « is a real number, put

X+y= (xq +Y1,--- X+ Yx)
oax = (ox1,...,0Xn)

so that x +y € R¥ and ax € RX. This defines addition of vectors, as well as
multiplication of a vector by a real number (a scalar). These two operations satisfy
the commutative, associative, and distributive laws (the proof is trivial, in view of
the analogous laws for the real numbers) and make R¥ into a vector space over the
real field. The zero element of R¥ (sometimes called the origin or the null vector) is
the point 0, all of whose coordinates are 0.

We also define the so-called “inner product” (or scalar product) of x and y by

k
X-y= inyi
i=1

()

The structure now defined (the vector space R* with the above inner product
and norm is called euclidean k-space.

and the norm of x by
1/2

1.37 Theorem. Supposex,y, z € R¥, and o is real. Then

(a) x| >0;

(b) Ix| =0ifandonly if x = 0;
(c) lox| = [« [x];

@ Ix-yl <Ixllyl;

(e Ix+yl <Ixl+lyl;

N Ix—z| < |x—yl+ly—zl

Proof. (@)} [(b)} and [(c)] are obvious, and [(d)] is an immediate consequence of the
Schwarz inequality. By [(d)]we have
x+yl? = (x+y)- (x+y)
=X'X+2Xy+y'y
< Ix+20x Iyl + Iyl
= (IxI+1yD?,

so that[(e)]is proved. Finally [(f)] follows from [(e)]if we replace x by x—y and y by
y—z O
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1.38 Remarks. [®)] and [(D)] will allow us (see to regard

R as a metric space.

R (the set of all real numbers) is usually called the line, or the real line. Like-
wise, R? is called the plane, or the complex plane (compare Definitions and
[1.36). In these two cases, the norm is just the absolute value of the corresponding
real or complex number.

APPENDIX

Theorem 1.19|will be proved in this appendix by constructing R from Q. We shall
divide the construction into several steps.

Step 1 The members of R will be certain subsets of Q, called cuts. A cut is, by
definition, any set x C Q with the following three properties.

(I) ovis not empty, and x # Q.
(I fpeaqeQand q<p, thenq € «x.
(D) If p € o, then p < v for some r € «.

The letters p, q, 7, ... will always denote rational numbers, and «, 3,v, ... will
denote cuts.

Note that (III) simply says that « has no largest member; (II) implies two facts
which will be used freely:

Ifp € aand q € «, thenp < q.

Ifr¢ candr <s,thens & o.

Step 2 Define “« < 3” to mean: « is a proper subset of 3.

Let us check that this meets the requirements of

If x < B and B < vy itis clear that @ < y. (A proper subset of a proper subset is
a proper subset.) It is also clear that at most one of the three relations

x <P, a=p, B<a

can hold for any pair «, 3. To show that at least one holds, assume that the first
two fail. Then « is not a subset of 3. Hence thereisap € awithp ¢ . If g € 3,
it follows that q < p (since p ¢ B), hence q € «, by (II). Thus p C «. Since 3 # «,
we conclude B < «.

Thus R is now an ordered set.

Step 3 The ordered set R has the least upper bound property.

To prove this, let A be a nonempty subset of R, and assume that € R is
an upper bound of A. Define y to be the union of all x € A. In other words,
p € vifand only if p € « for some « € A. We shall prove that y € R and that
Y =supA.

Since A is not empty, there exists an «p € A. This xp is not empty. Since
oy C v,y is not empty. Next, vy C B (since & C [ for every a € A ), and therefore
Y # Q. Thus v satisfies property (I). To prove (II) and (III), pick p € y. Thenp € x4
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for some a; € A. If g < p, then q € aq, hence q € y; this proves (II). If r € a7 is so
chosen that r > p, we see that r € y (since a7 C 7y), and therefore y satisfies (III).

Thusy € R.

It is clear that &« < vy for every o € A.

Suppose & < y. Then there is an s € y such that s ¢ 6. Since s € v, s € « for
some « € A. Hence 6 < oc and  is not an upper bound of A.

This gives the desired result: v = sup A.
Step4 If x € Rand B € R, we define « + 3 to be the set of all sums 1+ s, where
r€oands € fB.

We define 0* to be the set of all negative rational numbers. It is clear that 0*

is a cut. We verify that the axioms for addition (see|Definition 1.12) hold in R, with 0*
playing the role of 0.

(Al) We have to show that o+ 3 is a cut. It is clear that ot + 3 is a nonempty subset
of Q. Taker’ ¢ o, s’ ¢ B. Thent’ +s’ > r+ s for all choices of r € &, s € .
Thus ’ +s’ ¢ o+ B. It follows that o + 3 has property ().

Pickp € a+ . Thenp =r+s,withr € o, s € B. If g < p,thenq—s <,
soq—s € o,and q = (q—s)+s € a+ B. Thus (II) holds. Choose t € &« so

thatt > 1. Thenp < t+sand t+s € a+ . Thus (III) holds.

(A2) x+ B isthesetofall r+s, withr € &, s € 3. By the same definition, § + «
isthesetof all s+ 1. Sincer+s = s+rforallrt € Q, s € Q, we have
x+pB=p+o

(A3) As above, this follows from the associative law in Q.

(A4) If r € cvand s € 0%, thenr+s < 1, hence r+s € a Thus a+0* C «.

To obtain the opposite inclusion, pick p € «, and pick v € «, v > p. Then
p—re0f,andp =1+ (p—r1) € a+0* This x C ax+ 0*. We conclude that
a+0" =«
(A5) Fix « € R. Let (3 be the set of all p with the following property:
There exists v > 0 such that —p —r ¢ o

In other words, some rational number smaller than —p fails to be in «.
We show that p € R and that x4+ = 0*.

Ifs¢ xandp = —s—1,then —p —1 ¢ «, hence p € 3. So f is not empty.
If g € «, then —q ¢ B. So B # Q. Hence { satisfies (I).

Pickpe fpandr >0sothat—p—r¢ . Ifq<p,then—q—1>-—p—r,
hence —q —r ¢ o Thus q € 3 and (II) holds. Putt =p + (r/2). Thent > p
and —t—(r/2) = —p —71 ¢ «, so that t € (3. Hence (3 satisfies (III).

We have proved that 3 € R.

Ifre€ aands € 3, then —s ¢ o, hencer < —s, r+s < 0. Thus 4+ C 0*.

To prove the opposite inclusion, pick v € 0%, put w = —v/2. Thenw > 0
and there is an integer n such that nw € o but (n+1)w ¢ «. (Note that
this depends on the fact that Q has the archimedean property!) Put p =
—(n+2)w. Then p € B, since —p —w ¢ o and

v=nw+p € «+ .
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Thus 0* C o+ B.
We conclude that « 4 3 = 0*. This 3 will of course be denoted by —«.

Step 5 Having proved that the addition defined in Step 4 satisfies axioms (A) of

Definition 1.12} it follows that ProEosition 1.14}is valid in R, and we can prove one
of the requirements in Definit on 1.1?}

Ifa, B, ye Rand B <y, then o+ < o +y.

Indeed, it is obvious from the definition of + in R that x + 3 C « +y; if
we had « + 3 = o+ v, the cancellation law would imply
B=v

It also follows that o« > 0* if and only if —ot < 0*.

Step 6 Multiplication is a little more bothersome than addition in the present con-
text, since products of negative rationals are positive. For this reason we confine
ourselves first to R* the set of all « € R with & > 0*.

If x € R* and p € R, we define a3 to be the set of all p < rs for some choice
ofrea,seB,r>0,s>0.

We define 1* to be the set of all g < 1.

Then the axioms (M) and (D) ohold, with R in place of F, and with
1* in the role of 1.

The proofs are so similar to the ones given in detail in Step 4 that we omit
them.

Note, in particular, that the second requirement of holds: If

« > 0" and B > 0%, then «ff > 0*.
Step 7 We complete the definition of multiplication by setting «0* = 0*« = 0%,
and by setting
(—x)(—B) if x<0*,p < 0%,
aff =< —[(—x)p] if x < 0%, B > 0%,
—[x(—=B)] if x> 0%, B < 0*.
The products on the right were defined in Step 6.

Having proved (in Step 6) that the axioms (M) hold in R, it is now perfectly
simple to prove them in R, by repeated application of the identity y = —(—vy)

which is part of (See Step 5.)

The proof of the distributive law

x(B+v) = ap +xy

breaks into cases. For instance, suppose & > 0%, B < 0%, f +v > 0*. Theny =
(B +7v) + (—B), and (since we already know that the distributive law holds in R*)

oy = (B 4v) 4o (—B).
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but «- (—B) = —(«B). Thus
oaf + oy = (B +7).

The other cases are handled in the same way.

We have now completed the proof that R is an ordered field with the least upper bound
property.
Step 8 We associate with each r € @ the set r* which consists of all p € Q such
that p < 1. Itis clear that each r* is a cut; that is, v € R. These cuts satisfy the
following relations:

@ r™+s*=(r+s)*
(b) r*s* = (rs)7,
() r* <s*ifand onlyifr <s.

To prove (a), choose p € 1* +s*. Thenp = u+v, where u < 1, v < s. Hence
p < v+s, which says thatp € (r+s)*.
Conversely, suppose p € (r+5s)*. Then p < r+s. Choose t so that 2t =
T+s—p,put
r’ =1r—1, s'=s—t.

Thenr’ € v*, s’ € s*, and p = 1’ + s/, so that p € r* + s*. This proves (a). The
proof of (b) is similar.

Ifr <sthenr € s*, butr & r* ; hence r* < s*.

If r* < s*, then there is a p € s* such thatp ¢ r*. Hence r < p < s, so that
T < s. This proves (c).

Step 9 We saw in Step 8 that the replacement of the rational numbers r by the
corresponding “rational cuts” * € R preserves sums, products, and order. This
fact may be expressed by saying that the ordered field Q is isomorphic to the ordered
field Q* whose elements are the rational cuts. Of course, v is by no means the
same as 1, but the properties we are concerned with (arithmetic and order) are the
same in the two fields.

It is this identification of Q with Q* which allows us to regard Q as a subfield of R.

The second part of[Theorem T.19]is to be understood in terms of this identifica-
tion. Note that the same phenomenon occurs when the real numbers are regarded
as a subfield of the complex field, and it also occurs at a much more elementary
level, when the integers are identified with a certain subset of Q.

It is a fact, which we will not prove here, that any two ordered fields with the
least-upper-bound property are isomorphic. The first part of therefore
characterizes the real field R completely.

The books by Landau [Lan51]] and Thurston [Thu56] cited in the
are entirely devoted to number systems. Chapter 1 of Knopp’s book [Kno28] con-
tains a more leisurely description of how R can be obtained from Q. Another
construction, in which each real number is defined to be an equivalence class of
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Cauchy sequences of rational numbers (see[Chap. 3), is carried out in Sec. 5 of the
book by Hewitt and Stromberg [HS65].

The cuts in Q which we used here were invented by Dedekind. The construc-
tion of R from Q by means of Cauchy sequences is due to Cantor. Both Cantor and
Dedekind published their constructions in 1872.

EXERCISES

Unless the contrary is explicitly stated, all numbers that are mentioned in these exercises are
understood to be real.

1.1. If r is rational (r # 0) and x is irrational, prove that r + x and rx are irrational.

1.2. Prove that there is no rational number whose square is 12.

1.3. Prove|Proposition 1.

1.4. Let E be a nonempty subset of an ordered set; suppose « is a lower bound of E and f is
an upper bound of E. Prove that o < f3.

1.5. Let A be a nonempty set of real numbers which is bounded below. Let —A be the set of
all numbers —x, where x € A. Prove that

inf A = —sup(—A).
1.6. Fix b > 1.
(a) If m,n,p, qareintegers,n >0, q >0,and r =m/n =p/q, prove that
(b™)'/™ = (bP)1/.
Hence it makes sense to define b™ = (b™)1/™,

(b) Prove that b™"$ = b"b* if r and s are rational.

(c) If x is real, define B(x) to be the set of all numbers bt, where t is rational and t < x.
Prove that
b" =sup B(r)

when r is rational. Hence it makes sense to define
b* = sup B(x)
for every real x.
(d) Prove that b**™Y = b*bVY for all real x and y.

1.7.Fix b > 1,y > 0, and prove that there is a unique real x such that b* =y, by completing
the following outline. (This x is called the logarithm of y to the base b.)

(a) For any positive integer n, b™ —1 > n(b—1).
(b) Henceb—12>n(b'/™ —1).
(¢ ft>Tandn> (b—1)/(t—1), thenb!/™ < t.

(d) If wis such that b» <y, then b+ (1/™) < y for sufficiently large n; to see this, apply
part (c) witht =y -b~™.

(e) Ifb™ >y, then b~ (1/™) > y for sufficiently large n.
(f) Let A be the set of all w such that b" <y, and show that x = sup A satisfies b* =y.
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(g) Prove that this x is unique.
1.8. Prove that no order can be defined in the complex field that turns it into an ordered field.
Hint: —1 is a square.

1.9. Suppose z = a + bi, w+ ¢ + di. Define z < wif a < ¢, and also if a = ¢ but b < d. Prove
that this turns the set of complex numbers into an ordered set. (This type of order relation
is called a dictionary order, or lexicographic order, for obvious reasons.) Does this ordered set
have the least-upper-bound property?

1.10. Suppose z = a + bi, w = u+iv, and

. lw|+u\ /2 b— [wl—u\ /2
2 ! 2 '

Prove that z2 = w if v > 0 and that ()2 = wif v < 0. Conclude that every complex number
(with one exception!) has two complex square roots.

1.11. If z is a complex number, prove that there exists an r > 0 and a complex number w with
[w| = 1 such that z = rw. Are w and r always uniquely determined by z?

1.12.1f z, ...,z are complex, prove that
lz1 +z2+ - +znl <lz1l+lz2l+ -+ znl.
1.13. If x,y are complex, prove that
Xl =yl < Ix—yl.
1.14. If z is a complex number such that |z| = 1, that is, such that zZ = 1, compute
1 +2z> + 11—z,
1.15. Under what conditions does equality hold in the Schwarz inequality?

1.16. Suppose k > 3,x,y € Rk, |x —yl=4d>0,and r > 0. Prove:
(a) If 2r > d, there are infinitely many z € R¥ such that

lz—x|=|z—y|=T.

(b) If 2r = d, there is exactly one such z.
(c) If 2r < d, there is no such z.
How must these statements be modified if k is 2 or 1?
1.17. Prove that
Ix+yl* +Ix—y? =2x* +2|y?
if x € R* and y € R¥. Interpret this geometrically, as a statement about parallelograms.

1.18. If k > 2 and x € R, prove that there exists y € R¥ such that y # 0 but x -y = 0. Is this
also true if k = 1?

1.19. Suppose a € R¥, b € R¥. Find ¢ € R* and r > 0 such that

[x—al| =2|x—Db]|
if and only if [x — c[ = 1.
(Solution: 3¢ =4b —a, 3r =2|b —al.)
1.20. With reference to the[Appendix] suppose that property (II) were omitted from the def-
inition of a cut. Keep the same definitions of order and addition. Show that the resulting
ordered set has the least-upper-bound property, that addition satisfies axioms (A1) to (A4)
(with a slightly different zero-element!) but that (A5) fails.



Chapter 2

BASIC TOPOLOGY

FINITE, COUNTABLE, AND UNCOUNTABLE SETS

We begin this section with a definition of the function concept.

2.1 Definition. Consider two sets A and B, whose elements may be any objects
whatsoever, and suppose that with each element x of A there is associated, in some
manner, an element of B, which we denote by f(x). Then f is said to be a function
from A to B (or a mapping of A into B). The set A is called the domain of f (we also
say f is defined on A) and the elements f(x) are called the values of f. The set of all
values of f is called the range of f.

2.2 Definition. Let A and B be two sets and let f be a mapping of A into B. If
E C A, f(E) is defined to be the set of all elements f(x), for x € E. We call f(E) the
image of E under f. In this notation, f(A) is the range of f. It is clear that f(A) C B.
If f(A) = B, we say that f maps A onto B. (Note that, according to this usage, onto
is more specific than into).

If E C B, f~'(E) denotes the set of all x € A such that f(x) € E. We call
f=1(E) the inverse image of E under f. If y € B, 1 (y)isthe setof all x € A
such that f(x) = y. If, for eachy € B, 1 (y) consists of at most one element of
A, then f is said to be a 1-1 (one-to-one) mapping of A into B. This may also be
expressed as follows: f is a 1-1 mapping of A into B provided that f(x1) # f(x2)
whenever x1 # x3,x7 € A, x3 € A.

(The notation x; # x, means that x; and x, are distinct elements; otherwise
we write x1 = x2.)

2.3 Definition. If there exists a 1-1 mapping of A onto B, we say that A and B can
be put in 1-1 correspondence, or that A and B have the same cardinal number, or,
briefly, that A and B are equivalent, and we write A ~ B. This relation clearly has
the following properties:

It is reflexive: A ~ A.

22
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It is symmetric: If A ~ B, then B ~ A.
Itis transitive: If A~ Band B ~ C, then A ~ C.

Any relation with these three properties is called an equivalence relation.

2.4 Definition. For any positive integer 1, let IN;; be the set whose elements are
the integers 1,2,...,n; let IN be the set consisting of all positive integers. For any
set A, we say:

(a) Aisfiniteif A ~ N, for some n (the empty set is also considered to be finite).
(b) A is infinite if A is not finite.

(c) A iscountableif A ~ IN.

(d) A is uncountable if A is neither finite nor countable.

(e) A isat most countable if A is finite or countable.

Countable sets are sometimes called enumerable, or denumerable.

For two finite sets A and B, we evidently have A ~ B if and only if A and
B contain the same number of elements. For infinite sets, however, the idea of
“having the same number of elements” becomes quite vague, whereas the notion
of 1-1 correspondence retains its clarity.

2.5 Example. Let Z be the set of all integers. Then Z is countable. For, consider
the following arrangement of the sets Z and IN:

Z: 0,1,-1,2,-2,3,-3,...
N: 1,2,3,4,56,7,...

We can, in this example, even give an explicit formula for a function f from IN
to Z which sets up a 1-1 correspondence:

- (n even),
_n-l (n odd).

2.6 Remark. A finite set cannot be equivalent to one of its proper subsets. That
this is, however, possible for infinite sets, is shown by [Example 2.5 in which IN is
a proper subset of Z.

In fact, we could replace|[def:2.4(b)| by the statement: A is infinite if A is equiv-
alent to one of its proper subsets.

2.7 Definition. By a sequence, we mean a function f defined on the set IN of all
positive integers. If f(n) = xn, for n € N, it is customary to denote the sequence
f by the symbol (xn)$C_;, or more briefly by (xy ), or sometimes by x1,x2,x3, ...
The values of f, that is, the elements x;,, are called the terms of the sequence. If A
is a set and if xn € A for alln € IN, then (xn,) is said to be a sequence in A, or a
sequence of elements of A.
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Note that the terms x1,%,x3,... of a sequence need not be distinct.

Since every countable set is the range of a 1-1 function defined on IN, we may
regard every countable set as the range of a sequence of distinct terms. Speaking
more loosely, we may say that the elements of any countable set can be “arranged
in a sequence.”

Sometimes it is convenient to replace IN in this definition by the set of all non-
negative integers, i.e., to start with 0 rather than 1.

2.8 Theorem. Every infinite subset of a countable set A is countable.

Proof. Suppose E C A, and E is infinite. Arrange the elements x of A in a sequence
(xn) of distinct elements. Construct a sequence (ny) as follows:

Let ny be the smallest positive integer such that x,, € E. Having chosen
ny,...,ng—1 (k = 2,3,4,...), let ny be the smallest integer greater than ny_
such that xn, € E.

Putting f(k) =xn, (k=1,2,3,...), we obtain a 1-1 correspondence between E
and IN.

The theorem shows that, roughly speaking, countable sets represent the “small-
est” infinite: No uncountable set can be a subset of a countable set. O

2.9 Definition. Let A and Q be sets, and suppose that with each element x of A
there is associated a subset of () which we denote by E.

The set whose elements are the sets E, will be denoted by {E4}. Instead of
speaking of sets of sets, we shall sometimes speak of a collection of sets, or a family
of sets.

The union of the sets E is defined to be the set S such that x € S if and only if
x € E for at least one & € A. We use the notation

@1) s= U Ea

xXEA

If A consists of the integers 1,2,...,n, one usually writes

n
22) S= | Em
m=1
or
(2.3) S=EjUE,U---UEn.

If A is the set of all positive integers, the usual notation is
(24) S= |J Em.

The symbol oo in merely indicates that the union of a countable collection
of sets is taken, and should not be confused with the symbols 400, —co, introduced
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in [Definition .23
The intersection of the sets E is defined to be the set P such that x € P if and
only if x € E, for every « € A. We use the notation

(2.5) P= ) E«

xXEA
or

n
(2.6) P= () Em=ENE;N---NEy,
m=1
or
oo

(2.7) P= ﬂ Em,

m=1

as for unions. If A N B is not empty, we say that A and B intersect; otherwise they
are disjoint.

2.10 Examples.

(a) Suppose Eq consists of 1,2,3 and E, consists of 2,3,4. Then E; U E, consists
of 1,2,3,4, whereas E; N E, consists of 2, 3.

(b) Let A be the set of real numbers x such that 0 < x < 1. For every x € A, let
Ex be the set of real numbers y such that 0 <y < x. Then

@) Ex CE;ifandonlyif 0 <x <z <1;
(i) Uxea Ex =E1;
(iii) Nxea Ex is empty.

(i) and (ii) are clear. To prove (iii), we note that for every y > 0,y ¢ Ex if x < y.
Hencey ¢ Nxea Ex-
2.11 Remarks. Many properties of unions and intersections are quite similar to

those of sums and products; in fact, the words sum and product were sometimes
used in this connection, and the symbols X and TT were written in place of |J and

n.
The commutative and associative laws are trivial:
(2.8) AUB=BUA; ANB=BNA.
(2.9) (AUBJUC=AU(BUC); (ANB)NC=AN(BNC).

Thus the omission of parenthesis in and is justified.
The distributive law also holds:

(2.10) AN(BUC)=(ANB)U(ANC).
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To prove this, let the left and right members of be denoted by E and F, re-
spectively.

Suppose x € E. Thenx € A and x € BUC, thatis, x € B or x € C (possibly
both). Hencex €« ANBorx € ANC,sothatx € F. ThusE C F.

Next, suppose x € F. Thenx € ANBorx € ANC. Thatis, x € A, and
x € BUC. Hencex € AN(BUC),sothatF C E.

It follows that E = F.

We list a few more relations which are easily verified:

(2.11) A CAUB,
(2.12) ANB CA.

If @ denotes the empty set, then

(2.13) AU =A, AND=0.
If A C B, then

(2.14) AUB=B, ANB=A.

2.12 Theorem. Let {En}, n=1,2,3,..., be a countable collection of countable sets, and
put

(2.15) S= J En.

Then S is countable.

Proof. Let every set E, be arranged in a sequence (xny), k =1,2,3,..., and con-
sider the infinite array

(2.16)

in which the elements of E;, form the nth row. The array contains all elements of
S. As indicated by the arrows, these elements can be arranged in a sequence

(2.17) X115X21,%12;X31,X22-X13;X41,%X32,X23,X14; - - -

If any two of the sets E;; have elements in common, these will appear more than
once in (2:17). Hence there is a subset T of the set of all positive integers such that
S ~ T, which shows that S is at most countable (Theorem 2.8). Since E; C S, and
E; is infinite, S is infinite, and thus countable. O
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Corollary. Suppose A is at most countable, and, for every o € A, B is at most countable.

Put
T=J Ba
xX€EA

Then T is at most countable, for T is equivalent to a subset of (2.15).

2.13 Theorem. Let A be a countable set, and let By, be the set of all n-tuples (aq,...,an),
where ai, € A (k = 1,...,n), and the elements aq,..., an need not be distinct. Then
B, is countable.

Proof. That By is countable is evident, since By = A. Suppose B;,_1 is countable
(n=2,3,4,...). The elements of B;, are of the form

(2.18) (b,a) (b€Bn_1,a€cA).

For every fixed b, the set of pairs (b, a) is equivalent to A, and hence countable.
Thus By, is the union of a countable set of countable sets. By [Theorem 2.12} B, is
countable.

The theorem follows by induction. O

Corollary. The set of all rational numbers is countable.

Proof. We apply [Theorem 2.13| with n = 2, noting that every rational r is of the

form b/a, where a and b are integers. The set of pairs (a,b), and therefore the set
of fractions b/ q, is countable. O

In fact, even the set of all algebraic numbers is countable (see[Exercise 2.2). That
not all infinite sets are, however, countable, is shown by the next theorem.

2.14 Theorem. Let A be the set of all sequences whose elements are the digits 0 and 1.
This set A is uncountable.

The elements of A are sequences like 1,0,0,1,0,1,1,1, ...

Proof. Let E be a countable subset of A, and let E consist of the sequences
$1,82,83,.... We construct a sequence s as follows. If the nth digit in s, is 1,
we let the nth digit of s be 0, and vice versa. Then the sequence s differs from
every member of E in at least one place; hence s ¢ E. But clearly s € A, so that E is
a proper subset of A.

We have shown that every countable subset of A is a proper subset of A. It
follows that A is uncountable (for otherwise A would be a proper subset of A,
which is absurd). O

The idea of the above proof was first used by Cantor, and is called Cantor’s di-
agonal process; for, if the sequences s1, s, s3, ... are placed in an array like ,
it is the elements on the diagonal which are involved in the construction of the new
sequence.
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Readers who are familiar with the binary representation of the real numbers
(base 2 instead of 10) will notice that [Theorem 2.14|implies that the set of all real
numbers is uncountable. We shall give a second proof of this fact in

METRIC SPACES

2.15 Definition. A set X, whose elements we shall call points, is said to be a metric
space if with any two points p and q of X there is associated a real number d(p, q),
called the distance from p to q, such that

(@) dlp,q) >0ifp # q;d(p,p) =0;
(b) d(p,q) =d(q,p);
(c) d(p,q) < d(p,r)+d(r,q) forany r € X.

Any function with these three properties is called a distance function, or a metric.

2.16 Examples. The most important examples of metric spaces, from our stand-
point, are the euclidean spaces R¥, especially R' (the real line) and R? (the com-
plex plane); the distance in R¥ is defined by

(2.19) dxy) =Ix—yl (xyeR").

By the conditions of [Definition 2.15|are satisfied by (2.19).

It is important to observe that every subset Y of a metric space X is a metric
space in its own right, with the same distance function. For it is clear that if con-
ditions (a) to (c) of [Definition 2.15]hold for p, g, 1, € X, they also hold if we restrict
p,q,rtolieinY.

Thus, every subset of a euclidean space is a metric space. Other examples are
the spaces %' (K) and .22 (), which are discussed in Chaps. Eand respectively.

2.17 Definition. By the segment (a,b) we mean the set of all real numbers x such
thata <x < b.

By the interval [a, b] we mean the set of all real numbers x such that a < x <'b.

Occasionally we shall also encounter “half-open intervals” [a, b) and (a, b]; the
first consists of all x such that a < x < b, the second of all x such that a < x < b.

If a; < by fori =1,...,k, the set of all points x = (x7,...,%xi) in R whose
coordinates satisfy the inequalities a; < x; < b; (1 <1 < k) is called a k-cell. Thus
a 1-cell is an interval, a 2-cell is a rectang]e, etc.

If x € R¥ and r > 0, the open (or closed) ball B with center at x and radius r is
defined to be the setof all y € RX such that ly —x| < v (or|y—x| <r).

We call a set E C RK convex if

M+ (1-A)yet

wheneverx € E,y € E,and 0 <A < 1.
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For example, balls are convex. For if [y —x| < r,|z—x| <r,and 0 < A < 1, we
have

Ay + (1 =A)z —x| = [A(y —x) + (1 = A)(z — x]|
<Aly—x|+(1T=A)|z—x| <Ar+ (1 —=A)r

=r.

The same proof applies to closed balls. It is also easy to see that k-cells are convex.

2.18 Definition. Let X be a metric space. All points and sets mentioned below are
understood to be elements and subsets of X.

(a) A neighborhood of p is a set N+(p) consisting of all q such that d(p, q) < r for
some r > 0. The number r is called the radius of N+ (p).

(b) A point p is a limit point of the set E if every neighborhood of p contains a
point q # p such that q € E.

(c) If p € E and p is not a limit point of E, then p is called an isolated point of E.

(d) Eis closed if every limit point of E is a point of E.

(e) A point p is an interior point of E if there is a neighborhood N of p such that
N CE.

(f) Eis open if every point of E is an interior point of E.

(g) The complement of E (denoted by E€) is the set of all points p € X such that
p ¢E.

(h) Eis perfect if E is closed and if every point of E is a limit point of E.

(i) Eisbounded if there is a real number M and a point q € X such that d(p, q) <
M forallp € E.

(j) Eisdensein X if every point of X is a limit point of E, or a point of E (or both).

Let us note that in R! neighborhoods are segments, whereas in R2 neighbor-
hoods are interiors of circles.

2.19 Theorem. Every neighborhood is an open set.

Proof. Consider a neighborhood E = N;(p), and let q be any point of E. Then there
is a positive real number h such that

d(p,q) =r—h.
For all points s such that d(q, s) < h, we have then
d(p,s) <d(p,q)+d(q,s) <r—h+h=r,
so that s € E. Thus q is an interior point of E. O

2.20 Theorem. If p is a limit point of a set £, then every neighborhood of p contains
infinitely many points of E.
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Proof. Suppose there is a neighborhood N of p which contains only a finite number
of points of E. Let q1,..., qn be those points of N N E which are distinct from p,
and put

r= min d(p,qm)-

1<m<n
[We use this notation to denote the smallest of the numbers d(p, q1),...,d(p, qn).]
The minimum of a finite set of positive numbers is clearly positive, so that r > 0.
The neighborhood N (p) contains no point q of E such that q # p, so that p is
not a limit point of E. This contradiction establishes the theorem. O

Corollary. A finite point set has no limit points.
2.21 Examples. Let us consider the following subset of R?:

(a) The set of all complex z such that |z| < T.

(b) The set of all complex z such that |z| < 1.

() A nonempty finite set.

(d) The set of all integers.

(e) The set consisting of the numbers 1/n (n = 1,2,3,...). Let us note that
this set E has a limit point (namely, z = 0) but that no point of E is a limit
point of E; we wish to stress the difference between having a limit point and
containing one.

(f) The set of all complex numbers (that is, R2).

(g) The segment (a,b).

Let us note that (d), (e), (g) can be regarded also as subsets of R'.
Some properties of these sets are tabulated below:

Closed Open Perfect Bounded
(a) No Yes No Yes
(b) Yes No Yes Yes
(c) Yes No No Yes
(d) Yes No No No
(e) No No No Yes
) Yes Yes Yes No
(8) No No Yes

In (g), we left the second entry blank. The reason is that the segment (a, b) is not
open if we regard it as a subset of R?, but it is an open subset of R.

2.22 Theorem. Let {E} be a (finite or infinite) collection of sets E. Then

(2.20) (U E(X) = (ES).

x
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Proof. Let A and B be the left and right members of 2:20). If x € A, then x ¢
U« Ex, hence x & E4 for any «, hence x € ES for every «, so that x € (E§,. Thus
A C B.

Conversely, if x € B, then x € ES for every «, hence x ¢ E for any o, hence
x € Uy Ea,sothatx € (Uy Ex)€. Thus B C A.

It follows that A = B. O

2.23 Theorem. A set E is open if and only if its complement is closed.

Proof. First, suppose E€ is closed. Choose x € E. Then x ¢ E€, and x is not a limit
point of E€. Hence there exists a neighborhood N of x such that E€ NN is empty,
thatis, N C E. Thus x is an interior point of E, and E is open.

Next, suppose E is open. Let x be a limit point of E€. Then every neighborhood
of x contains a point of E€, so that x is not an interior point of E. Since E is open,
this means that x € E€. It follows that E€ is closed. O

Corollary. A set Fis closed if and only if its complement is open.
2.24 Theorem.

(a) For any collection {G «} of open sets, |, G« is open.

(b) For any collection {F} of closed sets, (4 Fu is closed.

(c) For any finite collection G, ..., Gy of open sets, {1 Gj is open.
(d) For any finite collection Fy, ..., Fy of closed sets, |Ji*_; Fi is closed.

Proof. Put G = Uy G« If x € G then x € G« for some o. Since x is an interior
point of G, x is also an interior point of G, and G is open. This proves (a).
By [Iheorem 2.22

(2.21) (ﬂ Fa) _9 (F&),

and F§ is open, by [Theorem 2.23] Hence (a) implies that (2.21) is open so that
Mg Fo is closed.

Next, put H = N} ; Gi. For any x € H, there exist neighborhoods N; of x, with
radii r{, such that N; C Gy i1=1,...,n). Put

r=min{ry,..., ™}

and let N be the neighborhood of x of radius r. Then N C G; fori =1,...,n, so
that N C H, and H is open.
By taking complements, (d) follows from (c):

(U ﬁ) M (7). O
i=1
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2.25 Example. In parts (c) and (d) of the preceding theorem, the finiteness of the
collections is essential. For let G, be the segment (—1/n,1/n) (n = 1,2,3,...).
Then Gy, is an open subset of R'. Put G = %°_; Gy. Then G consists of a single
point (namely, x = 0) and is therefore not an open subset of R .

Thus the intersection of an infinite collection of open sets need not be open.
Similarly, the union of an infinite collection of closed sets need not be closed.

2.26 Definition. If X is a metric space, if E C X, and if E’ denotes the set of all limit
points of E in X, then the closure of E is the set E=EUE’.

2.27 Theorem. If X is a metric space and E C X, then

(a) Eis closed,
(b) E = Eifand only if E is closed,
(c) E C F for every closed set F C X such that E C F.

By (a) and (c), E is the smallest closed subset of X that contains E.

Proof.

(a) If p € Xand p ¢ E then P is neither a point of E nor a limit point of E. Hence
p has a neighborhood which does not intersect E. The complement of E is
therefore open. Hence E is closed.

(b) IfE = E, (a) implies that E is closed. If E is closed, then E’ C E [by Definitions

and , hence E =E.

(c) If Fisclosedand F D E, then F D F/,hence F D E/. Thus F D E. O

2.28 Theorem. Let E be a nonempty set of real numbers which is bounded above. Let
y=supk. Theny € E. Hencey € E if E is closed.

Compare this with the examples in

Proof. Ify € Etheny € E. Assumey ¢ E. For every h > 0 there exists then a point
x € Esuch thaty —h < x <y, for otherwise y — h would be an upper bound of E.
Thus y is a limit point of E. Hence y € E. O

2.29 Remark. Suppose E C Y C X, where X is a metric space. To say that E is
an open subset of X means that to each point p € E there is associated a positive
number r such that the conditions d(p,q) < v, ¢ € X imply that ¢ € E. But we
have already observed that Y is also a metric space, so that our
definitions may equally well be made within Y. To be quite explicit, let us say that
E is open relative to Y if to each p € E there is associated an v > 0 such that q € E
whenever d(p, q) < rand q € Y. [Example 2.21(g)|showed that a set may be open
relative to Y without being an open subset of X. However, there is a simple relation
between these concepts, which we now state.

2.30 Theorem. Suppose Y C X. A subset E of Y is open relative to Y if and only if
E = YN G for some open subset G of X.
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Proof. Suppose E is open relative to Y. To each p € E there is a positive number 1,
such that the conditions d(p, q) < 1p, q € Y imply that q € E. Let V, be the set of
all g € X such that d(p, q) < vp and define

G={J Vp.
peE

Then G is an open subset of X, by Theorems[2.19)and [2.24]

Sincep € Vp, forallp € E, itisclearthatEC GNY.

By our choice of V},, we have V, NY C E forevery p € E,sothat GNY C E.
Thus E = GNY, and one half of the theorem is proved.

Conversely, if G is openin X and E = GNY, every p € E has a neighborhood
Vp C G. Then V, NY C E, so that E is open relative to Y. O

COMPACT SETS

2.31 Definition. By an open cover of a set E in a metric space X we mean a collection
{G«} of open subset of X such that E C J, G«.

2.32 Definition. A subset K of a metric space X is said to be compact if every open
cover of K contains a finite subcover.

More explicitly, this requirement is that if {G +} is an open cover of K, then there
are finitely many indices «1, ..., i such that

K C Gy, U+ UGq,.

The notion of compactness is of great importance in analysis, especially in con-

nection with continuity (Chap. 4).
Itis clear that every finite set is compact. The existence of a large class of infinite
compact sets in R* will follow from [Theorem 2.41

We observed earlier (in[Remark 2.29) that if E C Y C X, then E may be open
relative to Y without being open relative to X. The property of being open thus

depends on the space in which E is embedded. The same is true of the property of
being closed.

Compactness, however, behaves better, as we shall now see. To formulate the
next theorem, let us say, temporarily, that K is compact relative to X if the require-
ments of are met.

2.33 Theorem. Suppose K C'Y C X. Then K is compact relative to X if and only if K is
compact relative to Y.

By virtue of this theorem we are able, in many situations, to regard compact
sets as metric spaces in their own right, without paying any attention to any em-
bedding space. In particular, although it makes little sense to talk of open spaces,
or of closed spaces (every metric space X is an open subset of itself, and is a closed
subset of itself), it does make sense to talk of compact metric spaces.
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Proof. Suppose K is compact relative to X, and let {V} be a collection of sets, open

relative to Y, such that K C [y V«. By [Theorem 2.30} there are sets G, open

relative to X, such that Vo = YN G, for all «; and since K is compact relative to X,
we have

(2.22) KC Gy, U---UGg,
for some choice of finitely many indices «1,..., an. Since K C Y, (2.22) implies
(2.23) K C Vi, Us--UVq,.

This proves that K is compact relative to Y.
Conversely, suppose K is compact relative to Y, let {G «} be a collection of open
subset of X which covers K and put Vo = YN G«. Then (2.23) will hold for some

choice of &1, ..., an; since Vi C G, (2.23) implies 2.22).
This completes the proof. O

2.34 Theorem. Compact subsets of metric spaces are closed.

Proof. Let K be a compact subset of a metric space X. We shall prove that the
complement of K is an open subset of X.

Supposep € X, p & K. If g € K, let Vq and W4 be neighborhoods of p and q,
respectively, of radius less than %d[p, q) [see|Definition 2.18(a)| Since K is compact,
there are finitely many points q1, ..., gn in K such that

KCWq, U---UWq, =W.

IfV=Vq, N---NVq,, then Vis a neighborhood of p which does not intersect W.
Hence V € K€, so that p is an interior point of K€. The theorem follows. O

2.35 Theorem. Closed subsets of compact sets are compact.

Proof. Suppose F C K C X, Fis closed (relative to X), and K is compact. Let {V} be
an open cover of F. If F¢ is adjoined to {V}, we obtain an open cover Q of K. Since
K is compact, there is a finite subcollection @ of Q which covers K, and hence F. If
F¢ is a member of @, we may remove it from @ and still retain an open cover of F.
We have thus shown that a finite subcollection of {V} covers F. O

Corollary. If Fis closed and K is compact, then F N K is compact.

Proof. Theorems [2.24(b)|and show that FN K is closed; since FN K C K,
shows that F N K is compact. O

2.36 Theorem. If{K«} is a collection of compact subsets of a metric space X such that the
intersection of every finite subcollection of {K«} is nonempty, then (| K is nonempty.
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Proof. Fix a member Ky of {Ky} and put G, = K§,. Assume that no point of K
belongs to every Ky. Then the sets Gy form an open cover of Ky; since Ky is
compact, there are finitely many indices o1,..., an such that Ky C G, U--- U
Gq,, - But this means that

Ky NKgy M- N Ky,

is empty, in contradiction to our hypothesis. O

Corollary. If {Kn} is a countable collection of nonempty compact sets such that Kn, D
Knt1 m=1,2,3,...), then NS4 Ky, is not empty.

2.37 Theorem. If E is an infinite subset of a compact set K, then E has a limit point in K.

Proof. If no point of K were a limit point of E, then each ¢ € K would have a
neighborhood V4 which contains at most one point of E (namely, q, if q € E). It
is clear that no finite subcollection of {Vq} can cover E; and the same is true of K,
since E C K. This contradicts the compactness of K. O

2.38 Theorem. If {I} is a sequence of intervals in R!, such that I, D S
Mm=1,23,...), then NS_; In is not empty.

Proof. If I, = [an, bn], let E be the set of all ar. Then E is nonempty and bounded
above (by by). Let x be the sup of E. If m and n are positive integers, then

an < amin <bmin <bm,

so that x < by, for each m. Since it is obvious that a;, < x, we see that x € I,;; for
m=123.... O

2.39 Theorem. Let k be a positive integer. If {In} is a sequence of k-cells such that
In DIng1 m=1,2,3,...), then N_; In is not empty.

Proof. Let I, consist of all points x = (x1,...,xy) such that
an,jnggbn,j (1<ji<kn=123...),

and put I, ; = [an j, by ;]. For each j, the collection {I,, ;} satisfies the hypotheses
of Hence there are real numbers x;‘ (1 <j < k) such that

anj <X <bpj 1<j<kn=123...).
Setting x* = (x7,...,x}), we see that x* € I forn = 1,2,3,.... The theorem
follows. O

2.40 Theorem. Every k-cell is compact.
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Proof. Let 1 be a k-cell, consisting of all points x = (x1,...,x) such that

1/2

k
6= {Z(b] — aj)z}
1

Then|x—y| < §,ifxeyel

Suppose, to get a contradiction, that there exists an open cover {G«} of I which
contains no finite subcover of I. Put ¢; = (aj + bj)/2. The intervals [a;, c;] and
[cj, b;j] then determine 2% k-cells Q; whose union is I. At least one of these sets
Qi, call it I;, cannot be covered by any finite subcollection of {G} (otherwise I
could be so covered). We next subdivide Iy and continue the process. We obtain a
sequence (I;;) with the following properties:

(@I>L[DLDI3 D
(b) Iy is not covered by any finite subcollection of {G«};
() Ifx€elpandy € Iy, then [x —y| <27 ™6.

By (a) and [Theorem 2.39} there is a point x* which lies in every I,,. For some

o, x* € Gy. Since G« is open, there exists v > 0 such that |y — x*| < r implies that
Y € G. If nis so large that 27™6 < r (there is such an n, for otherwise 2™ < 6/r
for all positive integers n, which is absurd since R is archimedean), then (c) implies
that I, C G, which contradicts (b).

This completes the proof. O

The equivalence of (a) and (b) in the next theorem is known as the Heine-Borel
theorem.

2.41 Theorem. Ifa set E in RX has one of the following three properties, then it has the
other two:

(a) Eis closed and bounded.
(b) Eis compact.
(c) Every infinite subset of € has a limit point in E.

Proof. 1f (a) holds, then E C I for some k-cell I, and (b) follows from Theorems2.40
and shows that (b) implies (c). It remains to be shown that (c)
implies (a).

If E is not bounded, then E contains points x,, with

Xn|>n (n=1,23...).

The set S consisting of these points x;, is infinite and clearly has no limit point in
R¥, hence has none in E. Thus (c) implies that E is bounded.

If E is not closed, then there is a point xo € R¥ which is a limit point of E but not
apointof E. Forn =1,2,3,..., there are points x,, € E such that [x, —xo| < 1/n.
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Let S be the set of these points x,,. Then S is infinite (otherwise [xn — x| would
have a constant positive value, for infinitely many n), S has x( as a limit point, and
S has no other limit point in R¥. For if y # xo, then
[xn —y| > Ixo —y| = Ixn — x|
1 1
>lxo—yl—— > s |x0 —
> |xo —yl n_2|o yl

for all but finitely many n; this shows that y is not a limit point of S (Theorem 2.20).
Thus S has no limit point in E; hence E must be closed if (c) holds. O

We should remark, at this point, that (b) and (c) are equivalent in any metric

space (Exercise 2.26)), but that (a) does not, in general, imply (b) and (c). Examples
are furnished by|[Exercise 2.16(and by the space .#’2, which is discussed in{Chap. 11

2.42 Theorem (Weierstrass). Every bounded infinite subset of R® has a limit point in
RK.

Proof. Being bounded, the set E in question is a subset of a k-cell I € R¥. By

Theorem 2.40} I is compact, and so E has a limit point in I, by O

PERFECT SETS

2.43 Theorem. Let P be a nonempty perfect set in R¥. Then P is uncountable.

Proof. Since P has limit points, P must be infinite. Suppose P is countable, and
denote the points of P by x1,x2,x3,.... We shall construct a countable collection
{Vn} of neighborhoods, as follows.

Let V; be any neighborhood of x;. If Vi consists of all y € R¥ such that
ly —x1| < 7, then closure V; of Vj is the set of all y € R* such that [y —x;| < .

Suppose Vi has been constructed, so that V;; NP is not empty. Since ev-
ery point of P is a limit point of P, there is a neighborhood V;, ;1 such that
(i) Ve C Vn, (ii) xn & Vi1, (iii) Vi1 NP is not empty. By (iii), Vi1 sat-
isfies our induction hypothesis, and the construction can proceed.

Put Ky, = Vi, N P. Since V;, is closed and bounded, V5, is compact. Since xy, &
Kn 41, no point of P lies in N7°_; Ky. Since K, C P, this implies that NS4 Ky, is
empty. But each K;, is nonempty, by (iii), and Kn D Ky, 41, by (i); this contradicts
the|Corollary|to[Iheorem 2.36] O

Corollary. Every interval [a,b] (a < b) is uncountable. In particular, the set of all real
numbers is uncountable.

2.44 The Cantor Set. The set which we are now going to construct shows that
there exist perfect sets in R! which contain no segment.
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Let E( be the interval [0, 1]. Remove the segment (1/3, 2/3), and let E; be the

Llnion Of the inter\/ als
! 3 ! 3 ! )

Remove the middle thirds of these intervals, and let E; be the union of the intervals

3] 23] 7). 1]

Continuing in this way, we obtain a sequence of compact sets Ey, such that

(@) By DE2 DE3D -5
(b) En is the union of 2™ intervals, each of length 37 ™.

The set o
P= () En
n=1

is called the Cantor set. P is clearly compact, and [Theorem 2.36{shows that P is not
empty.
No segment of the form

(2.24) <3k+1 3k+2>

3m 7 3m

where k and m are positive integers, has a point in common with P. Since every
segment (&, 3) contains a segment of the form (2.24), if

B
P
P contains no segment.

To show that P is perfect, it is enough to show that P contains no isolated point.
Let x € P, and let S be any segment containing x. Let I, be that interval of En,
which contains x. Choose n large enough, so that I, C S. Let x;; be an endpoint
of Iy, such that x, # x.

It follows from the construction of P that x,, € P. Hence x is a limit point of P,
and P is perfect.

One of the most interesting properties of the Cantor set is that it provides us
with an example of an uncountable set of measure zero (the concept of measure

will be discussed in [Chap. 11)).

CONNECTED SETS

2.45 Definition. Two subsets A ad B of a metric space X are said to be separated if
both A N B and A N B are empty, i.e., if no point of A lies in the closure of B and no
point of B lies in the closure of A.
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Aset E C Xissaid to be connected if E is not a union of two nonempty separated
sets.

2.46 Remark. Separated sets are of course disjoint, but disjoint sets need not be
separated. For example, the interval [0, 1] and the segment (1,2) are not separated,
since 1 is a limit point of (1,2). However, the segments (0, 1) and (1, 2) are sepa-
rated.

The connected subsets of the line have a particularly simple structure:

2.47 Theorem. A subset E of the real line R is connected if and only if it has the following
property: Ifx € E,y € E,and x <z <y, thenz € E.

Proof. If there exist x € E, y € E, and some z € (x,y) such that z ¢ E, then
E = A, UB; where

A, =EN(—o0,z), B, =EN(z,00).

Since x € A, and y € B;, A and B are nonempty. Since A, C (—oo,z) and
B, C (z,00), they are separated. Hence E is not connected.

To prove the converse, suppose E is not connected. Then there are nonempty
separated sets A and B such that AUB = E. Pickx € A,y € B, and assume
(without loss of generality) that x < y. Define

z=sup (AN[xyl).

By [Theorem 2.28) z € A; hence z ¢ B. In particular, x < z < y.

Ifz¢ A, itfollows thatx <z<yandz ¢ E.
If z € A, then z ¢ B, hence there exists z7 such that z < z; <y and z ¢ B.

Thenx <z; <yandzy ¢ E. O
EXERCISES

2.1. Prove that the empty set is a subset of every set.

2.2. A complex number z is said to be algebraic if there are integers ay, ..., an, not all zero,
such that

oz +a1z" ' 4+ an_1z+an =0.
Prove that the set of all algebraic numbers is countable. Hint: For every positive integer N
there are only finitely many equations with
n+laol+laj|+---+lanl=N.
2.3. Prove that there exist real numbers which are not algebraic.
2.4. Is the set of all irrational real numbers countable?
2.5. Construct a bounded set of real numbers with exactly three limit points.

2.6. Let E’ be the set of all limit points of a set E. Prove that E’ is closed. Prove that E and E
have the same limit points. (Recall that E = EUE’.) Do E and E’ always have the same limit
points?



EXERCISES 40

2.7.Let Ay, Az, A3z, ... be subsets of a metric space.
(@) If Bp =, Ai, prove that B, = Ul ; A forn=1,2,3,....
(b) If Bn = U2, Ay, prove that B, D U2, A;.

Show, by an example, that this inclusion can be proper.

2.8.1s every point of every open set E C R? a limit point of E? Answer the same question for
closed sets in R?.
2.9. Let E° denote the set of all interior points of a set E. [See[Definition 2.18(e)} E° is called
the interior of E.]

(a) Prove that E° is always open.

(b) Prove that E is open if and only if E° = E.

(c) If G C E and G is open, prove that G C E°.

(d) Prove that the complement of E° is the closure of the complement of E.

(e) DoEand E always have the same interiors?

(f) Do E and E° always have the same closures?

2.10. Let X be an infinite set. For p € X and q € X, define
1 (f
d(p,q) = (ifp # q)
0 (fp=q).

Prove that this is a metric. Which subsets of the resulting metric space are open? Which are
closed? Which are compact?

2.11. For x € R! and y € R', define

d1 (Xry) = (x_y)zr

da2(x,y) = VIx—yl,

ds(xy) = [x* —y?],

ds(x,y) = Ix—2yl,
[x—yl

ds(x,y) =

s5(xy) Tyl

Determine, for each of these, whether it is a metric or not.

2.12.Let K C R! consist of 0 and the numbers 1/n forn =1,2,3,.... Prove that K is compact
directly from the definition (without using the Heine-Borel theorem).

2.13. Construct a compact set of real numbers whose limit points form a countable set.
2.14. Give an example of an open cover of the segment (0, 1) which has no finite subcover.

2.15. Show that(Theorem 2.36|and its|Corollary|become false (in R', for example) if the word
“compact” is replaced by “closed” or by “bounded.”

2.16. Regard Q, the set of all rational numbers, as a metric space, with d(p, q) = [p — q|. Let
E be the set of all p € Q such that 2 < p? < 3. Show that E is closed and bounded in @, but
that E is not compact. Is E open in Q?

2.17. Let E be the set of all x € [0, 1] whose decimal expansion contains only the digits 4 and
7. Is E countable? Is E dense in [0, 1]? Is E compact? Is E perfect?

2.18. Is there a nonempty perfect set in R which contains no rational number?
2.19.

(a) If A and B are disjoint closed sets in some metric space X, prove that they are separated.
(b) Prove the same for disjoint open sets.
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(c) Fixp € X, d > 0, define A to be the set of all q € X for which d(p, q) < 5, define B
similarly, with > in place of <. Prove that A and B are separated.

(d) Prove that every connected metric space with at least two points is uncountable. Hint:
Use (c).

2.20. Are closures and interiors of connected sets always connected? (Look at subsets of R?.)

2.21. Let A and B be separated subsets of some R*, suppose a € A, b € B, and define
pit)=(1—t)a+tb
fort € R'. PutAg =p~'(A), Bo = p ' (B). [Thus t € A, if and only if p(t) € A.]
(a) Prove that Ay and By are separated subsets of R'.

(b) Prove that there exists top € (0, 1) such that p(to) ¢ AUB.
(c) Prove that every convex subset of R is connected.

2.22. A metric space is called separable if it contains a countable dense subset. Show that R*
is separable. Hint: Consider the set of points which have only rational coordinates.

2.23. A collection {V«} of open subsets of X is said to be a base for X if the following is true:
For every x € X and every open set G C X such that x € G, we have x € V C G for some «.
In other words, every open set in X is the union of a subcollection of {V}.

Prove that every separable metric space has a countable base. Hint: Take all neighbor-
hoods with rational radius and center in some countable dense subset of X.

2.24. Let X be a metric space in which every infinite subset has a limit point. Prove that X is
separable. Hint: Fix 5 > 0, and pick x; € X. Having chosen x1,...,%; € X, choose xj;1 € X,
if possible, so that d(xi,xj41) > & fori =1,...,j. Show that this process must stop after a
finite number of steps, and that X can therefore be covered by finitely many neighborhoods
of radius 6. Take 6 = 1/n (n =1,2,3,... ), and consider the centers of the corresponding
neighborhoods.

2.25. Prove that every compact metric space K has a countable base, and that K is therefore
separable Hint: For every positive integer n, there are finitely many neighborhoods of radius
1/n whose union covers K.

2.26. Let X be a metric space in which every infinite subset has a limit point. Prove that X is
compact. Hint: By Exercises[2.23]and [2.24} X has a countable base. It follows that every open
cover of X has a countable subcover {Gn}, n =1,2,3,.... If no finite subcollection of the {G,}
covers X, then the complement F,, of G; U --- U Gy is nonempty for each n, but N3 Fn
is empty. If E is a set which contains a point from each F;,, consider a limit point of E, and
obtain a contradiction.

2.27. Define a point p in a metric space X to be a condensation point of a set E C X if every
neighborhood of p contains uncountably many points of E.

Suppose E C R, E is uncountable, and let P be the set of all condensation points of E.
Prove that P is perfect and that at most countably many points of E are not in P. In other
words, show that P€ N E is at most countable. Hint: Let{Vy, } be a countable base of R¥, let W
be the union of those V;, for which E NV}, is at most countable, and show that P = W¢.

2.28. Prove that every closed set in a separable metric space is the union of a (possibly empty)
perfect set and a set which is at most countable. (Corollary: Every countable closed set in R*

has isolated points.) Hint: Use

2.29. Prove that every open setin R is the union of an at most countable collection of disjoint

segments. Hint: Use|Exercise 2.
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2.30. Imitate the proof of [Theorem 2.43|to obtain the following result:

If Rk = >°_1 Fn, where each F,, is a closed subset of RX, then at least one F,, has a
nonempty interior.

Equivalent statement: If Gy, is a dense open subset of Rk forn = 1,2,3,..., then
N5 Gn is not empty (in fact, it is dense in R%).

(This is a special case of Baire’s theorem; see for the general case.)



Chapter 3

NUMERICAL SEQUENCES AND
SERIES

As the title indicates, this chapter will deal primarily with sequences and series
of complex numbers. The basic facts about convergence, however, are just as eas-
ily explained in a more general setting. The first three sections will therefore be
concerned with sequences in euclidean spaces, or even in metric spaces.

CONVERGENT SEQUENCES

3.1 Definition. A sequence (pn ) in a metric space X is said to converge if there is
a point p € X with the following property: For every ¢ > 0 there is an integer N
such that n > N implies that d(pn,p) < €. (Here d denotes the distance in X.)
In this case, we also say that (pr,) converges to p, or that p is the limit of (pn)
[see[Theorem 3.2(b), and we write pn, — p, or
lim pn =7p.

n—oo
If (pn) does not converge, it is said to diverge.

It might be well to point out that our definition of “convergent sequence” de-
pends not only on (pr,) but also on X; for instance, the sequence (1/n) converges
in R' (to 0), but fails to converge in the set of all positive real numbers [with
d(x,y) = [x—yll. In cases of possible ambiguity, we can be more precise and
specify “convergent in X” rather that “convergent.”

We recall that the set of points pn (n = 1,2,3,...) is the range of (pn). The
range of a sequence may be a finite set, or it may be infinite. The sequence (pn) is
said to be bounded if its range is bounded.

As examples, consider the following sequences of complex numbers (that is,
X =R2):

43
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(a) If sn = 1/n, then limn o sn = 0; the range is infinite, and the sequence is
bounded.

(b) If s,, = n?, the sequence s, is unbounded, is divergent, and has infinite
range.

(c) If sn =14 [(—1)™/nl, the sequence (sn) converges to 1, is bounded, and has
infinite range.

(d) If sy =1i"™, the sequence (sr) is divergent, is bounded, and has finite range.

(e) Ifsn=1(n=1,2,3,...), then (sn) converges to 1, is bounded, and has finite
range.

We now summarize some important properties of convergent sequences in
metric spaces.

3.2 Theorem. Let (prn) be a sequence in a metric space X.

(a) (pn) converges top € X if and only if every neighborhood of p contains prn for all
but finitely many n.
(b) Ifp € X, p’ € X, and if (pn) converges to p and to p’, then p’ = p.
(c) If (pn) converges, then (pn) is bounded.
(d) IfE C Xand if p is a limit point of E, then there is a sequence (pn ) in E such that
P = limn 00 P
Proof.

(a) Suppose pn — p and let V be a neighborhood of p. For some ¢ > 0, the
conditions d(q,p) < ¢, q € Ximply q € V. Corresponding to this ¢, there
exists N such that n > N implies d(pn,p) < €. Thusn > N implies pn, € V.

Conversely, suppose every neighborhood of p contains all but finitely
many of the py,. Fix ¢ > 0 and let V be the set of all q € X such that d(p, q) <
¢. By assumption, there exists N (corresponding to this V) such that pn € V
ifn > N. Thus d(pn,p) < €if n > N; hence pn, — p.
(b) Let ¢ > 0 be given. There exist integers N, N’ such that
n >N implies d(pn,p) <

’

N o™

n >N’ implies d(pn,p’) <

N m

Hence if n > max{N, N’}, we have

d(p,p’) < d(p,pn) +d(pn,p’) < e

Since ¢ was arbitrary, we conclude that d(p,p’) = 0.
(c) Suppose pn — p. Then there is an integer N such that n > N implies
d(pn,p) < 1. Put

T =max{1,d(p1,p),..., dlpNn,P)}
Then d(pn,p) <rforn=1,23,....
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(d) For each positive integer n, there is a point pn € E such that d(pn,p) < 1/n.
Given ¢ > 0, choose N so that Ne > 1. If n > N, it follows that d(pn,p) < €.
Hence pn — p.

This completes the proof. O

For sequences in R* we can study the relation between congruence, on the one
hand, and the algebraic operations on the other. We first consider sequences of
complex numbers.

3.3 Theorem. Suppose (sn), (tn) are complex sequences and limn o0 sn = s, imp 500 th =
t. Then

(a) lim (spn+tn)=s+t;
n—oo
(b) lim csp =cs, lim (c+sn) = c+ s for any number c;
n—oo n—oo
(c) lm sptn =st;
n—oo
(d) lm (1/s™) =1/s, provided s, #0 (n=1,2,3,...)and s # 0.
n—oo
Proof.

(a) Given € > 0, there exist integers Ny, N, such that

. . €
n >N implies \Sn*5|<2,
€

n >N, implies |tn —t[< 7
If N =max{N7,N;}, thenn > N implies
[(sn+tn) —(s+t) <|sn—s|+|th —t| <e.
This proves (a). The proof of (b) is trivial.
(c) We use the identity
(3.1) sntn —st=(sn —s)(tn —t) +s(tn —t) +t(sn —s).

Given ¢ > 0, there are integers N1, N, such that

n> N7 implies [sn —s| </,
n >N, implies [tn —t| < /e

If we take N = max{Ny, N}, n > N implies

[(sn—s)(th —t)I <&,
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so that
lim (sp —s)(tn —t) =0.

n—oo

We now apply (a) and (b) to and conclude that

Iim (sptnp —st) =0.
n—oo

(d) Choosing m such that|sn —s| < [s| /2 if n > m, we see that

:
Isn|>§\5| (n>m).

Give € > 0, there is an integer N > m such that n > N implies
1
[sn —s| < 5 \sl2 €.

Hence, forn > N,

1 1
Sn S

Sn—S

2
<—2\sn—s|<s. O
Sn$ Is|

3.4 Theorem.
(a) Suppose xn, € RkMm=1,2,3,...)and
Xn = (0‘1,11/ RS (Xk,ﬂ)
Then (xn ) converges tox = (o1, ..., &) if and only if

(3.2) lim o4 = oG (1<j<Kk).

n—oo
(b) Suppose (xn), (yn) are sequences in R%, (Bn)isa sequence of real numbers, and
Xn = X, Yn =Y, Bn — B. Then

nliﬂrnoo(xn JFYn) =Xx+Yy, nlgnoo Xnyn =Xy, nlgnoo Bnxn = Bx.

Proof.

(a) If xn — x, the inequalities
logn — | < lxn—x],

which follow immediately from the definition of the norm in Rk, show that

holds.
Conversely, if holds, then to each ¢ > 0, there corresponds an integer

N such that n > N implies
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Hence n > N implies

" 1/2
|an_{Z|0(j,no‘j|2} <§g,

j=1

so that xn, — x. This proves (a).

Part (b) follows from (a) and O

SUBSEQUENCES

3.5 Definition. Given a sequence (pr ), consider a sequence (ny) of positive inte-
gerssuch thatny; < n; <nz < ---. Then the sequence (pn, ) is called a subsequence
of (pn). If (pn, ) converges, its limit is called it subsequential limit of (pr).

It is clear that (pn) converges to p if and only if every subsequence of (pn)
converges to p. We leave the details of the proof to the reader.

3.6 Theorem.

(a) If (pn) is a sequence in a compact metric space X, then some subsequence of (pn)
converges to a point of X.
(b) Every bounded sequence in R¥ contains a convergent subsequence.

Proof.

(a) Let E be the range of (pn ). If E is finite then there is a p € E and a sequence
(ny) withny <ny <nz < --- such that

Pny =Pn, =" =P-

The subsequence (pn ;) so obtained converges evidently to p.

If E is infinite, shows that E has a limit point p € X. Choose
n; so that d(p,pn,) < 1. Having chosen ny,...,ni_;, we see from [Theo]

that there is an integer n; > ny_j such that d(p, pn,) < 1/1. Then
(pn;) converges to p.

(b) This follows from (a) sinceTheorem 2.41|implies that every bounded subset
of R¥ liesin a compact subset of Rk, O

3.7 Theorem. The subsequential limits of a sequence (pn) in a metric space form a closed
subset of X.

Proof. Let E* be the set of all subsequential limits of (pr ) and let q be a limit point
of E*. We have to show that q € E*.
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Choose nj so that pn, # . (If no such n; exists, then E* has only one point,
and there is nothing to prove.) Put 6 = d(q,pn,). Suppose ny,...,n;_1 are cho-
sen. Since q is a limit point of E*, there is an x € E* with d(x,q) < 2-15. Since
x € E*, there is an n; > ni_7 such that d(x, pn,) < 27%6. Thus

d(q,pn;) <2'71

fori=1,2,3,.... This says that (pn,) converges to q. Hence q € E*. O

CAUCHY SEQUENCES

3.8 Definition. A sequence (pn ) in a metric space X is said to be a Cauchy sequence
if for every ¢ > 0 there is an integer N such that d(pn,pm) < € if n > N and
m > N.

In our discussion of Cauchy sequences, as well as other situations which will
arise later, the following geometric concept will be useful.

3.9 Definition. Let E be a nonempty subset of a metric space X and let S be the set
of all real numbers of the form d(p, q) with p € E and q € E. The sup of S is called
the diameter of E.

If (pn) is a sequence in X and if Eyy consists of the points pn, PN1,PN+2, -+,
it is clear from the two preceding definitions that (pn ) is a Cauchy sequence if and
only if

lim diamExn = 0.
N—o0
3.10 Theorem.
(a) IfE is the closure of a set E in a metric space X, then

diam E = diam E.

(b) If Ky, is a sequence of compact sets in X such that K, D Kpy1 n=1,2,3,...)
and if

lim diamK, =0,
n—oo
then N$°_ Ky, consists of exactly one point.
Proof.
(a) Since E C E, it is clear that

diam E < diamE.



CAUCHY SEQUENCES 49

Fix ¢ > 0, and choose p € E, q € E. By the definition of E, there are points
p’, q' in E such that d(p,p’) < ¢, d(q,q’) < ¢. Hence

d(p,q) < d(p,p')+d(p’,q") +d(q’, q)
<2e+d(p’,q’) < 2e +diamE.

It follows that
diam E < 2¢ + diamE,

and since ¢ was arbitrary, (a) is proved.

(b) Put K = N3°_; Kn. By [Theorem 2.36] K is not empty. If K contains more

than one point, then diam K > 0. But for each n, K, D K so that diam K, >
diam K. This contradicts the assumption that diam K, — 0. O

3.11 Theorem.

(a) In any metric space X, every convergent sequence is a Cauchy sequence.

(b) If X is a compact metric space and if (pn) is a Cauchy sequence in X, then (pn)
converges to some point of X.

(c) In RX, every Cauchy sequence converges.

Note: The difference between the definition of convergence and the definition
of a Cauchy sequence is that the limit is explicitly involved in the former, but not

in the latter. Thus[Theorem 3.11(b)may enable us to decide whether or not a given

sequence converges without knowledge of the limit to which it may converge.
The fact (contained in that a sequence converges in R¥ if and

only if it is a Cauchy sequence is usually called the Cauchy criterion for convergence.

Proof.

(@) If pn — p and if ¢ > 0, there is an integer N such that d(p,pn) < ¢ for all
n > N. Hence
d(pn, pm) < d(pn,p) +d(p, pm) < 2¢
assoonasn > N and n > N. Thus (pn) is a Cauchy sequence.

(b) Let (pn) be a Cauchy sequence in the compact space X. For N =1,2,3,...,
let Eyy be the set consisting of pn, PN+1, PN+2,. ... Then

(3.3) lim diamEn =0,

N—o0

by [Definition 3.9 and [Theorem 3.10(a)} Being a closed subset of a compact

space X, each Ey is compact (Theorem 2.35). Also, Ey D Eny1, so that
EN D ENtI-

shows now that there is a unique p € X which lies in

every Ey.
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Let ¢ > 0 be given. By there is an integer Ng such that diamEy < ¢
if N > Np. Since p € Ey, it follows that d(p,q) < ¢ for every q € Ey,
hence for every q € En. In other words, d(p, pn) < €if n > Ng. This says
precisely that pn — p.

(c) Let (xn) be a Cauchy sequence in RX. Define Ey as in (b), with x; in place
of p;. For some N, diam Eyy < 1. The range of (xn1) is the union of En and
the finite set {xq,...,xn—1}. Hence (xn,) is bounded. Since every bounded

subset of R¥ has compact closure in R* (Theorem 2.41), (c) follows from

(). O

3.12 Definition. A metric space in which every Cauchy sequence converges is said
to be complete

Thus|Theorem 3.11|says that all compact metric spaces and all euclidean spaces are
complete. [Theorem 3.11| implies also that every closed subset E of a complete metric

space X is complete. (Every Cauchy sequence in E is a Cauchy sequence in X, hence
it converges to some p € X, and actually p € E since E is closed.) An example
of a metric space which is not complete is the space of all rational numbers with
d(x,y) =[x —yl.

[Theorem 3.2(c)|and |example (d) after Definition 3.1|show that convergent se-
quences are bounded, but that bounded sequences in R* need not converge. How-
ever, there is one important case in which convergence is equivalent to bounded-
ness; this happens for monotonic sequences in R

3.13 Definition. A sequence (sn) of real numbers is said to be

(a) monotonically increasing if sp, < spy1 (M=1,2,3,...);
(b) monotonically decreasing if sn > s 1 M =1,2,3,...).

The class of monotonic sequences consists of the increasing and decreasing se-
quences.

3.14 Theorem. Suppose (sn) is monotonic. Then (sn) converges if and only if it is
bounded.

Proof. Suppose sn < sy (the proof is analogous in the other case). Let E be the

range of (sn). If (sn) is bounded, let s be the upper bound of E. Then
sn<s n=1,23...).
For every ¢ > 0, there is an integer N such that
s—e<sNy <,

for otherwise s — ¢ would be an upper bound of E. Since (sn) increases n > N
therefore implies
s—e<sp<s,
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which shows that (s ) converges (to s).
The converse follows from [Theorem 3.2(c)| O

UPPER AND LOWER LIMITS

3.15 Definition. Let (sn) be a sequence of real numbers with the following prop-
erty: For every real M there is an integer N such that n > N implies s, > M. We
then write

Sn — +oo.

Similarly, if for every real M there exists an integer N such that n > N implies
sn < M, we write
Sn — —00.

It should be noted that we now use the symbol — (introduced in|Definition 3.1)
for certain types of divergent sequences, as well as for convergent sequences, but

that the definitions of convergence and of limit, given in [Definition 3.1| are un-
changed.

3.16 Definition. Let (sn) be a sequence of real numbers. Let E be the set of num-
bers x (in the extended real number system) such that s, — x for some sub-
sequence (sn, ). This set E contains all subsequential limits as defined in

plus possibly the numbers +oco, —co.
We now recall Definitions[T.8land and put

s* =supk,
s, =infE.
The numbers s*, s, are called the upper and lower limits of (sy, ); we use the notation

limsup sn = s%, liminf s, = sx.
n—oo n—oo

3.17 Theorem. Let (sn) be a sequence of real numbers. Let E and s* have the same
meaning as in|Definition 3.16] Then s* has the following two properties:

(a) s* € E.
(b) Ifx > s*, there is an integer N such that n > N implies sn, < x.

Moreover, s* is the only number with the properties (a) and (b).
Of course, an analogous result is true for s..
Proof.

(a) If s* = +o0, then E is not bounded above; hence (sy,) is not bounded above,
and there is a subsequence (sn, ) such that s, — +oc0.



SOME SPECIAL SEQUENCES 52

If s* is real, then E is bounded above, and at least one subsequential limit
exists, so that (a) follows from Theorems[3.7/and

If s* = —oo, then E contains only one element, namely —oco, and there is
no subsequential limit. Hence, for any real M, s, > M for at most a finite
number of values of n, so that s;; — —oo.

This establishes (a) in all cases.

(b) Suppose there is a number x > s* such that s;, > x for infinitely many values
of n. In that case, there is a number y € E such thaty > x > s*, contradicting
the definition of s*.

Thus s* satisfies (a) and (b). To show the uniqueness, suppose there are two
numbers, p and q, which satisfy (a) and (b), and suppose p < q. Choose x such
that p < x < ¢. Since p satisfies (b), we have s, < x for n > N. But then q cannot
satisfy (a). O

3.18 Examples.

(a) Let (sn) be a sequence containing all rationals. Then every real number is a
subsequential limit, and

lim sup sn = +o0, liminf s, = —oo0.
n—oo n—oo

(b) Letsn = (—1)™/[1 + (1/n)]. Then

limsupsn =1, liminfs,, = —1.
n—oo n—oo

(c) For areal-valued sequence (sn), limn o s = s if and only if

limsup sp, = liminfs, =s.
n—oo n—oo

We close this section with a theorem which is useful and whose proof is quite
trivial:

3.19 Theorem. If s, < tn formn > N, where N is fixed, then

liminfs,, <liminfty,
n—oo n—oo

limsup sn < limsupty.
n—oo n—oo

SOME SPECIAL SEQUENCES

We shall now compute the limits of some sequences which occur frequently. The
proofs will all be based on the following remark: If 0 < xn, < s forn > N, where
N is some fixed number, and if s;; — 0, then x, — 0.
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3.20 Theorem.
(a) If p > 0, then limy 500 1/0P = 0.
(b) Ifp >0, then limn 00 Y/p =1.
(c) limp 00 Y/ =1.
(d) If p > 0 and « is real, then limp 0o n*/(14+p)™ = 0.
(e) IfIx| < 1, then limp ;00 x™ = 0.
Proof.

(a) Taken > (1/¢€)'/P. (Note that the archimedean property of the real number
system is used here.)

(b) If p > 1, putxn = ¢/p —1. Then x,, > 0 and, by the binomial theorem,
T4+nxn < (1+x0)" =p,

so that :
0<xn < p;.
n

Hence x, — 0. If p = 1, (b) is trivial, and if 0 < p < 1, the result is obtained
by taking reciprocals.

(¢) Putxn = Y¥n—1. Then x,, > 0 and, by the binomial theorem,

—1
R
Hence
2
0<xn <y — (n>2).
n—1

(d) Let k be an integer such that k > «, k > 0. For n > 2k,

n nn—1---n—k+1) nkpk
(+p)" > <k)pk - Kl Pt > 2k]1z1 :
Hence 5
n% 2%k!
0< ——m < —— x—k
(+pm = pr "

Since « —k < 0, n* "k — 0, by (a).

(n > 2k).

(e) Take cx = 0in (d). O
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SERIES

In the remainder of this chapter, all sequences and series under consideration will
be complex-valued, unless the contrary is explicitly stated. Extensions of some
of the theorems which follow, to series with terms in R¥, are mentioned in

icise 3.15)

3.21 Definition. Given a sequence (an ), we use the notation

D an  (p<q)

to denote the sum ap + ap 11 + -+ + aq. With (an), we associate a sequence (sn ),

where
n
Sn = Z Ag.
k=1

For (sn) we also use the symbolic expression

ar+a+az+---
or, more concisely,
oo
(3.4) D an.
n=1

The symbol in (3.4) we call an infinite series or just a series. The numbers s;, are
called the partial sums of the series. If (sn) converges to s, we say that the series

converges, and write
o
S an=s.
n=1

The number s is called the sum of the series; but it should be clearly understood
that s is the limit of a sequence of sums, and is not obtained simply by addition.
If (sn) diverges, the series is said to diverge.

Sometimes, for convenience of notation, we shall consider series of the form

(3.5) Y an.
n=0

And frequently, when there is no possible ambiguity, or when the distinction is
immaterial, we shall simply write Xa, in place of or (B5).

It is clear that every theorem about sequences can be stated in terms of series
(putting a7 = sy and an = spn —sp—1 forn > 1), and vice versa. But it is never-
theless useful to consider both concepts.

The Cauchy criterion (Theorem 3.11)) can be restated in the following form:
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3.22 Theorem. Yay converges if and only if for every ¢ > 0 there is an integer N such
that

(3.6) <e

m
> a
k=n

ifm>n>N.
In particular, by taking m =n, becomes
lan| <e (= N).
In other words:

3.23 Theorem. If Zay converges, then limy ;00 an = 0.

The condition a,, — 0 is not, however, sufficient to ensure convergence of Zay,.
For instance, the series
o0
n=1

diverges; for the proof, we refer to
eorem 3.14} concerning monotonic sequences, also has an immediate coun-

terpart for series.

2=

3.24 Theorem. A series of nonnegativﬂ terms converges if and only if its partial sums
form a bounded sequence.

We now turn to a convergence test of a different nature, the so-called “compar-
ison test.”

3.25 Theorem.

(a) Iflan| < cn for n > No, where Ng is some fixed integer, and if Lcn, converges,
then Lan converges.
(b) If an > dn > 0 forn > Ny and if Zdn diverges, then Zan diverges.

Note that (b) applies only to series of nonnegative terms an.

Proof. Given ¢ > 0, there exists N > Ny such that m > n > N implies

m
Z ck < ¢
k=n

by the Cauchy criterion. Hence

m m m
D oa| <D Jael <) e <
k=n k=n k=n

1 The expression “nonnegative” always refers to real numbers.
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and (a) follows.
Next, (b) follows from (a), for if La,, converges, so must Ld,, [note that (b) also
follows from [Theorem 3.24]. O

The comparison test is a very useful one; to use it efficiently, we have to be-
come familiar with a number of series of nonnegative terms whose convergence or
divergence is known.

SERIES OF NONNEGATIVE TERMS

The simplest of all is perhaps the geometric series.

3.26 Theorem. If0 < x < 1, then

If x > 1, the series diverges.

Proof. Ifx #1,
n+1

SniZX ];ix

The result follows if we let n — oco. For x = 1, we get
T+T+14+---,
which evidently diverges. O

In many cases which occur in applications, the terms of the series decrease
monotonically. The following theorem of Cauchy is therefore of a particular inter-
est. The striking feature of the theorem is that a rather “thin” subsequence of (an )
determines the convergence or divergence of Za;.

3.27 Theorem. Suppose a; > az > az > --- > 0. Then the series Y 57 1 an con-
verges if and only if the series

o0
(3.7) > 2%ayc =aj +2a; +4as +8ag+ - -
k=0

converges.

Proof. By it suffices to consider the boundedness of the partial sums.
Let

sn=aj+ay+- - +an,

ty = aq +2a2+---+2ka2k.
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For n < 2%,
sn<ay+(ax+az)+--+(age -+ az_q)
< a +2(12+”’+2k(12k
=1y,
so that
(3.8) sn <ty

On the other hand, if n > 2k,
Sn > aq +az+(a3+a4)+~-+(a2kf1+1 +- -+ ayx)

1
~aj+ap +2a4+---+2k71a2k

>
=2
1 x
= ft ,
so that
(3.9) 2sn > ty.

By and (89), the sequences (sn) and (tn) are either both bounded or both
unbounded. This completes the proof. O

3.28 Theorem. ) Tﬂ—p converges if p > 1 and diverges if p < 1.

Proof. If p < 0, divergence follows from [Theorem 3.23| If p > 0, [Theorem 3.27|is

applicable, and we are led to the series

(o] -] o0

sz. — Zz“—p)k.
K

k=0 2%P k=0

Now, 2'=P < 1if and only if T —p < 0, and the result follows by comparison with
the geometric series (take x = 2! =P in|[Theorem 3.26). O

As a further application of [Theorem 3.27} we prove:

3.29 Theorem. Ifp > 1,

= 1
(3.10) ngz Y-

converges; if p < 1, the series diverges.

Remark. “logn” denotes the logarithm of n to the base e (compare [Exercise 1.7);
the number e will be defined in a moment (see [Definition 3.30). We let the series
start with n = 2 since log 1 = 0.
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Proof. The monotonicity of the logarithmic function (which will be discussed in

more detail in[Chap. 8) implies that (log n)e_; increases. Hence (1/Mm(logn)P)S2_,
decreases, and we can apply to (:10); this leads us to the series

e 1 1 = 1
9k _ _ i
(3.11) Z long) _kZ:] (klog2)P = (log2)P ]; kP’
and [Theorem 3.29 follows from [Theorem 3.28 O

This procedure may evidently be continued. For instance,

0 1
(3.12) Z nlog(n)log(log(n))

diverges, whereas
o
1

(3.13) é nlog(n)(log(logn))2

converges.

We may now observe that the terms of the series differ very little from
those of . Still, one diverges, the other converges. If we continue the process
which led us from [Theorem 3.28| to [Theorem 3.29, and then to and (313),
we get pairs of convergent and divergent series whose terms differ even less than
those of and (3:13). One might thus be led to the conjecture that there is
a limiting situation of some sort, a “boundary” with all convergent series on one
side, all divergent series on the other side—at least as far as series with monotonic
coefficients are concerned. This notion of a “boundary” is of course quite vague.
The point we wish to make is this: No matter how we make this notion precise,
the conjecture is false. Exercises[3.11(b)|and [3.12(b){may serve as illustrations.

We do not wish to go any deeper into this aspect of convergence theory, and
refer the reader to Knopp’s “Theory and Application of Infinite Series,” Chap. IX,
particularly Sec. 41 [Kno28].

THE NUMBER e

3.30 Definition. e =) 52

1
n'-
Here,n!=1-2-3---nifn >1,and 0! = 1. Since

Vo
1.2...n

R LI
Sn = 1.2 77-2.

3
<1+1+]+1+ e ! <3
2 22 n



THE NUMBER e 59

the series converges and the definition makes sense. In fact, the series converges
very rapidly and allows us to compute e with great accuracy.

It is of interest to note that e can also be defined by means of another limit
process; the proof provides a good illustration of operations with limits:

1 n
3.31 Theorem. lim (1 + H) =e.

Proof. Let
1
!

7

=
-
3
I
/;\
+
3=
~—
3

n
=Y
k=0

By the binomial theorem,

1 1 1 1 2
1

Hence t;, < sp, so that

(3.14) limsuptn <e,

n—oo

by[Theorem 3.19| Next, if n > m,

tn2]+]+l ]_l +...+L ]_l ]_E .
2! n m! n n

Let n — oo, keeping m fixed. We get

1
liminft, > 1414+ =+ 4+ —,
n—oo 2! m!
so that
sm < liminfty,.
n—oo

Letting m — oo, we finally get

(3.15) e < liminftp.
n—oo
The theorem follows from (3.14) and (3.15). O

The rapidity with which the series >~ 1/n! converges can be estimated as fol-
lows: If s;, has the same meaning as above, we have

1 1 1
e O TR C ) I e TR

1 1 1
St {1+n+1 +(n+1)2+"'}_m
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so that

1
(3.16) O<e—sp<——.
nin

Thus s, for instance, approximates e with an error less than 1077 The inequality
(3.16) is of theoretical interest as well since it enables us to prove the irrationality
of e very easily.

3.32 Theorem. e is irrational.

Proof. Suppose e is rational. Then e = p/q, where p and q are positive integers.

By G19)

(3.17) 0<qlle—sq) <

o=

By our assumption, gle is an integer. Since

| = q! ]+]+l+...+l
48a =4 21 q!

is an integer, we see that g!(e — sq) is an integer.
Since q > 1, (3.17) implies the existence of an integer between 0 and 1. We have
thus reached a contradiction. O

Actually, e is not even an algebraic number. For a simple proof of this, see
page 25 of Niven’s book [Niv65], or page 176 of Herstein’s [Her64] cited in the
Bibliographyj

THE ROOT AND RATIO TESTS

3.33 Theorem. Given Zan, put o« = limsup,, _, o ¥/lanl.

(a) If « < 1, Zan converges;
(b) If o > 1, Zan diverges;
(c) If @ =1, the test gives no information.

Proof. If @ < 1, we can choose 3 so that « < 3 < 1, and an integer N such that
Vianl < B

forn > N [by[Theorem 3.17(b)]. That is, n > N implies
lan| <p™.

Since 0 < B < 1, I, converges. Convergence of Xan follows now from the
comparison test.
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If « > 1, then, again by|Theorem 3.17} there is a sequence (ny) such that

n
V0an, | — o

Hence |an| > 1 for infinitely many values of n, so that the condition an, — 0,

necessary for convergence of Lan, does not hold (Theorem 3.23).

To prove (c), we consider the series
Yo X
n’ nZ’
For each of these series, « = 1, but the first diverges and the second converges. [
3.34 Theorem. The series an
(a) converges iflimsup,, _, lani1/an| <1,
(b) diverges if |any1/an| > 1 forall n > ng, where ng is some fixed integer.

Proof. If condition (a) holds, we can find § < 1, and an integer N such that

An41
an

<p

for n > N. In particular,

lant1l < Blanl,

lang2l < Blani1l < B2 lanl,

‘aNer‘ < BPlan].
That is,
—N
lan| <lan[B™ - B™

forn > N, and (a) follows from the comparison test, since L™ converges.
If lapny1] > lan| for n > ny, it is easily seen that the condition an, — 0 does
not hold, and (b) follows. O

Note: the knowledge that lim a,, 1 /an = 1 implies nothing about the conver-
gence of Zay,. The series 3_ 1/nand 3~ 1/n? demonstrate this.

3.35 Examples.
(a) Consider the series

LIS I N T T RO O O
2 3 22 32 23 33 24 34 7
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for which

[OSTIN S

.. a
liminf =1 — lim
n—oo  an n—oo

>

hm 1nf Yn = 11

%\

limsup Yan = l

n—oo

lim sup Il Jim o (;)

n—oo Adn n—oo 2

ﬁﬁ

+3\

The root test indicates convergence; the ratio test does not apply.

(b) The same is true for the series

1 1 1 1 1 1 1
sttt it tetmtat

2 8 32 16 128 64
where
liminf 2T — 1,
n—0o  dn 8
limsup Gntl _ 2,
n—oo an
but
1' n . 1
ngnoo an = 2

3.36 Remarks. The ratio test is frequently easier to apply than the root test since
it is usually easier to compute ratios than nth roots. However, the root test has
wider scope. More precisely: Whenever the ratio test shows convergence, the root
test does too; whenever the root test is inconclusive, the ratio test is too. This is a
consequence of and is illustrated by the above examples.

Neither of the two tests is subtle with regard to divergence. Both deduce diver-
gence from the fact that a,, does not tend to zero as n — oo.

3.37 Theorem. For any sequence (crn ) of positive numbers,

< hm mf Ven

limsup /cn < lim sup —

n—oo n—oco ©On

lim 1nf
n—oo

Proof. We shall prove the second inequality; the proof of the first is quite similar.

Put

. c
o = limsup 1

n—oco ©On
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If x = +o0, there is nothing to prove. If « is finite, choose 3 > «. There is an

integer N such that
Cn+l <
cn

for n > N. In particular, for any p > 0,
CN+k+1 SE’CN+k (kIO,],...,pfl).

Multiplying these inequalities, we obtain

CN+'p S BPCN/

or
cn SenpTN RN (R N).
Hence
Ven < Yenp N8,
so that
(3.18) limsup ¥cn < B,

n—oo

by|Theorem 3.20(b)| Since (3.18) is true for every 3 > «, we have
limsup Ven < a.

n—oo

POWER SERIES

3.38 Definition. Given a sequence (cr,) of complex numbers, the series

o0
(3.19) > cnz®
n=0

is called a power series. The numbers cr, are called the coefficients of the series; z is a

complex number.

In general, the series will converge or diverge depending on the choice of z.
More specifically, with every power series there is associated a circle, the circle
of convergence, such that converges if z is in the interior of the circle and
diverges if z is in the exterior of the circle (to cover all cases, we have to consider
the plane as the interior of a circle with infinite radius, and a point as a circle with
radius zero). The behavior on the circle of convergence is much more varied and

cannot be described so simply.
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3.39 Theorem. Given the power series Ycnz™, put
1
o =limsup V/lcnl, R=—
n—oo x
(If x =0, R = +o0; if ¢ = 400, R =0.) Then Zcnz™ converges if |z| < R and diverges
iflz| > R.

Proof. Put an = cnz™ and apply the root test:
limsup V/|an| = |z|limsup ”\/|Cn|=%~ O
n—oo n—oo
Note: R is called the radius of convergence of Lcnz™.
3.40 Examples.

(a) The series >_n™z" hasR =0.
(b) The series 3 z™/n!has R = 4o00. (In this case the ratio test is easier to apply
than the root test.)

(c) The series ) z™ has R = 1. If |z| = 1, the series diverges, since (z™) does not
tend to 0 as n — co.

(d) Theseries }_z™/n has R = 1. It diverges if z = 1. It converges for all other z

with |z| = 1. (The last assertion will be proved in[Theorem 3.44})
(e) The series Y z™/ nZhasR = 1. It converges for all z with |z| = 1, by the
comparison test, since |z /n?| = 1/n?.

SUMMATION BY PARTS

3.41 Theorem. Given two sequences (arn) and (by), put

n
An = Z Ay
k=0

ifn>0;put A_y =0. Then, if 0 < p < q, we have

qa q—1
(3.20) > anbn=) An(bn—bni1)+Aqbg—Ap_1bp.
n=p n=p
Proof.
q q q q—1
Z Anbn = Z (An—An_1)bn = Z Anbn — Z Anbnit,
n=p n=p n=p n=p—1

and the last expression on the right is clearly equal to the right side of (3.20). O
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Formula (3.20), the so-called “partial summation formula,” is useful in the in-
vestigation of series of the form Za, by, particularly when b;, is monotonic. We
shall now give applications.

3.42 Theorem. Suppose

(a) the partial sums Ay, of Zan form a bounded sequence;
(b) bp>by >2by >+
(C) hmn—)@@ bTL = O

Then Xanby converges.

Proof. Choose M such that |A,| < M for all n. Given & > 0, there is an integer N
such that by < ¢/(2M). For N < p < g, we have

q q-1
Y anbn|=|) An(bn—bni1)+Agbg—Ap_1bp
n=p n=p
q—1
M| > (bn—bni1+bg+bp)

n=p

— 2Mb,, < 2Mby < e.

IA

Convergence now follows from the Cauchy criterion. We now that the first in-
equality in the above chain depends of course on the fact that b, —b,, .7 > 0. O

3.43 Theorem. Suppose
(@ lcrl > leal > ezl > -+ -5
(b) com—120, ¢ <0 (Mm=1,23,...);
(c) limn_y00 cn = 0.

Then Ycn converges.

Series for which (b) holds are called “alternating series”; the theorem was
known to Leibnitz.

Proof. Apply[Theorem 3.42\with a,, = (—1 M b =lenl O

3.44 Theorem. Suppose the radius of convergence of Lcnz™ is 1, and suppose cg > ¢y >
cy > -+, limp oo cn = 0. Then Xcnz™ converges at every point on the circle |z| = 1,
except possibly at z = 1.

Proof. Put an = z™, by = cn. The hypotheses of [Theorem 3.42|are then satisfied,
since
2

Al =
|Anl <

‘ ’

1—z

n ‘ ‘1_Zn+1

iflzl=1Tand z # 1. O
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ABSOLUTE CONVERGENCE

The series Xay, is said to converge absolutely if the series L |an | converges.

3.45 Theorem. If Yan, converges absolutely, then Lan converges.

Proof. The assertion follows from the inequality

m m
> a[ <D agl,
k=n k=n

plus the Cauchy criterion. O

3.46 Remarks. For series of positive terms, absolute convergence is the same as
convergence.

If Zan converges, but Z |an | diverges, we say that Xa,, converges conditionally
[[nonabsolutely]]. For instance, the series

o (="
2

n=1

converges conditionally (I’heorem 3.43).

The comparison test, as well as the root and ratio tests, is really a test for ab-
solute convergence and therefore cannot give any information about conditionally
convergent series. Summation by parts can sometimes be used to handle the lat-
ter. In particular, power series converge absolutely in the interior of the circle of

convergence.

We shall see that we may operate with absolutely convergent series very much
as with finite sums. We may multiply them term by term and we may change
the order in which the additions are carried out, without affecting the sum of the
series. But for conditionally convergent series, this is no longer true, and more care
has to be taken when dealing with them.

ADDITION AND MULTIPLICATION OF SERIES

3.47 Theorem. If Yan = A and YIbn, = B, then L(an +bn) = A+ B and
Z(can) = cA for any fixed c.

Proof. Let
n n
An:Zak, Bn:Zbk'
k=0 k=0

Then

n

An +Bn = Z(ak+bk)~
k=0
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Since limn 00 Ann = A and lim, o0 Brn = B, we see that
lim (An +Bn) =A+B.
n—oo
The proof of the second assertion is even simpler. O

Thus two convergent series may be added term by term, and the resulting se-
ries converges to the sum of the two series. The situation becomes more compli-
cated when we consider multiplication of two series. To begin with, we have to
define the product. This can be done in several ways; we shall consider the so-
called “Cauchy product.”

3.48 Definition. Given Xa, and by, we put
n
cn=Zakbn,k (n:0,1,2,...)
k=0

and call Xcy, the product of the two given series.

This definition may be motivated as follows. If we take two power series
Zanz™ and Ibynz™, multiply them term by term, and collect terms containing the
same power of z, we get

o0
Z anz™ - Z bz = (ao+arz+azz? + - )(bo+brz+byz? +---)

n=0 n=0
= apbg + (apb1 + a1bp)z+ (apby + ar;by + azbo)zz +-e

=Co+C1Z+CzZZ+~'- .

Setting z = 1, we arrive at the above definition.

3.49 Example. If

n n n
An=) a, Ba=) b, ) o
k=0 k=0 k=0

and A, — A, Bn — B, then it is not at all clear that (Cy,) will converge to AB,
since we do not have Cr, = A;,By,. The dependence of (Cr,) on (A) and (By) is
quite a complicated one (see the proof of Theorem 3.50). We shall now show that
the product of two convergent series may actually diverge.

The series

e A TS TS
)My AL iy, AV Sy

n=0
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converges (Theorem 3.43). We form the product of this series with itself and obtain

£ (o) (oo )

1 1 1 1
%ﬁ*ﬁﬁ*ﬁﬁ*ﬁ)*”"

so that
Z\/n k+1) k+1
Since 5 5 5
n n n
(n—k+1)(k+1):(§+1) _<§_k> §<E+1)
we have n
2 2n+1)
|Cn|2]§)m— nt2

so that the condition ¢, — 0, which is necessary for the convergence of Xcy,, is not
satisfied.

In view of the next theorem, due to Mertens, we note that we have here consid-
ered the product of two conditionally convergent series.

3.50 Theorem. Suppose

(a) Y 2o an converges absolutely,
() Y3 pan=A,
(€ Y obn =B,

(d) Cn = ZE:O akbn_k (TLZO,],Z,...).
Then

o0
Z cn = AB.
n=0

That is, the product of two convergent series converges, and to the right value, if at least
one of the two series converges absolutely.

Proof. Put

n n n
An=) ar, Bn=) b, Chn=) cx, PBn=Bn—B
k=0 k=0 k=0
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Then
Cn = agbg + (agby +a1bg) +---+ (agbn + a3bp_1 +-- -+ anbp)

= aoBn+a;Bp_q+-- -+ anBo
=ao(B+PBn)+ar(B+Bn_1)+--+an(B+Bo)
=AnB+aoBn+aiPn_1+---+anPo.

Put

Yn =aoBn +a1PBn_1+---+anPo.
We wish to show that C,, — AB. Since A;,B — AB, it suffices to show that

(3.21) lim yn =0.
n—oo

Put
oo
a= > lanl.
n=0

[It is here that we use (a).] Let ¢ > 0 be given. By (c), v — 0. Hence we can
choose N such that || < ¢ for n > N, in which case

ynl <[Boan+---+BNan—NI+IBNt1an-_N-1+ + Bnaol
<IBoan+- -+ Pnan_N|+ec
Keeping N fixed and letting n — oo, we get

limsup [yn| < ex,
n—oo

since ay — 0 as k — oo. Since ¢ is arbitrary, (3.21) follows. O

Another question which may be asked is whether the series Zcy,, if convergent,
must have the sum AB. Abel showed that the answer is in the affirmative.

3.51 Theorem. If the series Lan, Xbn, Lcn converge to A, B, C, and cn, = apbn +
---+ anby, then C = AB.

Here no assumption is made concerning absolute convergence. We shall give a

simple proof (which depends on the continuity of power series) after[Theorem 8.2}

REARRANGEMENTS

3.52 Definition. Let (kn), n = 1,2,3,... be a sequence in which every positive
integer appears once and only once (that is, (kn) is a 1-1 function from IN onto IN,

in the notation of [Definition 2.2)). Putting

aa:akn n=1,23...),
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we say that Za}, is a rearrangement of Lan.

If (sn), (s},) are the sequences of the partial sums of Zan, LaJ,, it is easily seen
that, in general, these two sequences consist of entirely different numbers. We
are thus lead to the problem of determining under what conditions all rearrange-
ments of a convergent series will converge and whether the sums are necessarily
the same.

3.53 Example. Consider the convergent series

T 1 1 1 1
(3.22) —g+3—gFs—z+

and one of its rearrangements

T 1 1 1 1 1 1 1

in which two positive terms are always followed by one negative. If s is the sum

of (3.22), then
1 1 5
Since
1 1 1

w3 a7 w0

fork > 1, wesee that s5 < s; < sy < ---, where s/, is the nth partial sum of (3.23).
Hence
limsupsy, >s5 ==,
n—oo 6
so that (3.23) certainly does not converge to s [we leave it to the reader to verify
that (3.23) does, however, converge].
This example illustrates the following theorem, due to Riemann.

3.54 Theorem. Let Zan be a series of real numbers which converges, but not absolutely.
Suppose
—0o<a<p < oo

Then there exists a rearrangement aj, with partial sums s}, such that

.. r . o
(3.24) l}fgg},fsn =0, hTrln_?;JOp sn = PB.
Proof. Let
an|+a an|—a
pnszn, qn:‘ﬂfﬂ n=123,..).

Then pn — qn = an, Pn +qn = lan|, pn > 0, gn > 0. The series Lpn, Zqn must
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both diverge, for if both were convergent, then

D (pn+dn) =) lan

would converge, contrary to hypothesis. Since

N N N N
Z an = Z(pn_qn): an_ Z dn,
n=1 n=1 n=1 n=1

divergence of Zpy and convergence Lqn (or vice versa) implies divergence of Zan,
again contrary to hypothesis.

Now let Py, P2, P3,... denote the nonnegative terms of Lay, in the order in
which they occur, and let Q1, Q2, Q3,... be the absolute values of the negative
terms of Zan, also in their original order.

The series X P, XQn differ from Ypn, Xqn only by zero terms, and are there-
fore divergent.

We shall construct sequences (my ), (k) such that the series

P1+""|‘Pm1*Q]*"'*Qk1+Pm1+1‘|‘"'
+Pm27Qk1+17“'7Qk2+"'/

which clearly is a rearrangement of X a,, satisfies (3.24).
Choose real-valued sequences (an ), (fn) such that xn — &, fn — B, an <

Bn,B1>0.
Let my, kq be the smallest positive integers such that

(3.25)

P1++Pm1 >B]/
Prt 4 Py — Q1= = Qi <

let m;, k, be the smallest positive integers such that
Pi+-+Pm; —Q1— = Qxy +Pm 41+ +Pm, > P2,

P Py = Q1= = Qi Py 1 o Py = Qi == Qi < 0z,

and continue in this way. This is possible since £P, and £Q, diverge.
If xn, Yyn denote the partial sums of (3.25) whose last terms are Py, — Qy, ,
then
‘Xn*f’n|gpmnr ‘Hn*fxn‘San-
Since P, — 0 and Qn, — 0 asn — oo, we see that xn — 3, yn — .

Finally, it is clear that no number less than « or greater than 3 can be a subse-
quential limit of the partial sums (3.25). O

3.55 Theorem. If Zan is a series of complex numbers which converges absolutely, then
every rearrangement of Xan, converges, and they all converge to the same sum.
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Proof. Let £a/, be a rearrangement, with partial sums sJ,. Given ¢ > 0, there exists
an integer N such that m > n > N implies

m
(3.26) > lail <e
i=n

Now choose p such that the integers 1,2,...,N are all contained in the set

k1,k2,...,kp (we use the notation of [Definition 3.52). Then if n > p, the num-

bers ay,...,an will cancel in the difference sy — s/, so that !sn — 51’1‘ < g by
(3:26). Hence (s},) converges to the same sum as (sn ). O

EXERCISES

3.1. Prove that convergence of (s, ) implies convergence of (|sn |). Is the converse true?
3.2. Calculate limn 00 (VN2 + 1 —11).
3.3.If s; =v2and
Snl =12+ /sn n=1,23,...),
prove that (sn ) converges and that s, <2forn=1,2,3,....

3.4. Find the upper and lower limits of the sequence (s ) defined by

S2m—1 1
s1=0; $2m = 5 ) $2m+1 = 7 +S2m-

3.5. For any two real sequences (an ), (brn ), prove that

limsup(an +bn) < limsup an + limsup by,
n—oo n—oo n—oo

provided the sum on the right is not of the form co — co.
3.6. Investigate the behavior (convergence or divergence) of Za, if
(@ an = Vn+1-— vy
(®) an = (Vn+1-yn)/n;
(@ an=(¥Yn-1"
(d) an =1/(1+2z"), for complex values of z.

3.7. Prove that the convergence of Zay implies the convergence of
5
—
n=1

if a, > 0.
3.8.If a, converges and if (by,) is monotonic and bounded, prove that La,, by, converges.

3.9. Find the radius of convergence of each of the following power series:
n
(@) Y n’z", b) > 2"
PAL n
© > F,z“, CID 3—“,1“.
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3.10. Suppose that the coefficients of the power series La,z™ are integers, infinitely many of
which are distinct from zero. Prove that the radius of convergence is at most 1.

3.11. Suppose an >0, s, = aj +- -+ an, and Za, diverges.

(a) Provethat ) an/(1+ an) diverges.
(b) Prove that

a a s
ONHT L ONER >1— N
SN+1 SN+k SN+k
and deduce that }_ an /s diverges.
(c) Prove that
et
Sh Sn—1 Sn

and deduce that 3~ a,, /s2 converges.
(d) What can be said about

an an
L Y S L S
Z1+nan an Z]+n2an

3.12. Suppose an > 0 and Za, converges. Put

(a) Prove that

m 4 9y Tn
Tm Tn Tm
if m < n, and deduce that }_ an /ry diverges.

(b) Prove that
an
2T — ST
m < ( Tn Tn+1 )
and deduce that }_ an/,/Tm converges.
3.13. Prove that the Cauchy product of two absolutely convergent series converges absolutely.

3.14.1If (s, ) is a complex sequence, define its arithmetic means o, by

nzﬂi%gﬁ;ﬁi n=0,12...).
(a) Iflimsy, =s, prove that limoy, =s.

(b) Construct a sequence (s,,) which does not converge, although lim o, = 0.

(c) Can it happen that s;, > 0 for all n and that lim sup s,, = oo, although lim o, = 0?

(d) Put an =sn —sn_1 forn > 1. Show that

1 n
snfcn:n—“];kak.

Assume that lim(nay, ) = 0 and that (0y,) converges. Prove that (s,,) converges. [This
gives a converse of (a), but under the additional assumption that na,, — 0.]
(e) Derive the last conclusion from a weaker hypothesis: Assume M < oo, [nan| < M for
alln, and lim 0y, = 0. Prove that lim s,, = 0 by completing the following outline:
If m < n, then

m+1 1
Sn—0n = n,m(cnicm)+m Z (sn —si).
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For these 1,

(n—i)M < m—m-—-1M
i+1 ~ m+2

Fix ¢ > 0 and associate with each n the integer m that satisfies

[sn—sil <

m< & e
T+e

Then (m+1)/(n—m) < 1/eand |s, — s;i| < Me. Hence

limsup [sn — 0| < Me.
n—oo
Since € was arbitrary, lim s, = o.
3.15.|Definition 3.21|can be extended to the case in which the ay, lie in some fixed R¥. Abso-
lute convergence is defined as convergence of }_ |an, |. Show that Theorems

@ @ @ @ @ and @are true in this more general setting. (Only slight modifi-

cations are required in any of the proofs.)

3.16. Fix a positive number «. Choose x; > y/«, and define x3,%3,x4,... by the recursion

formula
1 o
Xn+4+1 = 2 Xn + Z .

(a) Prove that (xy,) decreases monotonically and that lim x, = /.
(b) Put en, = xn — v/ and show that

&

2
n

fngl = 2% <

n+ 2xn 2/«

so that, setting B = 2y/«,

2T|.
. <ﬁ<%> (n=1,23,...).

(c) This is a good algorithm for computing square roots, since the recursion formula is
simple and the convergence is extremely rapid. For example, if « = 3 and x; = 2,
show that €1/ < 1/10 and that therefore

€5 <4-10776, e <4-10732,

3.17. Fix « > 1. Take x; > v/« and define

2
n

T4+xn

X +Xn X —X
Xn+1 = T+x =Xn+
n

(a) Provethatxy >x3 >x5 >---.

(b) Provethatx; < x4 <xg <---.

(c) Prove thatlimx, = /.

(d) Compare the rapidity of convergence of this process with the one described in

3.18. Replace the recursion formula of [Exercise 3.16|by

p—1 x
Xn41 = Txn+ gxn p

where p is a fixed positive integer, and describe the behavior of the resulting sequences (x.).
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3.19. Associate to each sequence a = (ay ) in which «y, is 0 or 2, the real number
= &
xa) =) ¢
n=1

Prove that the set of all x(a) is precisely the Cantor set described in

3.20. Suppose (pn) is a Cauchy sequence in a metric space X, and some subsequence (pn; )
converges to a point p € X. Prove that the full sequence (pn) converges to p.

3.21. Prove the following analogue of If (En) is a sequence of closed,

nonempty, and bounded sets in a complete metric space X, if E, D E, 1, and if

lim diamE,, =0,
n—oo

then N1 En consists of exactly one point.

3.22. Suppose X is a nonempty complete metric space, and (G, ) is a sequence of dense open
subsets of X. Prove Baire’s theorem, namely, that N3_; Gn is not empty (In fact, it is dense
in X.) Hint: Find a shrinking sequence of neighborhoods E,, such that E, C Gy, and apply
[Exercise 3211

3.23. Suppose (pn) and (qr ) are Cauchy sequences in a metric space X. Show that the se-
quence (d(pn, qn)) converges. Hint: For any m, n,
d(pn, qn) < d(pn,Pm) +dPm, dm) + d(qm, qn);
it follows that
[d(pn, qn) —d(pm,qm)]
is small if m and n are large.
3.24. Let X be a metric space.
(a) Call two Cauchy sequences (pn), (qn) in X equivalent if

lim d(pn,qn) =0.

n—oo
Prove that this is an equivalence relation.

(b) Let X* be the set of all equivalence classes so obtained. If P € X*, Q € X*, (pn) € P,
(qn) € Q, define
A(P,Q) = lim d(pn,qn);
n—oo
by this limit exists. Show that the number A(P, Q) is unchanged if (pn)

and (qn) are replaced by equivalent subsequences, and hence that A is a distance
function in X*.

(c) Prove that the resulting metric space X* is complete.

(d) For each p € X, there is a Cauchy sequence all of whose terms are p; let P, be the
element of X* which contains this sequence. Prove that

APy, Pq) = d(p, q)

for all p, q € X. In other words, the mapping ¢ defined by ¢(p) = P}, is an isometry
(i.e., a distance-preserving mapping) of X into X*.

(e) Prove that ¢(X) is dense in X* and that ¢(X) = X* if X is complete. By (d), we may
identify X and ¢(X) and thus regard X as embedded in the complete metric space X*.
We call X* the completion of X.

3.25. Let X be the metric space whose points are the rational numbers, with the metric d(x,y) =

[x —y|. What is the completion of this space? (Compare|Exercise 3.24).



Chapter 4

CONTINUITY

The function concept and some of the related terminology were introduced in[Def
[inition 2.1|and [Definition 2.2} Although we shall (in later chapters) be mainly in-
terested in real and complex functions (i.e., in functions whose values are real or
complex numbers) we shall also discuss vector-valued functions (i.e., functions
with values in R¥) and functions with values in an arbitrary metric space. The
theorems we shall discuss in this general setting would not become any easier if
we restricted ourselves to real functions, for instance, and it actually simplifies
and clarifies the picture to discard unnecessary hypotheses and to state and prove
theorems in an appropriately general context.

The domains of definition of our functions will also be metric spaces, suitably
specialized in various instances.

LIMITS OF FUNCTIONS

4.1 Definition. Let X and Y be metric spaces; suppose E C X, f maps E into Y, and
p is a limit point of E. We write f(x) — qasx — p, or

4.1) lim f(x) =q

X—p

if there is a point q € Y with the following property: For every e > 0 there exists a
& > 0 such that

(4.2) dy(f(x),q) <e
for all points x € E for which
(4.3) 0 < dx(x,p) <b.

The symbols dx and dy refer to the distances in X and Y, respectively.
If X and/or Y are replaced by the real line, the complex plane, or by some
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euclidean space RX, the distances dx, dy are of course replaced by absolute values,

or by norms of differences (see [Example 2.16).

It should be noted that p € X, but that p need not be a point of E in the above
definition. Moreover, even if p € E, we may very well have f(p) # limy_p f(x).
We can recast this definition in terms of limits of sequences:

4.2 Theorem. Let X, Y, E,f, and p be as in|Definition 4.1} Then

(4.4) lim f(x) =q
xX—p

if and only if

(4.5) Jim f(pn) =4

for every sequence (pr,) in E such that
(4.6) pn 7P, lim pn=p.

Proof. Suppose holds. Choose (pn) in E satisfying (£.6). Let ¢ > 0 be given.
Then there exists & > 0 such that dy(f(x),q) < ¢ if x € Eand 0 < dx(x,p) < b.
Also, there exists N such that n > N implies 0 < dx(pn,p) < 8. Thus, forn > N,
we have dy (f(pn), q) < ¢, which shows that holds.

Conversely, suppose is false. Then there exists some ¢ > 0 such that for
every § > 0 there exists a point x € E (depending on 6), for which dy(f(x),q) > ¢
but 0 < dx(x,p) < d. Taking 6, =1/n (n=1,2,3,...), we thus find a sequence
in E satisfying for which is false. O

Corollary. If f has a limit at p, this limit is unique.
This follows from Theorems[3.2(b)land

4.3 Definition. Suppose we have two complex functions, f and g, both defined
on E. By f 4+ g we mean the function which assigns to each point x of E the num-
ber f(x) + g(x). Similarly we define the difference f — g, the product fg, and the
quotient /g of two functions, with the understanding that the quotient is defined
only at those points x of E at which g(x) # 0. If f assigns to each point x of E the
same number c, then f is said to be a constant function, or simply a constant, and
we write f = c. If f and g are real functions, and if f(x) > g(x) for every x € E, we
shall sometimes write f > g for brevity.
Similarly, if f and g map E into R*, we define f + g and f - g by

(f+g)(x) =f(x) +g(x),  (f-g)(x) =£(x)-glx);

and if A is a real number, (AMf)(x) = AMf(x).
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4.4 Theorem. Suppose E C X, a metric space, p is a limit point of E, f and g are complex
functions on E, and
lim f(x) = A, lim g(x) =B.
X—p X—Pp
Then
(a) lim (f+g)(x) =A+B;
X—p

() lim (fg)(x) = AB;
X—Pp
© lim (5) (=2, B A0

Proof. In view of these assertions follow immediately from the anal-
ogous properties of sequences (Theorem 3.3). O

Remark. If f and g map E into RX, then (a) remains true, and (b) becomes
(b) limxp(f-g)(x) =A-B.
(Compare[Theorem 3.4)

CONTINUOUS FUNCTIONS

4.5 Definition. Suppose X and Y are metric spaces, E C X,p € E, and f maps E
into Y. Then f is said to be continuous at p if for every ¢ > 0 there existsa & > 0
such that

dy (f(x), f(p)) < e
for all points x € E for which dx(x,p) < 8.

If f is continuous at every point of E, then f is said to be continuous on E.
It should be noted that f has to be defined at the point p in order to be contin-

uous at p. (Compare this with the remark following )

If p is an isolated point of E, then our definition implies that every function
f which has E as its domain of definition is continuous at p. For, no matter
which &€ > 0 we choose, we can pick & > 0 so that the only point x € E for which
dx(x,p) < dis x = p; then

dy (f(x), f(p)) =0 < e.

4.6 Theorem. In the situation given in assume also that p is a limit point
of E. Then f is continuous at p if and only if limy ., f(x) = f(p).

Proof. This is clear if we compare Definitions[.1]and O

We now turn to compositions of functions. A brief statement of the following
theorem is that a continuous function of a continuous function is continuous.
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4.7 Theorem. Suppose X,Y,Z are metric spaces, E C X,f maps E into Y, g maps the
range of f, f(E), into Z, and h is the mapping of E into Z defined by

h(x) =g(f(x))  (x €E).
If f is continuous at a point p € E and if g is continuous at the point f(p), then h is
continuous at p.

This function h is called the composition or the composite of f and g. The notation
h=gof
is frequently used in this context.

Proof. Let € > 0 be given. Since g is continuous at f(p), there exists 1 > 0 such that

dz(g(y), g(f(p))) < eif dy(y,f(p)) <mandy € f(E).
Since f is continuous at p, there exists 6 > 0 such that
dy (f(x), f(p)) <nif dx(x,p) < dand x € E.

It follows that
dz(h(x), h(p)) = dz(g(f(x)), g(f(p))) <

if dx(x,p) < d and x € E. Thus h is continuous at p. O

4.8 Theorem. A mapping f of a metric space X into a metric space Y is continuous on X
if and only if £~ 1 (V) is open in X for every open set Vin Y.

(Inverse images are defined in [Definition 2.2]) This is a very useful characteri-

zation of continuity.

Proof. Suppose f is continuous on X and V is an open set in Y. We have to show
that every point of f~! (V) is an interior point of f~! (V). So, suppose p € X and
f(p) € V. Since V is open, there exists ¢ > 0 such thaty € V if dy(f(p),y) < ¢
and since f is continuous at p, there exists 6 > 0 such that dy(f(x), f(p)) < ¢ if
dx(x,p) < 8. Thus x € 1 (V) as soon as dx (x,p) < d.

Conversely, suppose f~! (V) is open in X for every open set V in Y. Fix p € X
and ¢ > 0, let V be the set of all y € Y such that dy(y, f(p)) < e. Then V is open;
hence f~1(V) is open; hence there exists 5 > 0 such that x € f=1(V) as soon as
dx(p,x) < d. Butifx € f=1(V), then f(x) € V, so that dy (f(x), f(p)) < e.

This completes the proof. O

Corollary. A mapping f of a metric space X into a metric space Y is continuous if and
only if £=1(C) is closed in X for every closed set C in Y.
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This follows from the theorem, since a set is closed if and only if its complement
is open, and since f=1(ES) = [fF 1 (E)]€ for every EC Y.

We now turn to complex-valued and vector-valued functions, and to functions
defined on subsets of RX.

4.9 Theorem. Let f and g be complex continuous functions on a metric space X. Then
f+ g, fg, and f/ g are continuous on X.

In the last case, we must of course assume that g(x) # 0, for all x € X.

Proof. At isolated points of X there is nothing to prove. At limit points, the state-

ment follows from Theorems[£.4]and .6 O
4.10 Theorem.
(a) Let fy,...,fy be real functions on a metric space X, and let f be the mapping of X
into R¥ defined by
4.7) f(x) = (f1(x),..., f(x))  (x € X);

then £ is continuous if and only if each of the functions f1, ..., fy is continuous.
(b) If fand g are continuous mappings of X into R¥, then f + g and f - g are continuous
on X.

The functions f1, ..., f are called the components of f. Note that f + g is a map-
ping into R¥, whereas f - g is a real function on X.

Proof. Part (a) follows from the inequalities
1/2

k
If5 (%) — 5 (y)I < [f(x) — £(y)| = {Z If5(x) —fj(y)lz} ,
i=1

forj =1,...,k. Part (b) follows from (a) and [Theorem 4.9] O

4.11 Examples. If xq,...,xy are the coordinates of the point x € RX, the functions
¢4 defined by

(4.8) dix) =x;  (xeR¥)
are continuous on R¥, since the inequality
lpi(x) — dily)| < [x—yl
shows that we may take § = ¢ in [Definition 4.5} The functions ¢; are sometimes

called the coordinate functions.
Repeated application of then shows that every monomial

4.9 XPTxD2 X"
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where ny,...,ny are nonnegative integers, is continuous on RK. The same is true
of constant multiples of , since constants are evidently continuous. It follows
that every polynomial P, given by

(4.10) P(x) = Z Cn, ...nkx?] e ‘XEK (x € ]Rk),

is continuous on R¥. Here the coefficients Cnj...ny are complex numbers, ny,..., Ny
are nonnegative integers, and the sum in has finitely many terms.
Furthermore, every rational functionin xp, ..., xy, thatis, every quotient of two
polynomials of the form {10}, is continuous on R* wherever the denominator is
different from zero.
From the triangle inequality one sees easily that

@11 [IxI=lyl| <Ix—yl  (xyeR¥).

Hence the mapping x — |x| is a continuous real function on R¥.
If now f is a continuous mapping from a metric space X into R¥, and if ¢

is defined on X by setting ¢(p) = [f(p)], it follows, by that ¢ is a

continuous real function on X.

4.12 Remark. We defined the notion of continuity for functions defined on a subset
E of a metric space X. However, the complement of E in X plays no role whatever
in this definition (note that the situation was somewhat different for limits of func-
tions). Accordingly, we lose nothing of interest by discarding the complement of
the domain of f. This means that we may just as well talk only about continuous
mappings of one metric space into another, rather than of mappings of subsets.
This simplifies statements and proofs of some theorems. We have already made
use of this principle in Theorems [£.8]to and will continue to do so in the fol-
lowing section on compactness.

CONTINUITY AND COMPACTNESS

4.13 Definition. A mapping f of a set E into R¥ is said to be bounded if there is a
real number M such that [f(x)| < M for all x € E.

4.14 Theorem. Suppose f is a continuous mapping of a compact metric space X into a
metric space Y. Then f(X) is compact.

Proof. Let{Vy} be an open cover of f(X). Since f is continuous, [Theorem 4.8 shows
that each of the sets f~' (V) is open. Since X is compact, there are finitely many
indices, say o1, ..., xn, such that

(4.12) XCHf (Vo )U---Uf 1 (Va, ).
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Since f(f~'(E)) C E forevery E C Y, implies that
4.13) f(X) C Voo U+ U Ve,
This completes the proof. O

Note: We have used the relation f(f~'(E)) C E, valid for E C Y. If E C X, then
f1(f(E)) D E; equality need not hold in either case.

We shall now deduce some consequences of Theorem 4.14

4.15 Theorem. If f is a continuous mapping of a compact metric space X into R¥, then
£(X) is closed and bounded. Thus, f is bounded.

This follows from The result is particularly important when f is

real:

4.16 Theorem. Suppose f is a continuous real function on a compact metric space X, and

(4.14) M = sup f(p), m = inf f(p).
pexX peX

Then there exist points p, q € X such that f(p) = M and f(q) = m.

The notation in means that M is the least upper bound of the set of all
numbers f(p), where p ranges over X, and that m is the greatest lower bound of
this set of numbers.

The conclusion may also be stated as follows: There exist points p and q in X such
that f(q) < f(x) < f(p) for all x € X; that is, f attains its maximum (at p) and its
minimum (at q).

Proof. By |Theorem 4.15| f(X) is a closed and bounded set of real numbers; hence
f(X) contains
M =supf(X) and m =inff(X),

by [Theorem 2.79 0

4.17 Theorem. Suppose f is a continuous 1-1 mapping of a compact metric space X onto
a metric space Y. Then the inverse mapping £~ defined on Y by

1 (f(x) =x (xeX)
is a continuous mapping of Y onto X.

Proof. Applying to f~! in place of f, we see that it suffices to prove
that f(V) is an open set in Y for every open set V in X. Fix such a set V.

The complement V¢ of V is closed in X, hence compact ; hence
f(V©) is a compact subset of Y and so is closed in Y (Theorem 2.34).

Since f is one-to-one and onto, f(V) is the complement of f(V¢). Hence (V) is
open. O
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4.18 Definition. Let f be a mapping of a metric space X into a metric space Y. We
say that f is uniformly continuous on X if for every ¢ > 0 there exists 5 > 0 such that

(4.15) dy(f(p), f(q)) <e

for all p and q in X for which dx(p, q) < 8.

Let us consider the differences between the concepts of continuity and of uni-
form continuity. First, uniform continuity is a property of a function on a set,
whereas continuity can be defined at a single point. To ask whether a given func-
tion is uniformly continuous at a certain point is meaningless. Second, if f is con-
tinuous on X, then it is possible to find, for each £ > 0 and for each point p of X, a
number § > 0 having the property specified in[Definition 4.5 This 6 depends on ¢
and on p. If f is, however, uniformly continuous on X, then it is possible, for each
e > 0, to find one number & > 0 which will do for all points p of X.

Evidently, every uniformly continuous function is continuous. That the two
concepts are equivalent on compact sets follows from the next theorem.

4.19 Theorem. Let f be a continuous mapping of a compact metric space X into a metric
space Y. Then f is uniformly continuous on X.

Proof. Let ¢ > 0 be given. Since f is continuous, we can associate to each point
p € X a positive number ¢ (p) such that

(4.16) q€X, dx(p,q) <d(p) implies dy(f(p),f(q)) <

N ™

Let J(p) be the set of all q € X for which

@.17) ax(p, ) < 30 (p).

Since p € J(p), the collection of all sets J(p) is an open cover of X; since X is com-
pact, there is a finite set of points py,...,pn in X, such that

(4.18) X CJ(p1)U---UJ(pn).
We put
(4.19) 5= 3 min((p1),...., d(pn))

Then 5 > 0. (This is one point where the finiteness of the covering, inherent in
the definition of compactness, is essential. The minimum of a finite set of positive
numbers is positive, whereas the inf of an infinite set of positive numbers may very
well be 0.)

Now let ¢ and p be points of X such that dx(p,q) < 5. By {@18), there is an
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integer m, 1 < m < n, such that p € J(pm); hence

420 ax(p,pm) < 3b(Pm),

and we also have

1
dx(q,pm) < dx(p,q) +dx(p,pm) <8+ Ed)(pm) < ¢(pm)-
Finally, shows that therefore

dvy(f(p), f(q)) < dy(f(p), f(pm)) + dv(f(q), f(pm)) <e.

This completes the proof. O
An alternative proof is sketched in|Exercise 4.10

We now proceed to show that compactness is essential in the hypotheses of

Theorems and
4.20 Theorem. Let E be a noncompact set in R'. Then

(a) there exists a continuous function on € which is not bounded;
(b) there exists a continuous and bounded function on E which has no maximum.
If, in addition, E is bounded, then

(c) there exists a continuous function on € which is not uniformly continuous.

Proof. Suppose first that E is bounded, so that there exists a limit point xo of E
which is not a point of E. Consider
1

(4.21) f(x) = —_ (x € B).

This is continuous on E (Theorem 4.9), but evidently unbounded. To see that {.21)

is not uniformly continuous, let ¢ > 0 and & > 0 be arbitrary, and choose a point
x € E such that |[x —xp| < 8. Taking t close enough to xp, we can then make the
difference [f(t) — f(x)| greater than ¢, although [t —x| < 5. Since this is true for
every 5 > 0, f is not uniformly continuous on E.

The function g given by

1

(4.22) g(x) = m

(x € E)

is continuous on E and is bounded, since 0 < g(x) < 1. It is clear that

supg(x) =1,
x€E

whereas g(x) < 1 for all x € E. Thus g has no maximum on E.



CONTINUITY AND CONNECTEDNESS 85

Having proved the theorem for bounded sets E, let us now suppose that E is
unbounded. Then f(x) = x establishes (a), whereas

X2
establishes (b), since
suph(x) =1

x€E

and h(x) < 1 for all x € E.
Assertion (c) would be false if boundedness were omitted from the hypotheses.
For, let E be the set of all integers. Then every function defined on E is uniformly

continuous on E. To see this, we need merely take 5 < 1 in|Definition 4.18] O

We conclude this section by showing that compactness is also essential in
lorem 4771

4.21 Example. Let X be the half-open interval [0, 27r) on the real line, and let f be
the mapping of X onto the circle Y consisting of all points whose distance from the
origin is 1, given by

(4.24) f(t) = (cost,sint) (0 <t<2m).

The continuity of the trigonometric functions cosine and sine, as well as their pe-
riodicity properties, will be established in [Chap. 8 These results show that f is a
continuous 1-1 mapping of X onto Y.

However, the inverse mapping (which exists, since f is one-to-one and onto)
fails to be continuous at the point (1,0) = £(0). Of course, X is not compact in this
example. (It may be of interest to observe that f~! fails to be continuous in spite of
the fact that Y is compact!)

CONTINUITY AND CONNECTEDNESS

4.22 Theorem. If f is a continuous mapping of a metric space X into a metric space Y,
and if € is a connected subset of X, then f(E) is connected.

Proof. Assume, on the contrary, that f(E) = A UB, where A and B are nonempty
separated subsets of Y. Put G =EN f~1(A),H=ENf1(B).

Then E = G UH, and neither G nor H is empty.

Since A C A (the closure of A), we have G C ! (A); the latter set is closed,
since f is continuous; hence G C ~!(A). It follows that f(G) C A. Since f(H) = B
and A N B is empty, we conclude that G N H is empty.

The same argument shows that G N H is empty. Thus G and H are separated.
This is impossible if E is connected. O
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4.23 Theorem. Let f be a continuous real function on the interval [a, b]. If f(a) < f(b)
and if ¢ is a number such that f(a) < ¢ < f(b), then there exists a point x € (a,b) such
that f(x) = ¢

A similar result holds, of course, if f(a) > f(b). Roughly speaking, the theorem
says that a continuous real function assumes all intermediate values on an interval.

Proof. By[Theorem 2.47] [a, b] is connected; hence[Theorem 4.22|shows that f([a, b])

is a connected subset of R, and the assertion follows if we appeal once more to

Theorem 2.471 O

4.24 Remark. At first glance, it might seem that [Theorem 4.23 has a converse.
That is, one might think that if for any two points x; < x; and for any number

c between f(x1) and f(x;) there is a point x in (x1,x;) such that f(x) = ¢, then f
must be continuous.

That this is not so may be concluded from [Example 4.27(d)}

DISCONTINUITIES

If x is a point in the domain of definition of the function f at which f is not con-
tinuous, we say that f is discontinuous at x, or that f has a discontinuity at x. If f is
defined on an interval or on a segment, it is customary to divide discontinuities
into two types. Before giving this classification, we have to define the right-hand
and the left-hand limits of f at x, which we denote by f(x+) and f(x—), respectively.

4.25 Definition. Let f be defined on (a,b). Consider any point x such that
a < x < b. We write
flx+) =4

if f(tn) — q asn — oo, for all sequences (tn ) in (x, b) such that t,, — x. To obtain
the definition of f(x—), for a < x < b, we restrict ourselves to sequences (tn) in
(a,x).

It is clear that for any point x of (a, b), lim{_,x f(t) exists if and only if

f(x+) = f(x—) = lim f(t).
t—x

4.26 Definition. Let f be defined on (a, b). If f is discontinuous at a point x, and
if f(x+) and f(x—) exist, then f is said to have a discontinuity of the first kind, or
a simple discontinuity, at x. Otherwise the discontinuity is said to be of the second
kind.

There are two ways in which a function can have a simple discontinuity:
either f(x+) # f(x—) [in which case the value f(x) is immaterial], or f(x+) =

f(x—) # f(x).
4.27 Example.
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(a) Define

f(x) =
0 (xirrational).

{ 1 (x rational),

Then f has a discontinuity of the second kind at every point x since neither
f(x+) nor f(x—) exists.
(b) Define
flx) = {x (x rational),

0 (xirrational).

Then f is continuous at x = 0 and has a discontinuity of the second kind at
every other point.
(c) Define
x+2 (=3<x<-=2),
flx) =< —x—-2 (-2<x<0),
x+2 0<x<1).

Then f has a simple discontinuity at x = 0 and is continuous at every other
point of (=3, 1).
(d) Define
sin % (x #£0),
{O (x =0).

Since neither f(0+) nor f(0—) exists, f has a discontinuity of the second kind
at x = 0. We have not yet shown that sinx is a continuous function. If we
assume this result for the moment, implies that f is continuous
at every point x # 0.

MONOTONIC FUNCTIONS

We shall now study those functions which never decrease (or never increase) on a
given segment.

4.28 Definition. Let f be real on (a, b). Then f is said to be monotonically increasing
on (a,b) if a < x <y < b implies f(x) < f(y). If the last inequality is reversed, we
obtain the definition of a monotonically decreasing function. The class of monotonic
functions consists of both the increasing and the decreasing functions.

4.29 Theorem. Let f be monotonically increasing on (a,b). Then f(x+) and f(x—) exist
at every point of x of (a, b). More precisely,

(4.25) sup f(t) = f(x—) < f(x) < f(x+) = inf f(1).

a<t<x x<t<b
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Furthermore, if a < x <y < b, then
(4.26) fx4) < fly—).
Analogous results evidently hold for monotonically decreasing functions.

Proof. By hypothesis, the set of numbers f(t), where a < t < x, is bounded above
by the number f(x), and therefore has a least upper bound which we shall denote
by A. Evidently A < f(x). We have to show that A = f(x—).

Let ¢ > 0 be given. It follows from the definition of A as a least upper bound
that there exists 6 > 0 such that a < x — & < x and

(4.27) A—e<f(x—3) <A.
Since f is monotonic, we have
(4.28) flx—68) <f(t) <A (x—56<t<x).
Combining and (#:28), we see that
[f(t)—Al<e¢ (x—06 <t<x).

Hence f(x—) = A.
The second half of is proved in precisely the same way.
Next, if a < x < y < b, we see from that

(4.29) f(x+) = inf f(t) = inf f(t).

x<t<b x<t<y

The last equality is obtained by applying (4.25) to (a,y) in place of (a, b). Similarly,

(4.30) fly—) = sup f(t) = sup f(t).
a<t<y x<t<y
Comparison of and (£30) gives ([@.26). O

Corollary. Monotonic functions have no discontinuities of the second kind.

This corollary implies that every monotonic function is discontinuous at a count-
able set of points at most. Instead of appealing to the general theorem whose proof

is sketched in we give here a simple proof which is applicable to

monotonic functions.

4.30 Theorem. Let f be monotonic on (a,b). Then the set of points of (a, b) at which f is
discontinuous is at most countable.

Proof. Suppose, for the sake of definiteness, that f is increasing, and let E be the set
of points at which f is discontinuous.
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With every point x of E we associate a rational number r(x) such that
f(x—) < r(x) < f(x+).

Since x1 < x; implies f(x1+) < f(x;—), we see that r(x1) # r(x2) if X1 # x2.
We have thus established a 1-1 correspondence between the set E and a subset
of the set of rational numbers. The latter, as we know, is countable. O

4.31 Remark. It should be noted that the discontinuities of a monotonic function
need not be isolated. In fact, given any countable subset E of (a,b), which may
even be dense, we can construct a function f, monotonic on (a, b), discontinuous
at every point of E, and at no other point of (a, b).

To show this, let the points of E be arranged in a sequence (xn),n=1,2,3,....
Let (cn) be a sequence of positive numbers such that )~ cn, converges. Define

(4.31) fx)= ) cen (a<x<b)

Xn <X

The summation is to be understood as follows: Sum over those indices n for
which xn, < x. If there are no points xn, to the left of x, the sum is empty; following
the usual convention, we define it to be zero. Since converges absolutely, the
order in which the terms are arranged is immaterial.

We leave the verification of the following properties f to the reader:

(a) fis monotonically increasing on (a, b);
(b) fis discontinuous at every point of E; in fact,

f(xn+) —f(xn—) =cn.

(c) fis continuous at every other point of (a, b).

Moreover, it is not hard to see that f(x—) = f(x) at all points of (a, b). If a function
satisfies this condition, we say that f is continuous from the left. If the summation in
(4.31) were taken over all indices n for which x, < x, we would have f(x+) = f(x)
at every point of (a, b); that is, f would be continuous from the right.

Functions of this sort can also be defined by another method; for an example
we refer to

INFINITE LIMITS AND LIMITS AT INFINITY

To enable us to operate in the extended real number system, we shall now enlarge

the scope of |Definition 4.1|{by reformulating it in terms of neighborhoods.
For any real number x, we have already defined a neighborhood of x to be any

segment (x — 5, x + 8).
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4.32 Definition. For any real c, the set of real numbers x such that x > c is called a
neighborhood of +oo and is written (c, +-c0). Similarly, the set (—oo, c) is a neigh-
borhood of —co.

4.33 Definition. Let f be a real function defined on E C R. We say that
f(t) > Aast —x,

where A and x are in the extended real number system, if for every neighborhood
U of A there is a neighborhood V of x such that V N E is not empty, and such that
f(t) € Uforallt e VNE,t #x.

A moment’s consideration will show that this coincides with [Definition 4.1]
when A and x are real.

The analogue of [Theorem 4.4]is still true, and the proof offers nothing new. We
state it, for the sake of completeness.

4.34 Theorem. Let f and g be defined on E C R. Suppose
f(t) - A, g(t)—B ast—x.

Then

(a) f(t) — A’ implies A’ = A,
() (f+g)(t) = A+B,

(c) (fg)(t) — AB,

(d) (f/g)(t) = A/B,

provided the right members of (b), (c), and (d) are defined.
Note that co — 00, 0+ 0o, 00/00, and A/0 are not defined (see[1.23).

EXERCISES

4.1. Suppose f is a real function defined on R! which satisfies

&ig})[f(x-&- h)—f(x—h)] =0

for every x € R'. Does this imply that f is continuous?

4.2.If f is a continuous mapping of a metric space X into a metric space Y, prove that

f(E) C f(E)
for every set E C X. (E denotes the closure of E.) Show, by an example, that f(E) can be a

proper subset of f(E).

4.3. Let f be a continuous real function on a metric space X. Let Z(f) (the zero set of f) be the
set of all p € X at which f(p) = 0. Prove that Z(f) is closed.

4.4. Let f and g be continuous mappings of a metric space X into a metric space Y, and let E
be a dense subset of X. Prove that f(E) is dense in f(X). If g(p) = f(p) for all p € E, prove that
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g(p) = f(p) for all p € X (In other words, a continuous function is determined by its values
on a dense subset of its domain.)

4.5. If f is a real continuous function defined on a closed set E C R, prove that there exist
continuous real functions on R! such that g(x) = f(x) for all x € E. (Such functions g are
called continuous extensions of f from E to R'.) Show that the result becomes false if the world
“closed” is omitted. Extend the result to vector-valued functions. Hint: Let the graph of g
be a straight line on each of the segments which constitute the complement of E (compare
. The result remains true if R is replaced by any metric space, but the proof is
not so simple.

4.6. If f is defined on E, the graph of f is the set of points (x, f(x)), for x € E. In particular, if E
is a set of real numbers and f is real-valued, the graph of f is a subset of the plane.

Suppose E is compact and prove that f is continuous on E if and only if its graph is
compact.

4.7.If E C X and if f is a function defined on X, the restriction of f to E is the function g
whose domain of definition is E, such that g(p) = f(p) for p € E. Define f and g on R? by:
£(0,0) = g(0,0) =0, f(x,y) = xy2/(x2 +y*), g(x,y) = xy?/ (x? +y°®) if (x,y) # (0,0). Prove
that f is bounded on R?, that g is unbounded in every neighborhood of (0,0), and that f is
not continuous at (0, 0); nevertheless, the restrictions of both f and g to every straight line in
R? are continuous!

4.8. Let f be a real uniformly continuous function on the bounded set E in R'. Prove that f is
bounded on E. Show that the conclusion is false if the boundedness of E is omitted from the
hypothesis.

4.9. Show that the requirement in the definition of uniform continuity can be rephrased as fol-
lows, in terms of diameters of sets: To every ¢ > 0, there exists a & > 0 such that diam f(E) < ¢
for all E C X with diamE < 5.

4.10. Complete the details of the following alternative proof of If f is not

uniformly continuous, then for some ¢ > 0 there are sequences (prn), (qn) in X such that
dx(pn, qn) — Obut dy(f(pn), f(qn)) > €. Use to obtain a contradiction.

4.11. Suppose f is a uniformly continuous mapping of a metric space X into a metric space Y
and prove that (f(xn )) is a Cauchy sequence in Y for every Cauchy sequence (xn ) in X. Use
this result to give an alternative proof of the theorem stated in|Exercise 4.13

4.12. A uniformly continuous function of a uniformly continuous function is uniformly con-
tinuous. State this more precisely and prove it.

4.13. Let E be a dense subset of a metric space X, and let f be a uniformly continuous real
function defined on E. Prove that f has a continuous extension from E to X (see
for terminology). (Uniqueness follows from ) Hint: For each p € X and each
positive integer n, let Vi, (p) be the set of all q € E with d(p,q) < 1/n. Useto
show that the intersection of the closures of the sets f(V; (p)), f(V2(p)), ... consists of a single
point, say g(p), of R'. Prove that the function g so defined on X is the desired extension of f.

Could the range space R' be replaced by R¥? By any compact metric space? By any
complete metric space? By any metric space?

4.14. Let I = [0, 1] be the closed unit interval. Suppose f is a continuous mapping of I into I.
Prove that f(x) = x for at least one x € I.

4.15. Call a mapping of X into Y open if f(V) is an open set in Y whenever V is an open set in
X. Prove that every continuous open mapping of R' into R! is monotonic.
4.16. Let [x] denote the largest integer contained in x, that is, [x] is the integer such that x — 1 <

[x] < x, and let (x) = x — [x] denote the fractional part of x. What discontinuities do the
functions [x] and (x) have?
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4.17. Let f be a real function defined on (a, b). Prove that the set of points at which f has a
simple discontinuity is at most countable. Hint: Let E be the set on which f(x—) < f(x+).
With each point x of E, associate a triple (p, g, r) of rational numbers such that

(@) f(x—) <p < f(x+),

(b) a < q<t<ximplies f(t) <p,

(¢) x <t<r<bimplies f(t) > p.
The set of all such triples is countable. Show that each triple is associated with at most one
point of E. Deal similarly with the other possible types of simple discontinuities.
4.18. Every rational x can be written in the form x = m/n, where n > 0, and m and n are
integers without any common divisors. When x = 0, we take n = 1. Consider the function f
defined on R' by

0 (xirrational),
1

L)

Prove that f is continuous at every irrational point, and that f has a simple discontinuity at
every rational point.

f(x) =

4.19. Suppose f is a real function with domain R which has the intermediate value property:
If f(a) < ¢ < f(b), then f(x) = c for some x between a and b. Suppose also, for every rational
T, that the set of all x with f(x) = r is closed. Prove that f is continuous.

Hint: If x, — xo but f(xn,) > v > f(x() for some r and all n, then f(t,,) = r for some t,,
between xo and xn,; thus t,, — x¢. Find a contradiction. (N.J. Fine, Ameri. Math. Monthly,
vol. 73, 1966, p.782 [GF66]).

4.20. If E is a nonempty subset of a metric space X, define the distance from x € X to E by

pe(x) = inf d(x, z).
zeE

(a) Prove that pg (x) = 0if and only if x € E.
(b) Prove that pg is a uniformly continuous function on X by showing that
lpe(x) —pe(y)l < d(x,y)
forallx € X,y € X.
Hint: pg(x) < d(x,z) < d(x,y) + d(y, z), so that

pe(x) < d(x,y) + pE(y).

4.21. Suppose K and F are disjoint sets in a metric space X, K is compact, F is closed. Prove
that there exists & > 0 such that d(p,q) > dif p € K, q € F. Hint: p is a continuous positive
function on K.

Show that the conclusion may fail for two disjoint closed sets if neither is compact.

4.22. Let A and B be disjoint nonempty closed sets in a metric space X, and define

PA(P)
fp) = —PAPL
PP oA(P) + e (p)
Show that f is a continuous function on X whose range lies in [0, 1], that f(p) = 0 precisely on

A and f(p) = 1 precisely on B. This establishes a converse of Every closed set
A C Xis Z(f) for some continuous real f on X. Setting

(peX).

V=£f(0,1/2), W=f"((1/21),

show that V and W are open and disjoint, and that A C V, B C W. (Thus pairs of disjoint
closed sets in metric spaces can be covered by pairs of disjoint open sets. This property of
metric spaces is called normality.)
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4.23. A real-valued function f defined in (a, b) is said to be convex if
A+ (1=2A)y) < AM(x)+ (1—=N)f(y)

whenever a < x < b, a <y < b,and 0 < A < 1. Prove that every convex function is
continuous. Prove that every increasing convex function of a convex function is convex. (For
example, if f is convex, so is ef)

If f is convex in (@, b) and if a < s < t < u < b, show that

f(t) —f(s) < f(u) —f(s) < flu) —f(t)
t—-s — u—-s ~—  u—t

4.24. Assume that f is a continuous real function defined in (a, b) such that

; (ery) < f(x) +f(y)
2 - 2

forall x,y € (a,b). Prove that f is convex.
4.25.1f A C R* and B C R¥, define A + B to be the set of all sums x +y withx € A,y € B.

(a) If K is compact and C is closed in R¥, prove that K + C is closed.
Hint: Takez ¢ K+ C, put F = z— C, the set of all z—y with y € C. Then K and
F are disjoint. Choose 5 as in Show that the open ball with center z and
radius 6 does not intersect K + C.

(b) Let « be an irrational real number. Let C; be the set of all integers, let C; be the set of
all na withn € Cq. Show that C; and C are closed subsets of R' whose sum C; + C»
is not closed, by showing that Cy 4 C; is a countable dense subset of R'.

4.26. Suppose X, Y, Z are metric spaces, and Y is compact. Let f map X into Y, let g be a
continuous one-to-one mapping of Y into Z, and put h(x) = g(f(x)) for x € X. Prove that f
is uniformly continuous if h is uniformly continuous. Hint: g~ has compact domain g(Y),
and f(x) = g~ ' (h(x)).

Prove also that f is continuous if h is continuous. Show (by modifying
or by finding a different example) that the compactness of Y cannot be omitted from the
hypotheses, even when X and Z are compact.



Chapter 5

DIFFERENTIATION

In this chapter we shall (except in the final section) confine our attention to real
functions defined on intervals or segments. This is not just a matter of conve-
nience, since genuine differences appear when we pass from real functions to
vector-valued ones. Differentiation of functions defined on R* will be discussed

infChap 9

THE DERIVATIVE OF A REAL FUNCTION

5.1 Definition. Let f be defined (and real-valued) on [a, b]. For any x € [a, b], form
the quotient

51) ol = W= gy cp s,
and define
(5.2) f'(x) = lim $(t),

t—x

provided this limit exists in accordance with|Definition 4.1

We thus associate with the function f a function f’ whose domain is the set of
points x at which the limit exists; f’ is called the derivative of f.

If f' is defined at a point x, we say that f is differentiable at x. If ' is defined at
every point of a set E C [a, b], we say that f is differentiable on E.

It is possible to consider right-hand and left-hand limits in ; this leads to
the definition of right-hand and left-hand derivatives. In particular, at the end-
points a and b, the derivative, if it exists, is a right-hand or left-hand derivative,
respectively. We shall not, however, discuss one-sided derivatives in any detail.

If f is defined on a segment (a, b) and if a < x < b, then f/(x) is defined by
and (5.2), as above. But f'(a) and f’(b) are not defined in this case.

94
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5.2 Theorem. Let f be defined on [a, b]. If f is differentiable at a point x € [a, b], then f
is continuous at x.

Proof. Ast — x, we have, by[Theorem 4.4

f(t) —f(x)
—

f(t) —f(x) = n

(t—x) = f'(x)-0=0. O

The converse of this theorem is not true. It is easy to construct continuous
functions which fail to be differentiable at isolated points. In[Chap. 7|we shall even
become acquainted with a function which is continuous on the whole line without
being differentiable at any point!

5.3 Theorem. Suppose f and g are defined on [a,b] and are differentiable at a point
x € [a,bl. Then f+ g, fg, and £/ g are differentiable at x, and

(@ (f+9)'(x) =f"(x) +9'(x);
(b) (fg)'(x) = f'(x)g(x) + f(x)g'(x);
© (i) (x) = 90709 — "6
9 9°(x)
In (c), we assume of course that g(x) # 0.
Proof. (a) is clear, by [Theorem 4.4 Let h = fg. Then
h(t) —h{x) = f(t)lg(t) — g(x)] + g(x)[f(t) — f(x)].

If we divide this by t — x and note that f(t) — f(x) as t — x (Theorem 5.2), (b)
follows. Next, let h = f/g. Then

ht)—h(x) 1 O —fx) . 9t)—g(x)
t—x  g(t)g(x) 9(x) t—x fix) t—x
Letting t — x, and applying Theorems[4.4)and 5.2} we obtain (c). O

5.4 Examples. The derivative of any constant is clearly zero. If f is defined by
f(x) = x, then f'(x) = 1. Repeated application of (b) and (c) then shows that x™ is
differentiable, and that its derivative is nx™ ! for any integer n (if n < 0, we have
to restrict ourselves to x # 0). Thus every polynomial is differentiable and so is
every rational function, except at the points where the denominator is zero.

The following theorem is known as the “chain rule” for differentiation. It deals
with differentiation of composite functions and is probably the most important
theorem about derivatives. We shall meet more general versions of it in[Chap. 9

5.5 Theorem. Suppose f is continuous on [a, b], f'(x) exists at some point x € [a,b], g
is defined on an interval 1 which contains the range of f, and g is differentiable at the point
f(x). If

h(t) =g(f(t)) (a<t<b),
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then W is differentiable at x, and

(5.3)

' (x) = g/ (f(x)f' (x).

Proof. Lety = f(x). By the definition of the derivative, we have

(5.4)
(5.5)

f(t) —f(x) = (t—x)[f"(x) +u(t)],
g(s)—gly) = (s —y)lg'(y) +v(s)],

where t € [a,b],s € [,and u(t) - 0ast — x, v(s) — 0ass — y. Let s = f(t).
Using first and then (5.4), we obtain

or,if t #x,

h(t)—h
(5.6) % =lg'(y) +v(s)] - [f'(x) + u(t)].
Letting t — x, we see that s — y, by the continuity of f, so that the right side of
tends to g’(y)f’(x), which gives (5.3). O
5.6 Examples.

(a) Let f be defined by

(5.7) f(x) = X
0 (x =0).

Taking for granted that the derivative of sinx is cosx (we shall discuss the

trigonometric functions in [Chap. 8), we can apply Theorems [5.3] and

whenever x # 0, and obtain
, 111
(5.8) f'(x) =sin — — — cos — (x #0).
X X X

At x = 0, these theorems do not apply any longer, since 1/x is not defined
there, and we appeal directly to the definition: for t # 0,

(1)~ £(0)
ﬁ = s {

As 't — 0, this does not tend to any limit, so that f'(0) does not exist.
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(b) Let f be defined by

(59) flx) = xZsin—  (x #0),
0 (x=0)
As above, we obtain
(5.10) f'(x) = 2x Sin% — cos % (x #0).

At x = 0, we appeal to the definition, and obtain

f(t) —f(0)| _
=k

mm%'ghl (t £ 0);

letting t — 0, we see that
(5.11) /(0) = 0.

Thus f is differentiable at all points x, but f’ is not a continuous function,
since cos(1/x) in (5.10) does not tend to a limit as x — 0.

MEAN VALUE THEOREMS

5.7 Definition. Let f be a real function defined on a metric space X. We say that f
has a local maximum at a point p € X if there exists & > 0 such that f(q) < f(p) for
all ¢ € X with d(p, q) < 6. Local minima are defined likewise.

Our next theorem is the basis of many applications of differentiation.

5.8 Theorem. Let f be defined on [a,bl; if f has a local maximum at a point
x € (a,b) and if f'(x) exists, then f'(x) = 0.

The analogous statement for local minima is of course true.

Proof. Choose b in accordance with so that

a<x—0<x<x+d<h.

Ifx—08 <t<x, then

f(t) —f(x) S0
t—x -
Letting t — x, we see that f'(x) > 0.
If x <t<x+9,then
f(t) —f(x) <o,
t—x -

which shows that f/(x) < 0. Hence f/(x) = 0. O
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5.9 Theorem. If f and g are continuous real functions on [a, b] which are differentiable
on (a,b), then there is a point x € (a,b) at which

[f(b) — f(a)lg’(x) = [g(b) — g(a)If'(x).
Note that differentiability is not required at the endpoints.
Proof. Put
h(t) = [f(b) — f(a)lg(t) — [g(b) — g(a)lf(t)  (a <t <b).
Then h is continuous on [a, b, h is differentiable on (a,b), and
(5.12) h(a) = f(b)g(a) — f(a)g(b) = h(b).

To prove the theorem, we have to show that h/(x) = 0 for some x € (a, b).

If h is a constant, this holds for every x € (a,b). If h(t) > h(a) for some
t € (a,b), let x be a point in [a, b] at which h attains its maximum (Theorem 4.16).
By (5.12), x € (a,b), and[Theorem 5.8shows that h/(x) = 0. If h(t) < h(a) for some
t € (a,b), the same argument applies if we choose for x a point on [a, b] where h
attains its minimum. O

This theorem is often called a generalized mean value theorem; the following spe-
cial case is usually referred to as “the” mean value theorem:

5.10 Theorem. If f is a real continuous function on [a, b] which is differentiable on (a, ),
then there is a point x € (a,b) at which

f(b) — f(a) = (b —a)f’(x).
Proof. Take g(x) = x in[Theorem 5.9 O

5.11 Theorem. Suppose f is differentiable on (a,b).

(a) Iff'(x) > 0 forall x € (a,b), then f is monotonically increasing.
(b) Ift'(x) =0 forall x € (a,b), then f is constant.
(0) Iff'(x) < Oforall x € (a,b), then f is monotonically decreasing.

Proof. All conclusions can be read off from the equation
fx2) = f(x1) = (x2 —x1)f'(x),

which is valid, for each pair of numbers x1,x; in (a, b), for some x between x; and
X2. O
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THE CONTINUITY OF DERIVATIVES
We have already seen [Example 5.6(b)|| that a function f may have a derivative f’

which exists at every point but is discontinuous at some point. However, not every
function is a derivative. In particular, derivatives which exist at every point of an
interval have one important property in common with functions which are con-
tinuous on an interval: Intermediate values are assumed (compare [Theorem 4.23).
The precise statement follows.

5.12 Theorem. Suppose f is a real differentiable function on [a, b] and suppose t'(a) <
A < f/(b). Then there is a point x € (a,b) such that f'(x) = A.

A similar result holds of course if f'(a) > f/(b).

Proof. Put g(t) = f(t) —At. Then g’(a) < 0 so that g(t;) < g(a) for some t; €
(a,b) and g’(b) > 0, so that g(t,) < g(b) for some t, € (a,b). Hence g attains
its minimum on [a, b] at some point x such that a < x < b. By
g’(x) = 0. Hence f/(x) = A. O

Corollary. If f is differentiable on [a,b], then f' cannot have any simple discontinuities
on [a,b].

But f/ may very well have discontinuities of the second kind.

L’HOSPITAL’S RULE

The following theorem is frequently used in the evaluation of limits.

5.13 Theorem. Suppose f and g are real and differentiable on (a,b), and g'(x) # 0 for
all x € (a,b), where —oo < a < b < 4o00. Suppose

(5.13) ;/,((1)) — Aasx — a.

If

(5.14) f(x) = 0and g(x) = 0asx — q,
or if

(5.15) g(x) = +ooasx — a,

then

(5.16) RC) — Aasx — a.

g(x)
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The analogous statement is of course also true if x — b, or if g(x) — —oo
in (5.15). Let us note that we now use the limit concept in the extended sense of
[Definition 4.33]

Proof. We first consider the case in which —co < A < +o00. Choose a real number
q such that A < g, and then choose 1 such that A < r < ¢. By (5.13) there is a point
¢ € (a,b) such that a < x < ¢ implies

(5.17)

(5.18) = <

Suppose (5.14) holds. Letting x — a in (5.18), we see that

(5.19) m§r<q (a<y<ec).

9(y)
Next, suppose (5.15) holds. Keeping y fixed in (5.18), we can choose a point ¢; €
(a,y) such that g(x) > g(y) and g(x) > 0if a < x < c¢7. Multiplying by
lg(x) —g(y)]/g(x), we obtain

(5.20) M<T,TM+M (a<x<cy).

.f'
g9(x) g(x) ~ g(x)
If we let x — ain (5.20), (5.15) shows that there is a point ¢, € (a, cy) such that

f(x)
5.21 — < (a<x<cy).
(5:21) g0 < 2
Summing up, (5.19) and (5.21) show that for any ¢, subject only to the condition
A < q, there is a point ¢, such that f(x)/g(x) < qif a < x < c3.
In the same manner, if —co < A < +o0 and p is chosen so that p < A, we can
find a point c3 such that

f
(5.22) p< Rt0) (a<x<c3),
g9(x)
and (5.16) follows from these two statements. O

DERIVATIVES OF HIGHER ORDER

5.14 Definition. If f has a derivative f’ on an interval, and if f’ is itself differen-
tiable, we denote the derivative of ' by f” and call f” the second derivative of f.
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Continuing in this manner, we obtain functions
£, £, £3), s,

each of which is the derivative of the preceding one. (™) is called the nth deriva-
tive of f, or the derivative of order n, of f.

In order for f(™) (x) to exist at a point x, f ("=1)({) must exist in a neighborhood
of x (or in a one-sided neighborhood, if x is an endpoint of the interval on which
f is defined), and f ("—1) must be differentiable at x. Since f(™~1) must exist in a
neighborhood of x, f (=2} must be differentiable in that neighborhood.

TAYLOR’S THEOREM

5.15 Theorem. Suppose f is a real function on [a,b], n is a positive integer, f("—1) is
continuous on [a,b], f(")(t) exists for every t € (a,b). Let o, B be distinct points of
[a, b, and define

n—1 (k)
(5.23) Pl=Y f k,("‘) (t—a)k.
k=0 :

Then there exists a point x between « and (3 such that

() (x)
n!

(5.24) f(B) =P(B) + (B—o)™.

For n = 1, this is just the mean value theorem. In general, the theorem shows
that f can be approximated by a polynomial of degree n — 1, and that (5.24) allows
us the estimate the error, if we know the bounds on ’f () (x) ‘

Proof. Let M be the number defined by

(5.25) f(B) =P(B)+M(B—o)"
and put
(5.26) g(t)=~f(t)—P(t) —M(t—a)" (a<t<b).

We have to show that n!M = (™) (x) for some x between « and f. By (5.23) and
(5.26),

(5.27) g =) —nIM  (a<t<b).

Hence the proof will be complete if we can show that g(“) (x) = 0 for some x
between « and f3.
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Since P () = £ («) fork =0,...,n— 1, we have
(5.28) gle) =g'(a) =--- = g™ V() =0.

Our choice of M shows that g(B) = 0, so that g’(x7) = 0 for some x; between
o and B, by the mean value theorem. Since g’(«) = 0, we conclude similarly that
g"(x2) = 0 for some x; between « and x;. After n steps we arrive at the conclusion
that g{™ (xn) = 0 for some x,, between o and x,_1, that is, between aand . O

DIFFERENTIATION OF VECTOR-VALUED FUNCTIONS

5.16 Remarks. applies without any change to complex functions f
defined on [a, b], and Theorems and as well as their proofs, remain valid.

If f1 and f; are the real and imaginary parts of f, that is, if

f(t) = f1(t) +if2(t)
for a <t <b, where f;(t) and f,(t) are real, then we clearly have
(5.29) /(x) = 1 (x) + if5(x);

also, f is differentiable at x if and only if both f{ and f; are differentiable at x.
Passing to vector-valued functions in general, i.e., to functions f which map

la, b] into some RK, we may still applyto define f/(x). The term ¢(t)

in is now, for each t, a point in R¥, and the limit in is taken with respect

to the norm of R¥. In other words, f/(x) is that point of RX (if there is one) for
which

(5.30) lim f“i:i(") _f(x)| =0,

and f' is again a function with values in R¥.

If f1,...,fy are the components of £, as defined in|Theorem 4.10} then
(5.31) f = (f],..., ),

and f is differentiable at a point x if and only if each of the functions fy,...,fy is
differentiable at x.

is true in this context as well, and so is and if
fg is replaced by the inner product f - g (see Definition 4.3).

When we turn to the mean value theorem, however, and to one of its conse-
quences, namely L’'Hospital’s rule, the situation changes. The next two examples
will show that each of these results fails to be true for complex-valued functions.

5.17 Example. Define, for real x,

(5.32) f(x) = e¥* = cosx + isinx.
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(The last expression may be taken as the definition of the complex exponential e'*;
seefor a full discussion of these functions.) Then

(5.33) f(2m) —f(0) =1—1=0,
but
(5.34) f/(x) =1e'™,

so that !f "(x) ’ =1 for all real x. Thus|Theorem 5.10|fails to hold in this case.

5.18 Example. On the segment (0, 1), define f(x) = x and
(5.35) g(x) = x +x2el/*".

Since |e't| =1 for all real t, we see that

. f(x)
. Iim — =1.
(5.36) Xgr}) 900
Next,
/ Zi i/XZ
(5.37) g(x)=1+ Zx—; e 0<x<1),
so that
(5.38) lg'(x)| > 2x7é ngq.
X X
Hence
!/
(x) 1 X
5.39 =
639 ’9/(X) lg’(x)] = 2—x
and so
f'(x)
4 —_ =
(540) x1—>0 g’(x)

By (5.36) and (5.40), L'Hospital’s rule fails in this case. Note also that g/(x) # 0 on
(0,1), by (5.38).

However, there is a consequence of the mean value theorem which, for pur-

poses of applications, is almost as useful as[Theorem 5.10} and which remains true
for vector valued functions: From [Theorem 5.10lit follows that

(5.41) [f(b) —f(a)| < (b—a) sup [f'(x)].

a<x<b

5.19 Theorem. Suppose f is a continuous mapping of [a, b] into R¥ and £ is differentiable
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n (a,b). Then there exists x € (a,b) such that
[£(b) — £(a)| < (b—a) |£'(x)].
Proof (V.P. Havin). Put z = f(b) — f(a) and define
et)=z-f(t) (a<t<b)

Then ¢ is a real-valued continuous function on [a, b] which is differentiable on
(a,b). The mean value theorem shows therefore that

@(b) —¢(a) = (b—a)e'(x) = (b—a)z- f'(x)
for some x € (a,b). On the other hand,
ob)—¢la)=z-f(b)—z-fla)=z-z=|z%.
The Schwarz inequality now gives
2 = (b—a)|z- £ (x)] < (b—a) |z] |'(x)]

Hence |z| < (b—a) |f/(x)

, which is the desired conclusion. O

EXERCISES

5.1. Let f be defined for all real x, and suppose that

1) = f(y)| < (x—y)*.
For all real x and y. Prove that x is constant.

5.2. Suppose f'(x) > 01in (a,b). Prove that f is strictly increasing on (a,b), and let g be its
inverse function. Prove that g is differentiable and that
1
g'(f(x)):m (a<x<Db).
5.3. Suppose g is a real function on R with bounded derivative (say |g’| < M). Fix ¢ > 0 and
define f(x) = x + £g(x). Prove that f is one-to-one if ¢ is small enough (A set of admissible
values of ¢ can be determined which depends only on M.)

5.4. If c c c
1 n—1 n
C Bl BT =0,
o+ 3 + + n + S
where Cy, ..., Cn are real constants, prove that the equation

Co+Cix+-+Cnog1x™ 1 +Cnx™ =0
has at least one real root between 0 and 1.

5.5. Suppose f is defined and differentiable for every x > 0 and f'(x) — 0 as x — +oo. Put
g(x) = f(x+ 1) — f(x). Prove that g(x) — 0 as x — 4o0.
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5.6. Suppose

(a) fis continuous for x > 0,
(b) f'(x) exists for x > 0,

(c) (0) =0,
(d) f’is monotonically increasing.
Put )
X
g(x) = ~ (x>0)

and prove that g is monotonically increasing.

5.7. Suppose '(x), g’ (x) exist, g'(x) # 0, and f(x) = g(x) = 0. Prove that
1) f(x)
0 T g

(This also holds for complex functions.)

5.8. Suppose f’ is continuous on [a, b] and ¢ > 0. Prove that there exists 6 > 0 such that

f(t) —f(x) 7](/()() <
t—x

whenever 0 < [t —x| < §, a <x < b, a <t <Db. (This could be expressed by saying that f is
uniformly differentiable on [a, b] if ' is continuous on [a, b].) Does this hold for vector-valued
functions too?

5.9. Let f be a continuous real function on R', of which it is known that f/(x) exists for all
x # 0 and that f/(x) — 3 as x — 0. Does it follow that f'(0) exists?

5.10. Suppose f and g are complex differentiable functions on (0,1), f(x) — 0, g(x) — 0,
f'(x) = A, g'(x) — Basx — 0, where A and B are complex numbers and B # 0. Prove that

f(x) A

o) B

Compare with Hint:

f(x) { f(x) } x x
LS 2 P S N
g9(x) x g(x) g(x)
Apply[Theorem 5.13|to the real and imaginary parts of f(x)/x and g(x)/x.
5.11. Suppose f is defined in a neighborhood of x, and suppose " (x) exists. Show that

. f(x+h)+f(x—h)—2f(x)
lim 5
h—0 h

Show by example that the limit may exist even if f”(x) does not. Hint: Use[Theorem 5.13

5.12. If f(x) = [x|3, compute f/(x), f”(x) for all real x, and show that f(3)(0) does not exist.
5.13. Suppose a and c are real numbers, ¢ > 0, and f is defined on [—1, 1] by

) = {xﬂsm(XC) (if x #0),

=f"(x).

0 (if x = 0).

Prove the following statements
(a) fis continuous if and only if a > 0.
(b) '(0) exists if and only if a > 1.
(c) f'isbounded if and only if a > 1+c.
(d) f’is continuous if and only if a > 1+c.
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(e) T"(0) exists if and only if a > 2 +c.
(f) f”isbounded if and only if a > 2+ 2c.
(g) f” is continuous if and only if a > 2+ 2c.

5.14. Let f be a differentiable real function defined on (a,b). Prove that f is convex if and
only if f/ is monotonically increasing. Assume next that f”(x) exists for every x € (a,b), and
prove that f is convex if and only if f”(x) > 0 for all x € (a, b).

5.15. Suppose a € R', f is a twice-differentiable real function on (a, c0), and My, M7, M3
are the least upper bounds of |f(x)], |'(x)], [”(x)], respectively, on (a, co). Prove that

M3 < 4MoM,.

Hint: If h > 0, Taylor’s theorem shows that

1
f(x) = T [f(x +2h) — f(x)] — hf" (&)
for some & € (x,x + 2h). Hence
M
17/(x)| < WMo + =2
h
To show that M2 = 4MyM; can actually happen, take a = —1, define

22 -1 (=1<x<0),
f(X)i XZ_]

237 0sx<oo)

and show that My =1, My =4, and M, =4.
Does M12 < 4MoM; hold for vector-valued functions too?

5.16. Suppose f is twice-differentiable on (0, 00), f” is bounded on (0, ), and f(x) — 0 as
x — oo. Prove that f/(x) — 0 as x — oo. Hint: Let a — oo in|Exercise 5.15

5.17. Suppose f is a real, three times differentiable function on [—1, 1], such that
f(=1) =0, f(0) =0, f(1) =1, /(0) = 0.

Prove that f(3) (x) > 3 for some x € (—1,1). Note that equality holds for (3 +x2)/2.

Hint: Use[Theorem 5.15| with « = 0 and 3 = %1, to show that there exist s € (0,1) and
t € (—1,0) such that

f3)(s)+ 3 (1) = 6.
5.18. Suppose f is a real function on [a, b], n is a positive integer, and f("~1) exists for every
t € [a,b]. Let , 3, and P be as in Taylor’s theorem (Theorem 5.15). Define
f(t) — f(B)
)= ————
Q==
fort € [a,b], t # B, differentiate
f(t) —1(B) = (t = B)Q(Y)

n — 1 times at t = «, and derive the following version of Taylor’s theorem:

Qe

= (B—o)™

f(B) =P(B) +
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5.19. Suppose f is defined in (—1,1) and f/(0) exists. Suppose —1 < an < Pn < 1, otn, — 0,
and B — 0as n — oo. Define the difference quotients

_ f(Bn) —flon)
P = Brn —on ’

Prove the following statements:

(@) If xn <0< B, thenlim Dy, = f/(0).

(b) If0 < atn < Bn and (Bn/(Bn — an))_ 4 is bounded, then lim D, = f/(0).

(c) If f’ is continuous in (—1, 1), then lim D, = f/(0).
Give an example in which f is differentiable in (—1,1) (but f’ is not continuous at 0) and in
which o, Bn tend to 0 in such a way that lim Dy, exists but is different from f/(0).
5.20. Formulate and prove an inequality which follows from Taylor’s theorem and which
remains valid for vector-valued functions.
5.21. Let E be a closed subset of R'. We saw inmmat there is a real continuous
function f on R' whose zero set is E. Is it possible, for each closed set E, to find such an f
which is differentiable on R', or one which is n times differentiable, or even one which has
derivatives of all orders on R'?
5.22. Suppose f is a real function on (—oo, o). Call x a fixed point of f if f(x) = x.

(a) If f is differentiable and f'(t) # 1 for every real t, prove that f has at most one fixed

point.
(b) Show that the function f defined by

fit)=t+(1+eH)!

has no fixed point, although 0 < f'(t) < 1 for all real t.
(c) However, if there is a constant A < 1 such that |f'(t)| < A for all real t, prove that a

fixed point of f exists, and that x = lim x,,, where x; is an arbitrary real number and

Xn1 = f(xn)

forn=1,23,....

(d) Show that the process described in (c) can be visualized by the zig-zag path
(x1,%2) = (x2,%2) = (x2,%3) = (x3,%3) = (x3,%4) = .

5.23. The function f defined by
x4
T3

f(x)
has three fixed points, say «, 3, v, where
—2<a<-—1, 0<p<l, T<y<2

For arbitrarily chosen x1, define (xn ) by setting xn 41 = f(xn ).

(a) Ifx1 < aprove that x, — —coasn — oo.

(b) If x < x7 <, prove that x, — fasn — oo.

(c) If y <x1, prove that x, — +ooasn — oo.
Thus B can be located by this method, but « and 'y cannot.
5.24. The process described in part (c) of [Exercise 5.22|can of course also be applied to func-
tions that map (0, co) to (0, co).

Fix some « > 1 and put

(43 a0=T5
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Both f and g have \/« as their only fixed point in (0,00). Try to explain, on the basis of

properties of f and g, why the convergence inis so much more rapid than it is
in (Compare f' and g’, draw the zig-zags suggested in|Exercise 5.22}) Do the

same when 0 < & < 1.

5.25. Suppose f is twice-differentiable on [a,b], f(a) < 0, f(b) > 0, f'(x) > & > 0, and

0 < f”’(x) < M forall x € [a, b]. Let & be the unique point in (a, b) at which f(&) = 0.
Complete the details of the following outline of Newton’s method for computing &,

(a) Choose x1 € (&,b) and define (x,) by

X — f(xn)
n+1 n f,(Xn)‘

Interpret this geometrically, in terms of a tangent to the graph of f.
(b) Prove that x, 1 < xn, and that

lim x, =&.
n—oo
(c) Use Taylor’s theorem to show that
" (tn) 2
Xnt1 — &= m(xn —&)

for some t, € (&,%xn).
(d) If A = M/25, deduce that

1 n
0Sxnp1 =& < A —&)1*".
Compare with Exercises and

(e) Show that Newton’s method amounts to finding a fixed point of the function g defined

by

How does g’ (x) behave for x near &?
(f) Put f(x) =x'/3 on (—oo, 00) and try Newton’s method. What happens?

5.26. Suppose f is differentiable on [a, b], f(a) = 0, and there is a real number A such that
[/(x)] < A|f(x)] on [a, b]. Prove that f(x) = 0 for all x € [a, b]. Hint: Fix xg € [a, b], let

Mo = sup|f(x)], My =sup |f'(x)|
for a < x < x¢. For any such x,
If(x)] < Mq(xo —a) < A(xo —a)Mo.

Hence My = 0if A(xg —a) < 1. Thatis, f = 0 on [a, x¢]. Proceed.

5.27. Let ¢ be a real function defined on a rectangle R in the plane given by a < x < b,
a <y < B. Asolution of the initial-value problem

y' =0y, yla=c (x<c<P)
is, by definition, a differentiable function f on [a, b] such that f(a) = ¢, & < f(x) < 3, and
') =o(xf(x)) (a<x<b)
Prove that such a problem has at most one solution if there is a constant A such that
ld(x,y2) = ¢l Y1)l < Alyz —yil
whenever (x,y7) € Rand (x,y2) € R.
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Hint: Apply [Exercise 5.26] to the difference of two solutions. Note that this uniqueness
theorem does not hold for the initial-value problem
v =y'%  yl0=0
which has two solutions: f(x) = 0 and f(x) = x2 /4. Find all other solutions.

5.28. Formulate and prove an analogous uniqueness theorem for systems of differentiable
equations of the form

yi=oixyr..oud, yild=¢ =1,k
Note that this can be rewritten in the form
vy =dkxy), yla=c

where y = (y1,...,yx) ranges over a k-cell, ¢ is the mapping of a (k + 1)-cell into the eu-
clidean k-space whose components are the functions ¢y, ..., ¢x, and cis the vector (cy, ..., ci).

Use for vector-valued functions.
5.29. Specialize by considering the system

Y=y G=1..k=1),
k

YL =f(x) =Y gi(x)y;,
j=1

where f, g1, ..., gk are continuous real functions on [a, b], and derive a uniqueness theorem
for solutions of the equation

k—1)

Yy gy 4 g (Y + g1 (x)y = f(x),

subject to initial conditions

ya=c, yl@=c, ..., y¥@)=c



Chapter 6

THE RIEMANN-STIELTJES INTEGRAL

The present chapter is based on a definition of the Riemann integral which de-
pends very explicitly on the order structure of the real line. Accordingly, we begin
by discussing integration of real-valued functions on intervals. Extensions to com-
plex and vector-valued functions on intervals follow in later sections. Integration
over sets other than intervals is discussed in Chaps. [10jand

DEFINITION AND EXISTENCE OF THE INTEGRAL

6.1 Definition. Let [a, b] be a given interval. By a partition P of [a, b], we mean a
finite set of points xg,x1,...,Xn, Where

a=x0<x] < <xp_ 7 <xXpn=hb.

We write
AX:L:X:L—Xif] (i:1/--'/n)'

Now suppose f is a bounded real function defined on [a, b]. Corresponding to each
partition P of [a, b] we put

M; = sup f(x) (xi—1 <x<x4)

m; = inf f(x) (i1 <x < xq)

n
u(P/ f) = Z Mi Axi/
i=1

n
I—(P/ f) = Z my Axi/
i=1

110
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and finally
—b
(6.1) J fdx =inf U(P, f)
a
b
(6.2) J fdx =supL(P,f).
—a

where the inf and sup are taken over all partitions P of [a,b]. The left members
of and are called the upper and lower Riemann integrals of f over [a,b],
respectively.

If the upper and lower integrals are equal, we say that f is Riemann integrable on
[a, b], we write f € Z (that is, Z denotes the set of Riemann-integrable functions),
and we denote the common value of and by

b
(6.3) J fdx,
or by
b
(6.4) J f(x) dx.

This is the Riemann integral of f over [a, b].

Since f is bounded, there exist two numbers, m and M, such that
m<f(ix) <M (a<x<b).
Hence, for every P,
m(b—a) <L(P,f) <U(P,f) < M(b—a),

so that the numbers L(P, f) and U(P, f) form a bounded set. This shows that the up-
per and lower integrals are defined for every bounded function f. The question of their
equality, and hence the question of the integrability of f, is a more delicate one. In-
stead of investigating it separately for the Riemann integral, we shall immediately
consider a more general situation.

6.2 Definition. Let « be a monotonically increasing function on [a, b] (since o(a)
and o(b) are finite, it follows that o is bounded on [a, b]). Corresponding to each
partition P of [a, b], we write

Aoy = axi) —oe[xi—1).
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It is clear that Ax; > 0. For any real function f which is bounded on [a, b] we put

u(p, f, «) ZMA(XV

L(P,f, x) Zmlec1

where M;, m; have the same meaning as in and we define
—b
(6.5) J fdo =inf U(P, f, x)

a

b
(6.6) J fda =supL(P,f, x),
=a
the inf and sup again being taken over all partitions.
If the left members of (6.5) and are equal, we denote their common value

by
b
6.7) J fda

or sometimes by

b
(6.8) J f(x) da(x).

a
This is the Riemann-Stieltjes integral (or simply the Stieltjes integral) of f with respect
to o, over [a,b]. If (6.7) exists, ie., if (6.5) and (6.6) are equal, we say that f is
integrable with respect to «, in the Rlemann sense, and write f € Z(«).

By taking «(x) = x, the Riemann integral is seen to be a special case of the
Riemann-Stieltjes integral. Let us mention explicitly, however, that in the general
case « need not even be continuous.

A few words should be said about the notation. We prefer (6.7) to (6.8), since
the letter x which appears in adds nothing to the content of (6.7). It is imma-
terial which letter we use to represent the so-called “variable of integration.” For
instance, is the same as .
|ty dacy.

a
The integral depends on f, «, a, and b, but not on the variable of integration, which
may as well be omitted.
The role played by the variable of integration is quite analogous to that of the
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index of summation: The two symbols
n n
e )
i=1 k=T

mean the same thing, since each means cy +c2 +---+cn.

Of course, no harm is done by inserting the variable of integration, and in many
cases it is actually convenient to do so.

We shall now investigate the existence of the integral (6.7). Without saying so
every time, f will be assumed real and bounded, and o is monotonically increasing
on [a, b]; and, when there can be no misunderstanding, we shall write [ in place of
fa
6.3 Definition. We say that the partition P* is a refinement of P if P* D P (that is, if
every point of P is a point of P*). Given two partitions, Py and P,, we say that P*
is their common refinement if P* = Py U P;.

6.4 Theorem. If P* is a refinement of P, then

(6.9) L(P,f, «) < L(P*f «)
and
(6.10) U(P*, f,«) < U(P,f, ).

Proof. To prove , suppose first that P* contains just one point more than P. Let
this extra point be x*, and suppose x{_1 < x* < x;, where x;_1 and x; are two
consecutive points of P. Put

wy =inff(x)  (x_1 <x <x¥)

wy = inf f(x) (x* <x < xq).
Clearly wy > my and w, > m;, where, as before,

mi =inff(x)  (xi—1 <x <x4).

Hence
L(P*,f, &) —L(P,f, )
=wila(x*) — alxi—1)] +wala(xq) — a(x)] —mylee(xi) — oe(xi—1)]

= (w1 —my)a(x*) — &x(x4—1)] + (W —my)[ee(xi) — x(x*)] > 0.

If P* contains k points more than P, we repeat this reasoning k times, and arrive at

(6.9). The proof of (6.10) is analogous. O
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—b
6.5 Theorem. f]:lfdcx < [ fde

Proof. Let P* be the common refinement of two partitions Py and P,. By
rem 6.4
L(Py,f, ) < L(P*, f, &) < U(P*,f, ) < U(Py,f, ).

Hence
(6.11) L(Py,f, &) < U(Py, f, a).

If P, is fixed and the sup is taken over all Py, (6.11) gives
(6.12) Jf da < U(Py, T, o).

The theorem follows by taking the inf over all P, in (6.12). O

6.6 Theorem. f ¢ Z(«) on [a,b] if and only if for every € > 0, there exists a partition P
such that

(6.13) U(pP,f, ) —L(P,f, &) < €.

Proof. For every P, we have
L(P,f, ) < deoc < deoc < U(P,f, ).

Thus implies

0< deoc—deoc< €.

Hence, if (6.13) can be satisfied for every £ > 0, we have

Jf do = Jf de,

thatis, f € Z(«).
Conversely, suppose f € Z(«), and let ¢ > 0 be given. Then there exist parti-
tions Py and P, such that

(6.14) U(Py, f, &) — deoc < %
(6.15) deoc— L(Py,f, &) < ;

We choose P to be the common refinement of Py and P,. Then to-
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gether with (6.14) and (6.15), shows that
U(P, f,a) < U(Py, f,) < decx+§ <L(Pf,a)+¢ < L(Pf o) e,
so that (6.13)) holds for this partition P. O

[Theorem 6.6|furnishes a convenient criterion for integrability. Before we apply
it, we state some closely related facts.

6.7 Theorem.
(@) If holds for some P and some ¢, then holds (with the same ) for every
refinement of P.
(b) If (6.13) holds for P = {xo, ..., xn} and if s;, t; are arbitrary points in [x;_1,xi,
then
n
D If(sy) = f(ti)| Aag < e
i=1

(c) If f € Z(«) and the hypotheses of (b) hold, then

n b

Zf(ti)AocifJ' fda

i=1 a

< E.

Proof. [Theorem 6.4|implies (a). Under the assumptions made in (b), both f(s;) and
f(ti) lie in [mi, My] so that [f(s;) — f(t;)| < My — my. Thus

> If(si) = f(ti)| Aay < U(P,f, &) —L(P, f, 1),

i=1

which proves (b). The obvious inequalities
L(P,fa) < Y f(t;)Ae < U(P,f, )

and
L(P,f, ) < deoc < Uu(p,f,«x)

prove (c). O
6.8 Theorem. If f is continuous on [a,b], then f € Z(«) on [a, b].

Proof. If f is continuous on [a, b] (Theorem 4.19), there exists a & > 0 such that
(6.16) [f(x) —f(t)l <mn

ifx € [a,b],t € [q,b],and |x — t| < b.
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If P is any partition of [a, b] such that Ax; <  for all i, then (6.16) implies that
(6.17) M;—my <n i=1,...,n)
and therefore
U(P,f,a) —L(P,f,a) = ) (M;—mi)An;
i=1

<n) A =7la(b) —x(a)] <.
i=1

By [Theorem 6.6, f € %(c). O

6.9 Theorem. If f is monotonic on [a, b], and if o is continuous on [a, b], then f € Z(x).
(We still assume, of course, that « is monotonic.)

Proof. Let ¢ > 0 be given. For any positive integer n, choose a partition such that

Aoy = X =@y
n

This is possible since « is continuous (Theorem 4.23).

We suppose that f is monotonically increasing (the proof is analogous in the
other case). Then

My = f(xi), m; = f(xi_1) i=1,...,n),

so that
n
U(p, 00 L, fa) = SO 57 gy )
i=1
_ afb) —«fa) [f(b) — f(a)] < ¢
n
if n is taken large enough. By[Theorem 6.6] f € %(«). O

6.10 Theorem. Suppose f is bounded on [a, b], f has only finitely many points of discon-
tinuity on [a,b], and « is continuous at every point at which f is discontinuous. Then
feR(x).

Proof. Let ¢ > 0 be given. Put M = sup |f(x)], let E be the set of points at which f
is discontinuous. Since E is finite and « is continuous at every point of E, we can
cover E by finitely many disjoint intervals [u;, v;] C [a, b] such that the sum of the
corresponding differences o(vj) — () is less than e. Furthermore, we can place
these intervals in such a way that every point of E N (a,b) lies in the interior of
some [u;, v;].
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Remove the segments (uj,v;) from [a,b]. The remaining set K is compact.
Hence f is uniformly continuous on K, and there exists 4 > 0 such that |[f(s) — f(t)| <
cifse K, tekK,|s—t| <.

Now form a partition P = {xq,%1,...,xn} of [a, b] as follows: Each u; occurs in
P. Each vj occurs in P. No point of any segment (u;,v;j) occurs in P. If x;_7 is not
one of the u;, then Ax; < 8.

Note that Mj —m; < 2M for every i, and that M; — m; < € unless x;_1 is one

of the u;. Hence, as in the proof of

U(P,f, &) —L(P,f, ) < [ex(b) — (a)le + 2Me.

Since ¢ is arbitrary, shows that f € Z(«). O

Note: If f and « have a common point of discontinuity, then f need not be in
(). shows this.

6.11 Theorem. Suppose f € Z(«) on [a,b], m < f < M, ¢ is continuous on [m, M],
and h(x) = ¢(f(x)) on [a,b]. Then h € Z(«) on [a, b].

Proof. Choose ¢ > 0. Since ¢ is uniformly continuous on [m, M], there exists 5 > 0
suchthatd < e and |dp(s) — p(t)| < eif [s—t| < dand s, t € [m, M].
Since f € Z(a), there is a partition P = {xo,x1,...,xn} of [a, b] such that

(6.18) U(P, f, o) — L(P, f, ) < &

Let M;, m; have the same meaning as in |Definition 6.1} and let M}, m{ be the

analogous numbers for h. Divide the numbers 1,...,n into two classes: i € A if
M;—my <§,i€Bif My —my > .

For i € A, our choice of 6 shows that M} —m} < e.

Fori € B, M{ —m} < 2K, where K = sup|¢$(t)|, m <t < M. By , we
have

(6.19) 5 Aai <) (Mj—my)Any < 8
ieB i€eB

sothat ) ;g Ax; < . It follows that

U(P,h o) —L(P,h, o) = Y (Mf—mi)Aa + ) (M} —m})Ax;
i€eA i€B
< ela(b) — a(a)] +2Kd < elx(b) — x(a) + 2K].
Since ¢ was arbitrary,[Theorem 6.6/implies that h € Z(«). O

Remark: This theorem suggests the question: Just what functions are Riemann-

integrable? The answer is given by |[Theorem 11.33(b
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PROPERTIES OF THE INTEGRAL

6.12 Theorem.
(a) If f1 € Z(x) and £, € Z(x) on [a,b], then

f1+1 € Z(w),

cf € Z(«) for every constant c, and

b b b
J [f1+fz)d0£=J f1 dO(+J fyda

a a a

b b
J cfdoc:cj fdo.

a a

(b) If f1(x) < fa(x) on [a, b], then

b b
J f1 d(XSJ' fy da.

a a

(c) Iff € Z(x) on [a,bland if a < c < b, then f € Z(«) on [a,c] and on [c,b] and

c b b
J fdoc+J fdoc:J fda.

a C a

(d) If f € Z(«) on [a,b] and if |f(x)| < M on [a, b], then

b
J fdo

a

< Mle(b) — ex(a)l.

(e) Iff € Z(x1) and f € Z(xy), then f € Z (o1 + oz) and

b b

fdoy +J fday;

a

bed(oq +ay) :J

a a

if f € Z(o) and c is a positive constant, then f € Z(cx) and

Jb fd(ca) = ch fda.

a a
Proof. If f = f1 4 f, and P is any partition of [a, b], we have

L(P,f1,0) + L(P, 2, o) < L(P, f, )

(6.20)
<U(P,f, &) < U(P,fy, &) + U(P, 2, x).

If f1 € #(a) and f; € Z(a), let ¢ > 0 be given. There are partitions P; (j = 1,2)
such that
U(Pj,fj,oc) *L(Pj,fj,(x) < E.
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These inequalities persist if Py and P, are replaced by their common refinement P.

Then (6.20) implies
U(P,f, o) —L(P, f, &) < 2,

which proves that f € Z(«).
With this same P, we have

U(P,fj,a)<ij do+¢ (G=1,2)
hence implies
deoc < U(pP,f,a) < Jﬁ doc—O—sz do + 2e.
Since ¢ was arbitrary, we conclude that
(6.21) deocﬁ Jﬁ doH—szdoc.

If we replace f1 and f; in by —f1 and —f;, the inequality is reversed, and the
equality is proved.

The proof of the other assertions of are so similar that we omit
the details. In part (c), the point is that (by passing to refinements) we may restrict
ourselves to partitions which contain the point ¢, in approximating [ f de. O

6.13 Theorem. If f € Z(«)and g € % () on [a, b], then

(a) fg € Z(x);
(b) [f] € #(e)and |5 fda] < [71f]dec

Proof. If we take ¢(t) = t2,[Theorem 6.11|shows that 2 € Z(«) if f € %Z(«). The

identity
4tg = (f+9)% —(f—g)?

completes the proof of (a).

If we take ¢(t) = [t|, [Theorem 6.11{shows similarly that [f| € Z(«). Choose
¢ = %1, so that

chdocZ 0.

Then
deoc’ :cjfdoc:chdocﬁ J\fldoc,

since cf < [f]. O
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6.14 Definition. The unit step function 1 is defined by

6.15 Theorem. If a < s < b, f is bounded on [a,b], f is continuous at s, and x(x) =
I(x —s), then

Jb fdo = f(s).

a

Proof. Consider partitions P = {x¢,x1,x2,Xx3}, where xg = @, and x; =s < x2 <
x3 = b. Then
U(P,f, o) = Mp, L(P,f, o) = m;.

Since f is continuous at s, we see that M; and m, converge to f(s) asx; —s. O

6.16 Theorem. Suppose cn, > O for 1,2,3,..., Lcn converges, (sn) is a sequence of
distinct points in (a,b), and

(6.22) x(x) = Z cnl(x —sn).

Let f be continuous on [a,b]. Then

b [ee}
(6.23) J fda= Y f(sn).
a n=1

Proof. The comparison test shows that the series (6.22) converges for every x. Its
sum «(x) is evidently monotonic, and «(a) = 0, a(b) = Zcn. (This is the type of

function that occurred in|Remark 4.31})

Let ¢ > 0 be given, and choose N so that

oo
Z cn < €.

n=N+1
Put
N oo
X) =) callx—sn),  a2(x)= )Y cnllx—sn).
n=1 n=N+1

By Theorems and

(6.24) J fdog = chf Sn).
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Since oy (b) — a2 (a) < g,

(6.25) < Me,

b
J fday

a

where M = sup |f(x)]. Since & = &1 + &3, it follows from (6.24) and (6.25) that

b N
(6.26) J fda— Y cnf(sn)| < Me.
i=1
If we let N — oo, we obtain (6.23)). O

6.17 Theorem. Assume o increases monotonically and o’ € % on [a,b]. Let f be a
bounded real function on [a, bl. Then f € %(«) if and only if fo’ € Z. In that case

(6.27) Jb fdo = Jb f(x)a' (x) dx.

a a

Proof. Let ¢ > 0 be given and apply [Theorem 6.6/to «’: There is a partition P =
{x0,...,xn}of [a, b] such that

(6.28) U, o/)—L(P, ') < ¢.
The mean value theorem furnishes points t; € [x;_1,x;] such that
Aoy = (X/(ti]AXi
fori=1,...,n.If s; € [xi_1,xi), then
n
(6.29) Z ‘oc/(si) — () } Axi < g,
i=1

by (6.28) and Put M = sup |f(x)|. Since

n

Zf Si Aoclfzf sy (ty)Axy,
i=1

it follows from (6.29) that

(6.30) Z si)Aoy — Zf "(s1)Axi | < Me.

i=1

In particular,

mn
> f(si)Aa; < U(P,fa’) +Me,
i=1
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for all choices of s; € [x;{_1,xi], so that

U(P, f, &) < U(P, fa’) + Me.
The same argument leads from (6.30) to

U(P, foa') < U(P,f, &) + Me.
Thus
(6.31) |U(P,f, &) —U(P, fo')| < Me.

Now note that (6.28) remains true if P is replaced by any refinement. Hence
(6.31) remains true. We conclude that

—=b —b
J fdcfo' f(x)o/ (x) dx | < Me.
a a
But ¢ is arbitrary. Hence
—b —b
(6.32) J fda = J fx)o (x) dx,
a a

for any bounded f. The equality of the lower integrals follows from in exactly
the same way. The theorem follows. O

6.18 Remark. The two preceding theorems illustrate the generality and flexibility
which are inherent in the Stieltjes process of integration. If « is a pure step function
[this is the name often given to functions of the form ], the integral reduces to
a finite or infinite series. If « has an integrable derivative, the integral reduces to
an ordinary Riemann integral. This makes it possible in many cases to study series
and integrals simultaneously, rather than separately.

To illustrate this point, consider a physical example. The moment of inertia of
a straight wire of unit length, about an axis through an endpoint, at right angles to
the wire, is

1
(6.33) J x> dm
0

where m(x) is the mass contained in the interval [0, x]. If the wire is regarded as
having continuous density p, that is, if m’(x) = p(x), then (6.33) turns into

1
(6.34) J x%p(x) dx.
0

On the other hand, if the wire is composed of masses m; concentrated at points
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xi, (6.33) becomes
(6.35) > ximy.
i

Thus (6.33) contains (6.34) and (6.35) as special cases, but it contains much more;
for instance, the case in which m is continuous but not everywhere differentiable.

6.19 Theorem (Change of Variable). Suppose ¢ is a strictly increasing continuous
function that maps an interval [A, B] onto [a,b]. Suppose « is monotonically increasing
on [a, bl and f € Z(«) on [a,bl. Define  and g on [A, B] by

(6.36) Bly) = a(d(y)), g(y) = f(y)).
Then g € Z(B) and

(6.37) Ji gdp = J: fda.

Proof. To each partition P = {xg,...,xn} of [a,b] corresponds a partition Q =
{yo,...,yn} of [A,B], so that x; = ¢(y;). All partitions of [A, B] are obtained in
this way. Since the values taken by f on [x;_1,x;] are exactly the same as those
taken by g on [y;_1,yil, we see that

(6.38) uQ,g,B) =U(pf,«),  L(QgB)=L(Pf

Since f € Z(«), P can be chosen so that both U(P, f, «) and L(P, f, &) are close to

J fda. Hence (6.38) combined with shows that g € Z(f) and that
holds. This completes the proof. O

Let us note the following special case: Take x(x) = x. Then 3 = ¢. Assume

¢’ € % on [A, B. If[Theorem 6.17|is applied to the left side of , we obtain

b B
(6.39) J f(x) dx:J f(d(y))d' (y) dy.

a A
INTEGRATION AND DIFFERENTIATION

We still confine ourselves to real functions in this section. We shall show that inte-
gration and differentiation are, in a certain sense, inverse operations.

6.20 Theorem. Let f € % on [a,b). For a < x <'b, put

Then F is continuous on [a, b]; furthermore, if f is continuous at a point x¢ of [a, b, then
F is differentiable at xo, and
F/(x0) = f(xo)-
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Proof. Since f € #, f is bounded. Suppose [f(t)] < Mfora <t <b. Ifa <x <
y <'b, then

Yy
IF(y) — F(x)| = J f(t)dt‘ <My —x),

by [Theorem 6.12(c)|and [[d)} Given ¢ > 0, we see that
[Fly) —F(x)| < g,

provided that |y — x| < ¢/M. This proves continuity (and, in fact, uniform conti-
nuity) of F.
Now suppose f is continuous at xy. Given & > 0, choose & > 0 such that

If(t) —f(xo)l < e
if [t —xp], and a < t < b. Hence, if
Xg—0<s<xpg<t<xg+d and a<s<t<b,

we have, by [TReorem 6.12(d)
’ F(t) — F(s)

s f(xo)

= ‘tls E[f(u) —f(xp)]du| < e.

It follows that F/(xq) = f(xo). O

6.21 Theorem (The Fundamental Theorem of Calculus). If f € Z on [a,b] and if
there is a differentiable function F on [a, b] such that F' = £, then

Jb f(x)dx = F(b) — F(a).

a

Proof. Let ¢ > 0 be given. Choose a partition P = {x¢,...,xn} of [a,b] so that
U(P,f) —L(P, f) < e. The mean value theorem furnishes points t; € [x;_1,x;] such
that

F(xq) = Flxi—1) = f(t1)Ax;

fori=1,...,n. Thus

> f(t;)Ax; = F(b) — F(a).
i=1

It now follows from [Theorem 6.7(c)| that

b
F(b) —F(a) —J f(x)dx

a

< €.

Since this holds for every & > 0, the proof is complete. O
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6.22 Theorem (Integration by Parts). Suppose F and G are differentiable functions on
[a,b, FF =fe Z,and G' =g € %. Then

Proof. Put H(x) = F(x)G(x) and apply [Theorem 6.21|to H and its derivative. Note
that H' € # by[Theorem 6.13 O

6.23 Definition. Let fq,...,f) be real functions on [a, b], and let f = (fq,...,fx)
be the corresponding mapping of [a, b] into RK. If « increases monotonically on
[a, b, to say that f € #Z(x) means that fj € Z(«) forj =1,...,k. If this is the case,

we define
b b b
J fdoc—(J fq doc,...,J fkdoc>.
a a a

In other words, [ fda« is the point in R* whose jth coordinate is [ fjda.

It is clear that parts (a), (c), and (e) of [ITheorem 6.12|are valid for these vector-

valued integrals; we simply apply the earlier results to each coordinate. The same
is true of Theorems and To illustrate, we state the analogue of
[Theorem 6.21)

6.24 Theorem. If f and F map [a, b into RX, if f € % on [a,b], and if F' = £, then

The analogue of[Theorem 6.13(b)|offers some new features, however, at least in

its proof.

6.25 Theorem. If f maps [a,b] into R* and if € %() for some monotonically increas-
ing function « on [a, b], then |f| € %Z(x), and

b
J fda
a

Proof. If f1, ..., f are the components of f, then

b
SJ |f] dex.

a

(6.40)

(6.41) £l = (F] +- - +1)/2

By [Theorem 6.11} each of the functions fiz belonis to Z(a); hence so does their

sum. Since x“ is a continuous function of x,[Theorem 4.17|shows that the square-

root function is continuous on [0, M], for every real M. If we apply [Theorem 6.11
once more, (6.41) shows that |f| € Z(«).

To prove (6.40), puty = (y1,...,yx), where y; = [ fj da. Then we have y =
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[ fda, and
yE=2vi=2 v ij d“=J<Zij]‘) dex

By the Schwarz inequality,

(6.42) D yifi(t) <lylf(t)]  (a<t<b);
hence[Theorem 6.12(b)|implies
(6.43) lyl? < \lelf\dcx.

If y =0, (6.40) is trivial. If y # 0, division of (6.43) by |y| gives (6.40). O

RECTIFIABLE CURVES

We conclude this chapter with a topic of geometric interest which provides us an
application of some of the preceding theory. The case k = 2 (i.e., the case of plane
curves) is of considerable importance in the study of analytic functions of a com-
plex variable.

6.26 Definition. A continuous mapping y of an interval [a, b] into R¥ is called a
curve in R¥. To emphasize the parameter interval [a, b], we may also say that vy is
acurve on [a, b].

e Ify is one-to-one, v is called an arc.
e Ify(a) =vy(b), v is said to be a closed curve.

It should be noted that we define a curve to be a mapping, not a point set. Of course,
with each curve vy in RK, there is an associated subset of R¥, namely the range of
v, but different curves may have the same range.

We associate to each partition P = {x¢,...,xn} of [a,b] and to each curve y on

[a, b] the number
n

APY) =D Iylx) —y(xi1)l.
i=1
The ith term in this sum is the distance (in R¥) between the points y(x;_1) and
v(xi). Hence A(P,v) is the length of the polygonal path with vertices at y(x¢),
Y(x1),...,¥(xn), in this order. As our partition becomes finer and finer, this poly-
gon approaches the range of y more and more closely. This makes it seem reason-
able to define the length of y as

Aly) =sup A(P,vy),

where the supremum is taken over all partitions of [a, b].
If A(y) < oo, we say that vy is rectifiable.
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In certain cases, A(y) is given by a Riemann integral. We shall prove this for
continuously differentiable curves, i.e., for curves y whose derivative y' is continu-
ous.

6.27 Theorem. If-y’ is continuous on [a, b], then vy is rectifiable, and
b !/
A = | Iy
Proof. If a <xi_1 <x; <Db, then

ly(xi) —v(xi—1)l =

Hence b
APy < J v (1)) dt
a

for every partition P of [a, b]. Consequently,

b
A = [ o] a

To prove the opposite inequality, let ¢ > 0 be given. Since y’ is uniformly
continuous on [a, b], there exists § > 0 such that

]y/(s)fy/(t” <e if |[s —t| < d.

Let P ={x¢,...,xn} be a partition of [a, b], with Ax; < d foralli. If x;_1 <t < x4,
it follows that
Y'(®)] < |v'(xi)] +e.

Hence

JXi [y (0] dt < [v/(xi)] Axi + eAx;

Jx‘ [v’(t)w’(xi)—y'(tndt‘+5Axi

Xi-1

<

ri v'(t) dt‘ +

Xi—1

|7 b —vienar] 4 ean

< Jy(xi) —v(xi_1)| 4+ 2eAx;.

If we add these inequalities, we obtain

b
J |y’(t) ‘ dt < A(P,y)+2e(b—a) < A(y)+2¢(b—a).
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Since € was arbitrary,
b
| e < A

This completes the proof. O

EXERCISES

6.1. Suppose « increases on [a, b], a < xo < b, « is continuous at x¢, f(xo) = 1, and f(x) =0
if x # xo. Prove that f € #Z(«) and that [ fda = 0.

6.2. Suppose f > 0, f is continuous on [a, b], and fz f(x) dx = 0. Prove that f(x) = 0 for all
x € [a, b]. (Compare this with[Exercise 6.1})
6.3. Define three functions 1,32, B3 as follows: ;(x) = 0if x < 0, Bj(x) = 1if x > 0 for
j=1,2,3;and $1(0) =0, 2(0) =1, B3(0) = 1/2. Let f be a bounded function on [T, 1].

(a) Prove that f € Z(f1) if and only if f(0+) = f(0) and that then

defs] = £(0).

(b) State and prove a similar result for 3,.
(c) Prove that f € Z(f33) if and only if f is continuous at 0.
(d) If fis continuous at 0 prove that

deﬁ] = deﬁz = deﬁg = (0).

6.4. If f(x) = 0 for all irrational x, f(x) = 1 for all rational x, prove that f ¢ Z on [a, b] for any
a<b.

6.5. Suppose f is a bounded real function on [a, b] and 2> € % on [a, b]. Does it follow that
f € %? Does the answer chance if we assume that f3 € %?

6.6. Let P be the Cantor set constructed in[Theorem 2.44] Let f be a bounded real function on
[0, 1] which is continuous at every point outside P. Prove that f € # on [0, 1]. Hint: P can
be covered by finitely many segments whose total length can be made as small as desired.
Proceed as in[Theorem 6.10

6.7. Suppose f is a real function on (0, 1] and f € Z on [c, 1] for every ¢ > 0. Define
1 1
J f(x)dx = lim J f(x) dx
0 c—0 Je
if this limit exists (and is finite).
(a) If f € #Z on [0, 1], show that this definition of the integral agrees with the old one.

(b) Construct a function f such that the above limit exists, although it fails to exist with |f|
in place of f.

6.8. Suppose f € # on [a, b] for every b > a where a is fixed. Define
oo b
| rdx = tim | s dx
a b—oo Jq

if this limit exists (and is finite). In that case, we say that the integral on the left converges. If
it also converges after f has been replaced by |f|, it is said to converge absolutely.
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Assume that f(x) > 0 and that f decreases monotonically on [1,c0). Prove that

converges if and only if

n=1
converges. (This is the so-called “integral test” for convergence of series.)
6.9. Show that integration by parts can sometimes be applied to the “improper” integrals
defined in Exercisesand@ (State the appropriate hypotheses, formulate a theorem, and
prove it.) For instance show that

° cosx sinx
dx = = dx.
L Trx ¥ L (1+x)?2 X

Show that one of these integrals converges absolutely, but that the other does not.
6.10. Let p and q be positive real numbers such that

1
v
Prove the following statements.

(a) Ifu>0andv > 0, then

Equality holds if and only if uP =v9.
b) If fe Z(x), g€ Z(x), f>0,g>0,and

b b
J fpdoc:1:J g9de,
a

a

then
b
J fgda < 1.
a

(c) If f and g are complex functions in Z(«), then

Ufgdoc < {Jjup doc}]/p {ng dcx}”q.

This is Holder’s inequality. When p = q = 2, it is usually called the Schwarz inequality.
(Note that[Theorem 1.35]is a very special case of this.)

(d) Show that Holder’s inequality is also true for the “improper” integrals described in
Exercises[6.7]and

6.11. Let o be a fixed increasing function on [a, b]. For u € #(a), define

b 1/2
el = {j ulz} -
a

Suppose f, g, h € Z(«), and prove the triangle inequality
[[f=hl, < If—gll, +lg—nl;
as a consequence of the Schwarz inequality, as in the proof of
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6.12. With the notations of [Exercise 6.11} suppose f € Z(«) and € > 0. Prove that there exists
a continuous function g on [a, b] such that ||f —g||, < ¢.
Hint: Let P = {xo, ..., Xn} be a suitable partition on [a, b], define
t—xi1
AXi

g(t) = X 7tf(Xif1 )+

Ax: f(xi)

ifxi_1 <t<xq.
6.13. Define
x+1
f(x) = J sin(t?) dt.

X
(a) Prove that|f(x)| < 1/xifx > 0.
Hint: Put t> = u and integrate by parts, to show that f(x) is equal to

du.

cos(x?) 3 cos[(x +1)2] _‘[("“JZ cosu
2x 2(x+1) 2 4u3/2

X

Replace cosu by —1.

(b) Prove that
2xf(x) = cos(x?) — cosl(x + 1)%] + 1(x)

where |r(x)| < ¢/x and c is a constant.
(c) Find the upper and lower limits of xf(x) as x — oo.
(d) Does [ sin(t?) dt converge?
6.14. Deal similarly with

Show that
eXIf(x)] <2

and that
e*f(x) = cos(e*) — e " cos(eXT 1) +7(x),

where |[r(x)| < Ce™* for some constant C.
6.15. Suppose f is a real, continuously differentiable function on [a, b], f(a) = f(b) =0, and

b
J f2(x)dx = 1.

Prove that

and that

b b 1

J [f’(x)}zdx-J x2F2(x) dx > —.

a a 4

6.16. For 1 < s < oo, define
= 1
((s) = Z s
n=1

(This is Riemann’s zeta function, of great importance in the study of the distribution of prime
numbers.) Prove that

@ o) =s[ " Hrax
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* x —[x]

) )= =y —s| X ay

where [x] denotes the greatest integer < x.

Prove that the integral in (b) converges for all s > 0.

Hint: To prove (a), compute the difference between the integral over [1, N] and the Nth
partial sum of the series that defines ((s).

6.17. Suppose « increases monotonically on [a, b], g is continuous, and g(x) = G’(x) for
a < x < b. Prove that

Jb a(x)g(x)dx = G(b)x(b) — G(a)x(a) fJ Gda.

Hint: Take g real, without loss of generality. Given P = {xo,X1,...,xn}, choose t; €
(xi—1,%¢) so that g(t;)Ax; = G(xi) — G(x4_1). Show that

-

x(xi)g(ti) Ax; = G(b)a(b) — G(a)x(a) —

i=1 i

G(Xi,] ) A(Xi.
1

6.18. Lety1,v2,7v3 be curves in the complex plane defined on [0, 27} by

Zit, (t) _ eZﬂitsinH/t]'

vi(t) = €', Y2(t) =e Y3

Show that these curves have the same range, that y; and vy, are rectifiable, that the length of
Y1 is 27, that the length of v, is 47, and that y3 is not rectifiable.

6.19. Let y; be a curve in R* defined on [a, b]; let ¢ be a continuous 1-1 mapping of [c, d]
into [a, b] such that ¢(c) = a; and define vy, (s) = y1(d(s)). Prove that vy, is an arc, a closed
curve, or a rectifiable curve if and only if the same is true of y1. Prove that vy, and y; have
the same length.



Chapter 7

SEQUENCES AND SERIES OF
FUNCTIONS

In the present chapter we confine our attention to complex-valued functions (in-
cluding the real-valued ones, of course), although many of the theorems and proofs
which follow extend without difficulty to vector-valued functions, and even to
mappings into general metric spaces. We choose to stay within this simple frame-
work in order to focus attention on the most important aspects of the problems
that arise when limit processes are interchanged.

DISCUSSION OF THE MAIN PROBLEM

7.1 Definition. Suppose (f)$°_; is a sequence of functions defined on a set E, and
suppose that the sequence of numbers (f;, (x)) converges for every x € E. We can
then define a function f by
(7.1) f(x) = lim fr(x) (x € E).
n—oo

Under these circumstances we say that (f;,) converges on E and that f is the
limit, or the limit function, of (fn). Sometimes we shall use a more descriptive
terminology and shall say that “(fn,) converges to f pointwise on E” if (7.1) holds.
Similarly, if Xf,, (x) converges for every x € E, and if we define

(7.2) fx)=) fulx) (x€E),
n=1

the function f is called the sum of the series Xf;,.

The main problem which arises is to determine whether important properties
of functions are preserved under the limit operations (7.1) and (7.2). For instance,
if the functions f;, are continuous, or differentiable, or integrable, is the same true

132
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of the limit function? What are the relations between f}, and f/, say, or between the
integrals of f,, and that of f?
To say that f is continuous at a limit point x means

lim f(t) = f(x).

t—x
Hence, to ask whether the limit of a sequence of continuous functions is continuous
is the same as to ask whether
(7.3) Iim lim fn(t)= lim lim f(t),

t—oxn—oo n—ooot—x

i.e.,, whether the order in which limit processes are carried out is immaterial. On
the left side of (7.3), we first set n — oo, then t — x; on the right side, t — x first,
then n — co.

We shall now show by means of several examples that limit processes cannot
in general be interchanged without affecting the result. Afterward, we shall prove
that under certain conditions the order in which limit operations are carried out is
immaterial.

Our first example, and the simplest one, concerns a “double sequence.”

7.2 Example. Form=1,2,3,...,n=1,2,3,..., let

m

Smn=_——.
m-+n

Then, for every fixed n,

lim smn=1,
m—0o0

so that

(7.4) lim lim spmn=1.
n—oo m—oo

On the other hand, for every fixed m,

lim smn =0,
n—oo

so that
(7.5) lim lim spmn =0.

m—o0 N—o0

7.3 Example. Let

falx) = ——— (xrea; n=0,1,2,...),
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and consider

o0 oo 2
(7.6) )= fal) =Y —— .
nZ:o T;) (1+x2)

Since 1 (0) = 0, we have (0) = 0. For x # 0, the last series in is a convergent
geometric series with sum 1+ x? (Theorem 3.26). Hence

[0 x=0)
77 0= {1 2 (xA0),

so that a convergent series of continuous functions may have a discontinuous sum.

7.4 Example. Form=1,2,3,..., put

fm(x) = nliﬂmoo(cos mlmx) 2™

When ml!x is an integer, fi (x) = 1. For all other values of x, i (x) = 0. Now let

f(x) = lim fm(x).
m—o0
For irrational x, fim (x) = 0 for every m; hence f(x) = 0. For rational x, say x =p/q,
where p and q are integers, we see that m!x is an integer if m > q, so that f(x) = 1.
Hence

0 (xirrational),

m—00 N—0o0

(7.8) lim lim (cosm!mx)?™ =
1 (xrational).

We have thus obtained an everywhere discontinuous limit function, which is
not Riemann-integrable (Exercise 6.4).
7.5 Example. Let

7.9) fr(x) = SI%X (xreal, n=1,2,3,...),

and
f(x) = lim fn(x) =0.

n—oo
Then f/(x) = 0, and
I (x) = v/ncosnx,

so that (f,) does not converge to f’. For instance,
£1(0) = v/il = o0

as n — oo, whereas f/(0) = 0.
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7.6 Example. Let
(7.10) fnx) =n?x(1—=x2)" (0<x<1,n=123...).

For 0 < x < 1, we have
Iim fn(x) =0,

n—oo
by|Theorem 3.20(d)} Since f; (0) = 0, we see that
(7.11) lim fn(x) =0 0<x<1).
n—oo

A simple calculation show that

1
1
T—x2)"dx = .
JOX( hdx= o

Thus, in spite of (7.11),

1 TLZ
JO fa(x)dx = 2 — 400

asn — oo.
If, in (7.10), we replace n?2 by n, (7.11) still holds, but we now have

1
. . n 1
dim [, = Jim 5% =
whereas ]
J [ lim fn(x]] dx =0.
0 n—oo
Thus the limit of the integral need not be equal to the integral of the limit, even if

both are finite.

After these examples, which show what can go wrong if limit processes are
interchanged carelessly, we now define a new mode of convergence, stronger than

pointwise convergence as defined in |[Definition 7.1, which will enable us to arrive

at positive results.

UNIFORM CONVERGENCE

7.7 Definition. We say that a sequence of functions (fn),n=1,2,3,..., converges
uniformly on E to a function f if for every ¢ > 0 there is an integer N such that
n > N implies

(7.12) [frn(x) —f(x)] < e

forall x € E.
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It is clear that every uniformly convergent sequence is pointwise convergent.
Quite explicitly, the difference between the two concepts is this: If (f;1) converges
pointwise on E, then there exists a function f such that, for every ¢ > 0, and for
every x € E, there is an integer N, depending on ¢ and on x, such that holds
if n > N;if (fn) converges uniformly on E, it is possible, fr each ¢ > 0 to find one
integer N which will do forall x € E.

We say that the series Zfy, (x) converges uniformly on E if the sequence (s ) of
partial sums defined by

converges uniformly on E.
The Cauchy criterion for uniform convergence is as follows.

7.8 Theorem. The sequence of functions (fy ), defined on E, converges uniformly on E if
and only if for every € > O there exists an integer N such that m > N,n > N, x € E
implies

(7.13) Ifn(x) = fm(x)| < e.

Proof. Suppose (fn,) converges uniformly on E, and let f be the limit function. Then
there is an integer N such that n > N, x € E implies

[fn(x) = f(x)[ <

N ™

so that
Ifn () = fm ()] < I (x) = FO) |+ [F(x) = fm ()| < €
ifn>N,m>N,x €E.

Conversely, suppose the Cauchy condition holds. By [Theorem 3.11} the se-
quence (fn(x)) converges, for every x, to a limit which we may call f(x). Thus

the sequence (fn) converges on E, to f. We have to prove that the convergence is
uniform.

Let ¢ > 0 be given, and choose N such that holds. Fix n, and let m — oo
in (7-13). Since fm (x) — f(x) as m — oo, this gives

(7.14) Ifn(x) —f(x)[ < e
for every n > N and every x € E, which completes the proof. O

The following criterion is sometimes useful.

7.9 Theorem. Suppose

lim fn(x) =f(x) (x € E).

n—oo
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Put

Mn = sup [fn(x) —f(x]].
x€E

Then fr, — f uniformly on € if and only if My, — 0asn — oo.

Since this is an immediate consequence of we omit the details of
the proof.

For series, there is a very convenient test for uniform convergence, due to
Weierstrass.

7.10 Theorem. Suppose (fr) is a sequence of functions defined on E, and suppose
[fn(x)] < Mn (x€E, n=1,273,...).
Then Xfy, converges uniformly on E if LMy, converges.
Note that the converse is not asserted (and is, in fact, not true).

Proof. If XMy, converges, then, for arbitrary € > 0,

m

> filx)

i=1

m
<) Mi<e (x€F),
i=n

provided m and n are large enough. Uniform convergence now follows from[The]

lorem 7.8 O

UNIFORM CONVERGENCE AND CONTINUITY

7.11 Theorem. Suppose fn — f uniformly on a set € in a metric space. Let x be a limit
point of €, and suppose that

(7.15) lim fo(t) =An  (n=1,2,3,...).

t—x

Then (Ay) converges, and

(7.16) lim f(t) = Lim An.

t—x n—oo

In other words, the conclusion is that

(7.17) lim lim fn(t)= lim lim f(t).

t—=xn—oo n—oo t—x

Proof. Let ¢ > 0 be given. By the uniform convergence of (fy, ), there exists N such
thatn > N,m > N,t € E imply

(7.18) Ifn(t) —fm(t) < e
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Letting t — x in (7.18), we obtain
[An —Aml| < e

forn > N, m > N, so that (Ay,) is a Cauchy sequence and therefore converges, say
to A.
Next,

(7.19) [f(t) = Al < |f(t) = fa (D) + [fn(t) — Anl+]|An — Al
We first choose n such that

€
(7.20) Ift) - < 5

for all t € E (this is possible by uniform convergence), and such that
(7.21) [An —A| < g

Then, for this n, we choose a neighborhood V of x such that

(7.22) fn(t) — An| < g

ifte VNE, t#x.
Substituting the inequalities (7.20) to (7.22) into (7.19), we see that

If(t) —Al <,
provided t € VN E, t # x. This is equivalent to (7.16). O

7.12 Theorem. If (fn) is a sequence of continuous functions on €, and if fn, — f uni-
formly on E, then f is is continuous on E.

This very important result is an immediate corollary of

The converse is not true; that is, a sequence of continuous functions may con-
verge to a continuous function, although the convergence is not uniform.

[ple 7.6is of this kind (to see this, apply [Theorem 7.9). But there is a case in which

we can assert the converse.

7.13 Theorem. Suppose K is compact, and
(a) (fn) is a sequence of continuous functions on K,
(b) (fn) converges pointwise to a continuous function f on X,
(c) fn(x) > fp1(x)forallx e Kn=1,2,3,....

Then fn — f uniformly on K.
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Proof. Put gn = fn —f. Then g, is continuous, gn — 0 pointwise, and gn > gn41-
We have to prove that g, — 0 uniformly on K.

Let ¢ > 0 be given. Let Ky, be the set of all x € K with gn(x) > €. Since gn
is continuous, Ky, is closed (Theorem 4.8), hence compact (Theorem 2.35). Since
gn > gni1, wehave K, D K4 7. Fix x € K. Since gn (x) — 0, we see that x € Ky,
if n is sufficiently large. Thus x ¢ (] Ky. In other words, N Ky, is empty. Hence Ky

is empty for some N (Theorem 2.36). It follows that 0 < gn(x) < ¢ forall x € K

and for all n > N. This proves the theorem. O

Let us note that compactness is really needed here. For instance if

1

i) =9

(0<x<1hn=1,23...)

then fi (x) — 0 monotonically in (0, 1), but the convergence is not uniform.

7.14 Definition. If X is a metric space %' (X) will denote the set of all complex-
valued, continuous, bounded functions with domain X.

[Note that boundedness is redundant if X is compact (Theorem 4.15). Thus

¢ (X) consists of all complex continuous functions on X if X is compact.]
We associate with each f € €(X) its supremum norm

If]] = sup If(x)].
xeX
Since f is assumed to be bounded, ||f|| < oo. It is obvious that ||f|| = 0 only if

f(x) = 0 for every x € X, thatis, only if f = 0. If h = f 4 g, then
MO < [Fx) |+ [g(x)] < || f]| + [ g]]
for all x € X; hence
If+gll < [Ifll+ gl -

If we define the distance between f € %(X) and g € %(X) to be ||f—g|, it
follows that[Axioms 2.T5|for a metric are satisfied.
We have thus made € (X) into a metric space.

[Theorem 7.9|can be rephrased as follows:

A sequence (fy) converges to f with respect to the metric of ¢(X) if
and only if f, — f uniformly on X.

Accordingly, closed subsets of (X) are sometimes called uniformly closed, the
closure of a set &7 C ¢(X) is called its uniform closure, and so on.

7.15 Theorem. The above metric makes € (X) into a complete metric space.

Proof. Let (fn) be a Cauchy sequence %' (X). This means that to each ¢ > 0 cor-
responds an N such that ||[f, — | < eif n > Nand m > N. It follows (by
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that there is a function f with domain X to which (fy ) converges uni-
formly. By [Theorem 7.12} f is continuous. Moreover, f is bounded, since there is an
n such that [f(x) — fn (x)| < 1 for all x € X, and fy, is bounded.

Thus f € ¢(X), and since fn — f uniformly on X, we have ||f —fn| — 0 as
n — oo. O

UNIFORM CONVERGENCE AND INTEGRATION

7.16 Theorem. Let « be monotonically increasing on [a,b]. Suppose fn, € Z(x) on
la,b], forn =1,2,3,..., and suppose f, — f uniformly on [a,b]. Then f € Z(x) on
[a, b], and

b b
(7.23) J fda = lim J frn de.

a n—oo a

(The existence of the limit is part of the conclusion.)

Proof. It suffices to prove this for real fy,. Put

(7.24) en =sup|fn(x) —f(x)],

the supremum being taken over a < x < b. Then
fn—en << fh+en,

so that the upper and lower integrals of f (see|Definition 6.2) satisfy
b T b
(7.25) J (fn —en)da < deoc < deoc < J (fn +en)da.

a a

Hence

0< deoc—deoc < 2enla(b) — al(a)l.

Since e, — 0 asn — oo (Theorem 7.9), the upper and lower integrals of f are

equal.
Thus f € Z(«). Another application of (7.25) now yields

b b
J fdoc—J fnda

a a

(7.26) < éenla(b) —x(a)l.

Thus implies . O
Corollary. If f, € Z(«) on [a,b] and if

flx) =) falx) (a<x<b),
n=1



UNIFORM CONVERGENCE AND DIFFERENTIATION 141

the series converging uniformly on [a, b, then

b © b
J fdoc:ZJ fndo.
a

n=1"¢

In other words the series may be integrated term by term.

UNIFORM CONVERGENCE AND DIFFERENTIATION

We have already seen, in [Example 7.5, that uniform convergence of (f,) implies
nothing about the sequence (f],). Thus stronger hypotheses are required for the
assertion that f], — f’if f, — f.

7.17 Theorem. Suppose (fr ) is a sequence of functions, differentiable on [a, b] and such
that (fn(xo)) converges for some point xo on [a, bl. If (f},) converges uniformly on [a, b],
then (fyn) converges uniformly on [a, bl, to a function f, and

(7.27) f'(x) = lim ] (x) (a<x<b).

n—oo

Proof. Let ¢ > 0 be given. Choose N such that n > N, m < N, implies

(7.28) [fn(x0) — fim (x0)| < 5
and
(7.29) [£4,(t) — Fln (1)] < 2(b75—a) (a<t<b).

If we apply the mean value theorem to the function f, — f1,, (7.29) shows
that

[x —t|e
(7.30) [ () = Fim () = (1) + i ()] < 5=

for any x and t on [a, b], if n > N, m > N. The inequality
Ifn(x) = fm (xX)] < [fr(x) = fm (%) = fr(xo) + fm (x0) |+ [fr(x0) = fm(xo0)|
implies, by and (7.30), that
Ifn(x) —fm(x)|<e (a<x<b n=N,m=>N),

so that (f,) converges uniformly on [a, b]. Let
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Let us now fix a point x on [a, b] and define

731 pn() = DO g L U2
fora <t <Db,t#x. Then
(7.32) tli_gl dn(t) = (x) m=1,273...).

The first inequality in (7.30) shows that

€

onlt) = om (V] < 55

Mm>N, m>N),

so that (¢ ) converges uniformly, for t # x. Since (f,) converges to f, we conclude
from (7.31) that

(7.33) lim ¢n(t) = ¢(t)

n—oo

uniformly fora <t <b,t #x.

If we now apply to (dn), (7.32) and (7.33) show that
. T / .
tlgr}( d(t) = lim fr(x);

and this is (7.27), by definition of ¢(t). O

Remark: 1f the continuity of the functions f/, is assumed in addition to the above

hypotheses, then a much shorter proof of (7.27) can be based on and

the fundamental theorem of calculus.

7.18 Theorem. There exists a real continuous function on the real line which is nowhere
differentiable.

Proof. Define

(7.34) @(x) =Ix| (—1<x<1)

and extend the definition of @(x) to all real x by requiring that
(7.35) e(x+2) = o@(x).

Then, for all s and t,

(7.36) lo(s) —@(t)] < Is —tl.

In particular, ¢ is continuous on R!. Define

(7.37) f(x) = i G)n @(4™x).

n=0



EQUICONTINUOUS FAMILIES OF FUNCTIONS 143

Since 0 < ¢ < 1,[Theorem 7.10|shows that the series (7.37) converges uniformly
onR'. By|Theorem 7.12L f is continuous on R'.
Now fix a real number x and a positive integer m. Put

(7.38) dm = :t% 4T
where the sign is so chosen that no integer lies between 4™x and 4™ (x + 8, ). This
can be done, since 4™ |6, | = 1/2. Define

(7.39) v = QU Om)) — @)

dm
When n > m, then 4™8,, is an even integer, so that yn, = 0. When 0 < n < m,
(7.36) implies that |yn | < 4™.

Since |ym | = 4™, we conclude that

f(x+8&m) — f(x)

()

dm
m—1
>3m— ) 3"
n=0
= 1(3‘“ +1)
=5 .
Asm — 00, 5, — 0. It follows that f is not differentiable at x. O

EQUICONTINUOUS FAMILIES OF FUNCTIONS

In[Theorem 3.6|we saw that every bounded sequence of complex numbers contains
a convergent subsequence, and the question arises whether something similar is
true for sequences of functions. To make the question more precise, we shall define
two kinds of boundedness.

7.19 Definition. Let (f;,) be a sequence of functions defined on a set E.

We say that (fr,) is pointwise bounded on E if the sequence (fn, (x)) is bounded
for every x € E, that is, if there exists a finite-valued function ¢ defined on E such
that

[fn(x)] < d(x) (x€eEn=1273...).

We say that (fy) is uniformly bounded on E if there exists a number M such that
[fh(x)] <M (x€eEn=123...).

Now if (fy,) is pointwise bounded on E and E; is a countable subset of E, it
is always possible to find a subsequence (fr, ) such that (fn, (x)) converges for
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every x € Ej. This can be done by the diagonal process which is used in the proof
of Theorem 7.23|

However, even if (f) is a uniformly bounded sequence of continuous func-
tions on a compact set E, there need not exist a subsequence which converges
pointwise on E. In the following example, this would be quite troublesome to
prove with the equipment which we have at hand so far, but the proof is simple if
we appeal to a theorem from [Chap. T1]

7.20 Example. Let
fn(x) =sinnx (0<x<2mr,n=1273...).

Suppose there exists a sequence (ny ) such that (sinnix) converges, for every x €
[0, 27t]. In that case we must have

lim (sinngx —sinng1x) =0 (0 <x < 2m);
k—oo
hence
(7.40) lim (sinnyx —sinny1x)2 =0 (0 <x < 2m).
k—o0

By Lebesgue’s theorem concerning integration of boundedly convergent sequences

(Theorem 11.32), (7.40) implies

27
(7.41) lim J (sinnyx —sinny 1 x)2dx = 0.
k—o0 Jo

But a simple calculation shows that

27
J (sinyx —sinny 1 x)z dx =2,
0

which contradicts (7.41).

Another question is whether every convergent sequence contains a uniformly
convergent subsequence. Our next example will show that this need not be so,
even if the sequence is uniformly bounded on a compact set. shows
that a sequence of bounded functions may converge without being uniformly
bounded; but it is trivial to see that uniform convergence of a sequence of bounded
functions implies uniform boundedness.)

7.21 Example. Let

0<x<1,n=1,23...).
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Then [fr (x)| < 1, so that (f ) is uniformly bounded on [0, 1]. Also

Iim fn(x) =0 0<x<1),

n—oo

fn (l> -1 m=123,...),
n

so that no subsequence can converge uniformly on [0, 1].

but

The concept which is needed in this connection is that of equicontinuity; it is
given in the following definition.

7.22 Definition. A family .# of complex functions f defined on a set E in a metric
space X is said to be equicontinuous on E if for every ¢ > 0 there exists & > 0 such
that

If(x) —fly)l <e

whenever d(x,y) < §,x € E,y € E, and f € .%. Here d denotes the metric of X.

It is clear that every member of an equicontinuous family is uniformly contin-
uous.

The sequence of [Example 7.21]is not equicontinuous.

Theorems and will show that there is a very close relation between
equicontinuity, on the one hand, and uniform convergence of sequences of contin-
uous functions, on the other. But first we describe a selection process which has
nothing to do with continuity.

7.23 Theorem. If (fn) is a pointwise bounded sequence of complex functions on a count-
able set E, then (fn) has a subsequence (fy, ) such that (fn, (x)) converges for every
x € E.

Proof. Let (xi),i = 1,2,3,..., be the points of E, arranged in a sequence. Since
(fr(x1)) is bounded, there exists a subsequence, which we shall denote by (fy i),
such that (fy x(x7)) converges as k — oo.

Let us now consider sequences S1,S3, S3, ..., which we represent by the array

S1: fi0 fiz2 fi3 fia
S fa1 f22 f23 f24
S3: f31 fiz2 f33 f34

and which have the following properties:

(a) Sn isasubsequenceofS,,_1,forn=2,3,4,....
(b) (fn,k(xn)) converges, as k — oo (the boundedness of (f (xn)) makes it pos-
sible to choose S;, in this way);
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(c) The order in which the functions appear is the same in each sequence; i.e., if
one function precedes another in Sy, they are in the same relation in every
S, until one or the other is deleted. Hence, when going from one row in the
above array to the next below, functions may move to the left but never to
the right.

We now go down the diagonal of the array; i.e., we consider the sequence

St f11 f22 T33 fa4

By (c), the sequence S (except possible its first n — 1 terms) is a subsequence of Sy,
forn = 1,2,3,.... Hence (b) implies that (fn n(xi)) converges, as n — oo, for
every x; € E. O

7.24 Theorem. If K is a compact metric space, if fn € €(XK) forn =1,2,3,..., and if
(fr) converges uniformly on X, then (fr,) is equicontinuous on K.

Proof. Let ¢ > 0 be given. Since (fy,) converges uniformly, there is an integer N
such that

(7.42) Ifn—fN| <€ (n>N).

(See |Definition 7.14}) Since continuous functions are uniformly continuous on

compact sets, there is a & > 0 such that
(7.43) Ifi(x) —fi(y)l <e

if 1 <i<Nandd(x,y) <8.
Ifn > Nand d(x,y) < b, it follows that

[frn(x) = fn(y)l < [fr(x) =N+ () = I TN (Y) — Fr(y)] < 3e.
In conjunction with (7.43), this proves the theorem. O

7.25 Theorem. If K is compact, if fn € €(K) forn=1,2,3..., and if (f) is pointwise
bounded and equicontinuous on K, then

(a) (fn) is uniformly bounded on X,
(b) (fn) contains a uniformly convergent subsequence.

Proof.
(a) Let e > 0 be given and choose & > 0, in accordance with [Definition 7.22| so
that
(7.44) Ifn(x) —fn(y)l <e

for all n, provided that d(x,y) < o..
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Since K is compact, there are finitely many points py,...,pr in K such
that to every x € K corresponds at least one p; with d(x,p;) < 8. Since (i)
is pointwise bounded, there exists M < oo such that |[f,, (p;)| < M; for all n.
If M = max(My, ..., M;), then [f (x)| < M + ¢ for every x € K. This proves
(a).

(b) Let E be a countable dense subset of K. (For the existence of such a set E, see
[Exercise 2.25]) [Theorem 7.23|shows that () has a subsequence (fr,) such
that (fn, (x)) converges for every x € E.

Put fr,; = gy, to simplify the notation. We shall prove that (g;) converges
uniformly on K.

Let ¢ > 0, and pick & > 0 as in the beginning of this proof. Let V(x, 5) be
the set of all y € K with d(x,y) < 8. Since E is dense in K and K is compact,
there are finitely many points x1, ..., Xy in E such that

(7.45) K C V(x1,8) U+ UV(xm,5).
Since (gi(x)) converges for every x € E, there is an integer N such that
(7.46) |9i(xs) —gjlxs)| < ¢

wheneveri > N,j > N,1 <s <m.
If x € K, (7.45) shows that x € V(xs, d) for some s, so that

19i(x) —gilxs)l <€
forevery i. If i > N and j > N, it follows from (7.46) that

|91 (x) — g5(0) | <1gi(x) — gilxs) I+ ] gilxs) — gj(xs) | + | gj(xs) — gj(x) |
< 3e.

This completes the proof. O

THE STONE-WEIERSTRASS THEOREM

7.26 Theorem. If f is a continuous complex function on [a, b], there exists a sequence of
polynomials Py, such that
lim P (x) = f(x)
n—oo
uniformly on [a, b]. If f is real, then Py, may be taken real.

This is the form in which the theorem was originally discovered by Weierstrass.

Proof. We may assume, without loss of generality, that [a, b] = [0, 1]. We may also
assume that f(0) = f(1) = 0. For if the theorem is proved for this case, consider

g(x) = f(x) = f(0) =x[f(1) = f(0O)]  (0<x<T).
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Here g(0) = g(1) = 0, and if g can be obtained as the limit of a uniformly conver-
gent sequence of polynomials, it is clear that the same is true for f, since f —gis a
polynomial.

Furthermore, we define f(x) to be zero for x outside [0, 1]. Then f is uniformly
continuous on the whole line.

We put

(7.47) Qnx)=cn(1=x)" (n=1,23,...),

where ¢y, is chosen so that
1

(7.48) J Qn(x)dx =1 n=1,23...).
-1

We need some information about the order of magnitude of cy. Since

1 1 1/ym
J (1fx2)“dx:2j (]fxz)“dXZZJ (1—x*)"dx
—1 0 0

Jl/ﬁ

0

>

N

(1 —nx?)dx

B

si-%

it follows from (7.48) that
(7.49) cn < V.

The inequality (1 —x%)™ > 1 —nx? which we used above is easily shown to be
true by considering the function

(1=x2)™ =1 +nx?

which is zero at x = 0 an whose derivative is positive in (0, 1).

For any 5 > 0, (7.49) implies
(7.50) Qn(x) < V(1 —=86H™ (<K<,

so that Qru — 0 uniformly in & < |x| < 1.
Now set

1
(7.51) Po(x) = L fx+tQn(t)dt  (0<x<1).
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Our assumptions about f show, by a simple change of variable, that

T—x 1
Pn(x) :J f(x+t)Qn(t) dt:J f(t)Qn(t—x)dt,
0
and the last integral is clearly a polynomial in x. Thus (P ) is a sequence of poly-
nomials, which are real if f is real.
Given ¢ > 0, we choose & > 0 such that |y — x| < § implies

[F(y) ()| < 5.

Let M = sup [f(x)|. Using (7.48), (7.50), and the fact that Qn (x) > 0, we see that
for0 <x <1,

1
Pl =] = || [flx+0) = Fx)]Qult) dt

1
sj x40 = () Q1) e

—d € & 1
SZMJ Qnlt) dt+§L§Qn(t) dt+2ML Qn(t)dt

< AMym(T— 82" 4 %

<E
for all large enough n, which proves the theorem. O

It is instructive to sketch the graphs of Q, for a few values of n; also, note that
we needed uniform continuity of f to deduce uniform convergence of (Pr).

In the proof of{Theorem 7.32|we shall not need the full strength of

but only the following special case, which we state as a corollary.

7.27 Corollary. For every interval [—a, a] there is a sequence of real polynomials Pr, such
that Py (0) = 0 and such that
lim Pn(x) =[x
n—oo

uniformly on [—a, al.

Proof. By [Theorem 7.26, there exists a sequence (P},) of real polynomials which

converges to |x| uniformly on [—a, a]. In particular, P}, (0) — 0 asn — oco. The
polynomials
PH(X]:P;(X)_P;(O) (n:1,2,3,)

have desired properties. O

We shall now isolate those properties of the polynomials which make the Weier-
strass theorem possible.
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7.28 Definition. A family &/ of complex functions defined on a set E is said to be
an algebra if (i) f+ g € &7, (ii) fg € &7, and (iii) cf € o/ forallf € &/, g € &/ and
all complex constants c, that is, if &7 is closed under addition, multiplication, and
scalar multiplication. We shall also have to consider algebras of real functions; in
this case, (iii) is of course only required to hold for all real c.

If o7 has the property that f € &/ whenever f, € & (n=1,2,3,...)and f, — f
uniformly on E, then ¢/ is said to be uniformly closed.

Let % be the set of all functions which are limits of uniformly convergent se-
quence of members of 7. Then 4% is called the uniform closure of <. (See

tion 7.14})

For example, the set of all polynomials is an algebra, and the Weierstrass the-
orem may be stated by saying that the set of continuous functions on [a, b] is the
uniform closure of the set of polynomials on [a, b].

7.29 Theorem. Let % be the uniform closure of an algebra </ of bounded functions. Then
2 is a uniformly closed algebra.

Proof. If f € 2 and g € %, there exist uniformly convergent sequences (fn), (gn)
such that f, — f, gn — gand fn € &/, gn € &. Since we are dealing with
bounded functions, it is easy to show that

fn+gn —f+g, fngn — fg, cfn — cf,

where c is any constant, the convergence being uniform in each case. Hence

f+g € B, fg € B, and cf € A, so that £ is an algebra. By B
is (uniformly) closed. O

7.30 Definition. Let </ be a family of functions on a set E. Then & is said to
separate points on E if to every pair of distinct points x1,x, € E there corresponds a
function f € & such that f(x;) # f(x2).

If to each x € E there corresponds a function g € & such that g(x) # 0, we say
that o7 vanishes at no point of E.

The algebra of all polynomials in one variable clearly has these properties on
R'. An example of an algebra which does not separate points is the set of all even
polynomials, say on [—1, 1], since f(—x) = f(x) for every even function f.

The following theorem will illustrate these concepts further.

7.31 Theorem. Suppose <7 is an algebra of functions on a set £, o/ separates points on
E, and <7 vanishes at no point of E. Suppose x1,x are distinct points of E, and cq, ¢ are
constants (real if </ is a real algebra). Then </ contains a function f such that

fixi)=c1,  flxz) =ca.
Proof. The assumptions show that &7 contains functions g, h, and k such that

g(x1) # g(x2), h(x1) #0, k(x2) #0.
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Put
u=gk—g(x1)k, v=gh—g(xz)h.

Thenu € &7, v € &, u(x1) =v(x3) =0, u(xz) #0,and v(xq) # 0. Therefore

c1v cu
+

= T ut)

has the desired properties. O

We now have all the material needed for Stone’s generalization of the Weier-
strass theorem.

7.32 Theorem. Let o/ be an algebra of real continuous functions on a compact set K. If
o/ separates points on K and if </ vanishes at no point of X, then the uniform closure 2
of @/ consists of all real continuous functions on K.

We shall divide the proof into four steps.

STEP 1 Iff € %, then |f| € .

Proof. Let
(7.52) a = sup |f(x)] (x € K)
and let ¢ > 0 be given. By [Corollary 7.27] there exist real numbers cy,...,cn
such that
n .
(7.53) Z cyt—lyl| <e (—a<y<a)
i=1

Since 4 is an algebra, the function

n .
g= Z cif'
im1

is a member of 4. By (7.52) and (7.53), we have
lgx) = 1f(x)[| <e  (x €K).
Since 4 is uniformly closed, this shows that |f| € 2. O

STEP2 Iff € #and g € B, then max(f,g) € % and min(f, g) € A.
By max (f, g) we mean the function h defined by

{f(x) if f(x) > g(x),
h(x) =
g(x) if f(x) < g(x),

and min(f, g) is defined likewise.



THE STONE-WEIERSTRASS THEOREM 152

STEP 3

STEP 4

Proof. Step 2 follows from step 1 and identities

f+g [f—¢g]

max(f, g) = 5 + 5
f —
min(f,g) = %_HZJ O

By iteration, the result can of course be extended to any finite set of func-
tions: If f1,...,fn € %, then max(fq,...,fn) € ¥ and min(fy,...,fn) € 4.

Given a real function f, continuous on K, a point x € K, and ¢ > 0, there exists a
function gx € % such that gx(x) = f(x) and

(7.54) gx(t) > f(t) —e (t € K).

Proof. Since &/ C % and </ satisfies the hypotheses of [Theorem 7.31|so does
2. Hence, for every y € K, we can find a function hy € % such that

(7.55) hy(x) =1f(x),  hyly) =1(y).

By the continuity of hy, there exists an open set ], containing y, such that
(7.56) hy(t) > f(t) —e (teJy)-

Since K is compact, there is a finite set of points y1,...,yn such that
(7.57) KCJy, U---Uly,-

Put
gx = max(hy,,..., hy, ).

By step 2, gx € %, and the relations (7.55) to (7.57) show that g« has the other
required properties. O

Given a real function f, continuous on K, and ¢ > 0, there exists a function h € A
such that

(7.58) Th(x) —f(x)| < e (x € X).

Since £ is uniformly closed, this statement is equivalent to the conclusion
of the theorem.

Proof. Let us consider the functions gy, for each x € K constructed in step 3.
By the continuity of gy, there exist open sets Vy containing x, such that

(7.59) gx(t) < f(t)+e¢ (t € Vy).
Since K is compact, there exists a finite set of points x1, ..., xm such that

(7.60) K C Vi, U--UVy,.
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Put
h=min(gx,,...,9x,, )

By step 2, h € 4, and (7.54) implies
(7.61) h(t) > f(t) —e¢ (teK),

whereas (7.59) and (7.60) imply
(7.62) h(t) < f(t) +¢ (t € K).

Finally, (7.58) follows from (7.61) and (7.62). O

[Theorem 7.32]does not hold for complex algebras. A counterexample is given in

Exercise 7.21} However, the conclusion of the theorem does hold, even for complex
algebras, if an extra condition is imposed on .7, namely, that . be self-adjoint. This
means that for every f € &/ its complex conjugate f also belong to «7; f is defined
by f(x) = f(x).
7.33 Theorem. Suppose < is a self-adjoint algebra of complex continuous functions on a
compact set K, o7 separates points on K, and of vanishes at no point of K. Then the uniform
closure 9B of o/ consists of all complex continuous functions on K. In other words, < is
dense € (K).

Proof. Let a/R be the set of all real functions on K which belong to <7

If f € o and f = u+ iv with u, v real, then 2u = f + f and, since .« is self-
adjoint, we see that u € &z. If x; # x,, there exists f € &/ such that f(x;) =1,
f(x2) = 0; hence 0 = u(x;) # u(x7) = 1, which shows that @4 separates points on
K. If x € K, then g(x) # 0 for some g € </, and there is a complex number such
that Ag(x) > 0; if f = Ag, f = u+ iv, it follows that u(x) > 0; hence @/ vanishes at
no point of K.

Thus o/ satisfies the hypotheses of It follows that every real
continuous function on K lies in the uniform closure of @z hence lies in A. If f is
a complex continuous function on K, f = u+1iv, thenu € %, v € %, hence f € 4.
This completes the proof. O

EXERCISES

7.1. Prove that every uniformly convergent sequence of bounded functions is uniformly
bounded.

7.2.1f (fn) and (gn ) converge uniformly on a set E, prove that (f, + gn ) converges uniformly
on E. If, in addition, (f,) and (gn ) are sequences of bounded functions, prove that (f,gn)
converges uniformly on E.

7.3. Construct sequences (fr ), (gn) which converge uniformly on some set E, but such that
(frgn) does not converge uniformly on E (of course, (f gn ) must converge on E).
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7.4. Consider
ad 1
fix) 7% 14+ n2x’

For what values of x does the series converge absolutely? On what intervals does it converge
uniformly? On what intervals does it fail to converge uniformly? Is f continuous wherever
the series converges? Is f bounded?

7.5. Let :
0 (x<w7)
fax) =<sin? T (g <x< 1),
0 (% <x).

Show that () converges to a continuous function, but not uniformly. Use the series Xf,, to
show that absolute convergence, even for all x, does not imply uniform convergence.

7.6. Prove that the series
1 x2+n
2 n2

n=1

converges uniformly in every bounded interval, but does not converge absolutely for any
value of x.

7.7.Forn=1,2,3,..., x real, put
X

Tl
Show that (f,,) converges uniformly to a function f, and that the equation

fn(x)

/ T ’
fi(x) = lim fy(x)
is correct if x # 0, but false if x = 0.
7.8. If

12 [0 <0,
TN x>0,

if (xn ) is a sequence of distinct points of (a,b), and if X |cy, | converges, prove that the series
[ee]
f(x) = ZCnI(X*Xn) (a<x<Db)
n=1

converges uniformly, and that f is continuous for every x # xn.
7.9. Let (fn ) be a sequence of continuous functions which converges uniformly to a function
f on a set E. Prove that
lim fp(xn) = f(x)
n—oo
for every sequence of points x,, € E such that xn — %, and x € E. Is the converse of this
true?

7.10. Letting (x) denote the factorial part of the real number x (see|Exercise 4.16|for the defi-
nition), consider the function

fx) =) (2—’2‘] (x real).
n=1

Find all discontinuities of f, and show that they form a countable dense set. Show that f is
nevertheless Riemann-integrable on every bounded interval.

7.11. Suppose (fn), (gn) are defined on E, and
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(a) Xfn has uniformly bounded partial sums;
(b) gn — O uniformly on E;
(©) g1(x) > g2(x) > g3(x) > ... forevery x € E.

Prove that Zf,, g converges uniformly on E. Hint: Compare with
7.12.Suppose gand f,, (n =1,2,3,...) are defined on (0, o), are Riemann-integrable on [t, T]

whenever 0 <t < T < oo, [fn| < g, fn — f uniformly on every compact subset of (0, c0),
and

J g(x)dx < oo.
0
Prove that
{o o) {oe]
lim J fr(x)dx :J f(x) dx.

(See Exercises[6.7]and [6.8]for the relevant definitions.)
This is a rather weak form of Lebesgue’s dominated convergence theorem (Theorem 11.32).

Even in the context of the Riemann integral, uniform convergence can be replaced by point-
wise convergence if it is assumed that f € Z. (See the articles by F. Cunningham in Math.
Mag., vol. 40, 1967, pp. 179-186 [Cun67||, and by H. Kestelman in Amer. Math. Monthly, vol.
77,1970, pp. 182-187 [Kes70].)

7.13. Assume that (f,) is a sequence of monotonically increasing functions on R! with 0 <
fn(x) < 1forall x and all n.

(a) Prove that there is a function f and a sequence (ny) such that
= li
f(x) Jim fry (%)

for every x € R'. (The existence of such a pointwise convergent subsequence is usu-
ally called Helly’s selection theorem.)

(b) If, moreover, f is continuous, prove that f;,, — f uniformly on compact sets.

Hint: (i) Some subsequence (fy,, ) converges at all rational points 1, say, to f(r). (ii) Define
f(x), for any x € R', to be sup f(r), the sup being taken over all r < x. (iii) Show that
fn; (x) — f(x) at every x at which f is continuous. (This is where monotonicity is strongly
used.) (iv) A subsequence of (f,,, ) converges at every point of discontinuity of f since there
are at most countably many such points. This proves (a). To prove (b), modify your proof of
(iii) appropriately.

7.14. Let f be a continuous real function on R' with the following properties: 0 < f(t) < 1,
f(t+2) = f(t) for every t, and

Put @ (t) = (x(t),y(t)), where
()= 27ME T,y =) 27MET.
n=1 n=1

Prove that ® is continuous and that ® maps I = [0, 1] onto the unit square I> C R2. In fact,
show that @ maps the Cantor set onto 12,
Hint: Each (xo,yo) € I? has the form

[ee) oo
Xo=) 2 "am1, Yo=) 2 Mam
n=1 n=1
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where each a; is 0 or 1. If
[ee)
to=) 312
i=1

show that f(3%ty) = ay, and hence that x(to) = xo, y(to) = yo.
(This simple example of a so-called “space-filling curve” is due to L ]. Schoenberg, Bull.
A.M.S., vol. 44,1938, pp. 519.)

7.15. Suppose f is a real continuous function on R', fa(t) = f(nt) forn=1,2,3,...,and (fn)
is equicontinuous on [0, 1]. What conclusion can you draw about f?

7.16. Suppose (fy) is an equicontinuous sequence of functions on a compact set K, and (f,)
converges pointwise on K. Prove that (f,,) converges uniformly on K.

7.17. Define the notions of uniform convergence and equicontinuity for mappings into any
metric space. Show that Theorems[7.9]and are valid for mappings into any metric space,

that Theorems[7.8|and are valid for mappings into any complete metric space, and that
Theorems and hold for vector-valued functions, that is, for map-

pings into any R*.
7.18. Let (f5,) be a uniformly bounded sequence of functions which are Riemann-integrable

on [a, b], and put
X

Fn(x):J fn(t)dt (a<x<b).

a

Prove that there exists a subsequence (Fy,, ) which converges uniformly on [a, b].

7.19. Let K be a compact metric space, let S be a subset of €'(K). Prove that S is compact (with
respect to the metric defined in[Definition 7.14) if and only if S is uniformly closed, pointwise
bounded, and equicontinuous. (If S is not equicontinuous, then S contains a sequence which
has no equicontinuous subsequence, hence has no subsequence that converges uniformly on
K.)

7.20. If f is continuous on [0, 1] and if
1
J f(x)x"dx =0 (n=0,1,2,...),
0
prove that f(x) = 0 on [0, 1]. Hint: The integral of the product of f with any polynomial is
zero. Use the Weierstrass theorem to show that j'(]) f2(x)dx = 0.

7.21. Let K be the unit circle in the complex plane (i.e., the set of all z with |z| = 1), and let <
be the algebra of all functions of the form

N
f(e®) =) cne™® (0 real).
n=0

Then o7 separates points on K and 7 vanishes at no point of K, but nevertheless there are
continuous functions on K which are not in the uniform closure of .27.
Hint: For every f € o/

27 . .
J f(e'9)e®dp =0,
0

and this is also true for every f in the closure of <.

7.22. Assume f € %(o) on [a, b, and prove that there are polynomials Py, such that
b
lim J [f—Pnl?da=0.
n—oo a

(Compare with )
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7.23. Put Py = 0, and define, forn =0,1,2,...,

2_p2
Pny1(x) =Pn(x)+ %Pn(x)
Prove that
lim Py (x) =[x/,
n—oo
uniformly on [—1,1].
(This makes it possible to prove the Stone-Weierstrass theorem without first proving[The-]

forem 7.28)
Hint: Use the identity

x — Prst () = x| — P ()] [1 - M}

2
to prove that 0 < Pp(x) < Pryq(x) < |x|if [x| <1, and that

=P < (1= ) < 2
= 2 n+1
if x| < 1.
7.24. Let X be a metric space, with metric d. Fix a point a € X. Assign to each p € X the
function f}, defined by
fpx) = d(x,p)—d(x,a)  (x € X).
Prove that |f, (x)| < d(a,p) for all x € X, and that therefore f,, € %(X).
Prove that
Ifp —fqll = d(p,q)
forallp,q € X.
If ®(p) = f}, it follows that @ is an isometry (a distance-preserving mapping) of X onto
D (X) C 7(X).
Let Y be the closure of @ (X) in €' (X). Show that Y is complete.
Conclusion: X is isometric to a dense subset of a complete metric space Y. (Exercise 3.24|contains
a different proof of this.)
7.25. Suppose ¢ is a continuous bounded real function in the strip defined by 0 < x < 1,
—00 < Y < oo. Prove that the initial value problem

y,:d)(xfy)/ U(O)ZC

has a solution. (Note that the hypotheses of this existence theorem are less stringent than
those of the corresponding uniqueness theorem; see [Exercise 5.27})

Hint: Fixn. Fori=0,...,n, put x; = i/n. Let f;, be a continuous function on [0, 1] such
that f,(0) =,

() =dlxy, fulxi))  ifxg <t <xigr,
and put
An(t) =1 (1) = d(t, fn(t)),

except at the points x;, where A, (t) = 0. Then

X

frn(x) =c+ JO [P, fn(t)) +An(t)]dt.

Choose M < oo so that |p| < M. Verify the following assertions.
(@) Ifil <M, |Anl <2M, An € %, and |fn] < |c|+M = My, say, on [0, 1], for all n.

(b) (fr) is equicontinuous on [0, 1], since [f],| < M.
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(c) Some (fy, ) converges to some f, uniformly on [0, 1].
(d) Since ¢ is uniformly continuous on the rectangle 0 < x < 1, [y| < My,
Ot fny (1) — $(t,f(t)
uniformly on [0, 1].
(e) An(t) — O uniformly on [0, 1], since
An(t) = d(xi, fn(xi)) — d(t, fu(t))

in (X, Xi41)-

(f) Hence

X

flx)=c¢ +J o(t, f(t)) dt.

0
This f is a solution of the given problem.

7.26. Prove an analogous existence theorem for the initial-value problem

y/ =®(x,y), y(0) =¢
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where now ¢ € R¥, y € R¥, and ® is a continuous bounded mapping of the part of R**!
defined by 0 < x < 1,y € R¥ into R¥. (Compare[Exercise 5.28]) Hint: Use the vector-valued

version of



Chapter 8

SOME SPECIAL FUNCTIONS

POWER SERIES

In this section we shall derive some properties of functions which are represented
by power series, i.e., functions of the form

(8.1) f(x) =) cax"
n=0
or, more generally,
(8.2) f(x) = Z Cn(x—a)™.
n=0

These are called analytic functions.
We shall restrict ourselves to real values of x. Instead of circles of convergence

(see[Theorem 3.39) we shall therefore encounter intervals of convergence.
If (8.1) converges for all x in (—R, R), for some R > 0 (R may be +o0), we say that

f is expanded in a power series about the point x = 0. Similarly, if (8.2) converges
for |x — a| < R, fis said to be expanded in a power series about the point x = a. As
a matter of convenience, we shall often take a = 0 without any loss of generality.

8.1 Theorem. Suppose the series

(8.3) Z cnx™
n=0

converges for |x| < R, and define

(8.4) fx) =) cax™  (IxI<R).
n=0

159



POWER SERIES 160

Then (8.3) converges uniformly on [-R + ¢, R — €], no matter which € > 0 is chosen.
The function f is continuous and differentiable in (—R, R), and

(8.5) f/(x) = ) meax™! (Ix] < R).
n=1

Proof. Let € > 0 be given. For |x| < R—¢, we have

[enx™ < len(R—e)™|

)
and since

ch(R* e

converges absolutely (every power series converges absolutely in the interior of its

interval of convergence, by the root test), shows the uniform conver-
gence of (8.3) on [-R+¢,R—e¢].
Since Y/n — 1asn — oo, we have

limsup Y/ nlcn|=limsup V/lcnl,

n—oo n—oo

so that the series (8.4) and (8.5) have the same interval of convergence.
Since (8.5) is a power series, it converges uniformly in [-R + ¢, R — €] for every

¢ > 0, and we can apply (for series instead of sequences). It follows
that holds if |x| < R —e.

But, given any x such that x| < R, we can find an ¢ > 0 such that [x| < R—e.
This shows that (8.5) holds for |x| < R.

Continuity of f follows from the existence of f’ (Theorem 5.2). O

Corollary. Under the hypothesis o f has derivatives of all orders in (—R,R),
which are given by

oo

(8.6) 900 =3 nm—1)-m—k+1eax*
n=k
In particular,
(8.7) f0)=klexy  (k=0,1,2,...).

(Here £(0) means , and £(%) is the kth derivative of f,fork=1,2,3,...).

Proof. Equation follows if we apply [Theorem 8.1| successively to f, f/,f,.. ..
Putting x = 0 in (86), we obtain (8.7). O

Formula (8.7) is very interesting. It shows, on the one hand, that the coefficients
of the power series development of f are determined by the values of f and of its
derivatives at a single point. On the other hand, if the coefficients are given, the
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values of the derivatives of f at the center of the interval of convergence can be
read off immediately from the power series.

Note, however, that although a function f may have derivatives of all orders,
the series _ cnx™, where cy, is computed by , need not converge to f(x) for
any x # 0. In this case, f cannot be expanded in a power series about x = 0. For if
we had f(x) = 3_ anx™, we should have

nlan = f™(0);

hence a,, = cn. An example of this situation is given in
If the series (8.3) converges at an endpoint, say at x = R, then f is continuous not

only in (—R, R), but also at x = R. This follows from Abel’s theorem (for simplicity
of notation, we take R = 1):

8.2 Theorem. Suppose }_ cn converges. Put
oo
f(x) = Z cnx™ (=1 <x<1).
n=0
Then
oo
(8.8) lim f(x) = Y cn.

Proof. Letsn =co+---+cn,s—1 =0.Then

oo m m—1
Z cnx't = Z (sn—Sn_1)x"=(1—x) Z snx™ 4+ smx™.
n=0 n=0 n=0
For |x| < 1, we let m — oo and obtain
(o)
(8.9) fx)=(1-%) ) snx™
n=0
Suppose s = limp o0 Sn. Let € > 0 be given. Choose N so that n > N implies
[s—sn| < £
n 7

Then, since

o0
(=% ) x"=1 (xI<1),
n=0
we obtain from
oo N

£ =5l = |(1=%) }_(sn—sh"[ < (1=x) }_ [sn—sllxI"+5 <

n=0 n=0
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if x > 1—, for some suitably chosen § > 0. This implies (8-8). O
As anapplication, let us prove[Theorem 3.51) which asserts: If }_ an, > bn, > cn,

converge to A, B, C, and if cn = apbn +...+ anbp, then C = AB. We let

o0 o0 o0
f(x) = Z anx™, g(x) = Z bnx™, h(x) = Z cnx™,
n=0 n=0 n=0

for 0 < x < 1. For x < 1, these series converge absolutely and hence may be

multiplied according to|Definition 3.48; when the multiplication is carried out, we

see that

(8.10) f(x) - g(x) = h(x) 0<x<1).
By [Theorem 8.2
(8.11) f(x) — A, g(x) — B, h(x) = C

as x — 1. Equations and (8:11) imply AB = C.

We now require a theorem concerning an inversion in the order of summation.

(See Exercises[8:2]and [8.3])

8.3 Theorem. Given a double sequence (ai;), i = 1,2,3...,j = 1,2,3,..., suppose
that

(oo}
(8.12) D layl=bs  (1=123...)
j=1

and y_ by converges. Then

(e olNe o) [o olNe o}
(813) Z Z aij = Z Z aij-

i=1j=1 j=11i=1
Proof. We could establish by a direct procedure similar to (although more
involved than) the one used in However, the following method
seems more interesting.

Let E be a countable set, consisting of the points xg,x1,%2,..., and suppose

Xn — Xg as n — oo. Define

o0

(8.14) filxo) = ) aj i=1,2,3,...),
el

(8.15) filxn) = ) ay (i,n=123,...),
j=1
oo

(8.16) glx) =) fi(x) (x € E).
i=1
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Now, and (815), together with (8:12), show that each f; is continuous at
xo. Since [fi(x)| < b; for x € E, (8.16) converges uniformly, so that g is continuous

at xg (Theorem 7.11). It follows that
o0
D) aij=

i=1j

8

oo

filxo) = g(xo) = lim g(xn)

—_
—_

i=

nlganf Xn) = hm ZZQU

i=1j=1
=S
“dm Y Y e Y ey .
j=11i=1 j=11i=1

8.4 Theorem. Suppose
oo
n=0

the series converging in |x| < R. If =R < a < R, then f can be expanded in a power series
about the point x = a which converges in |x —a| < R—|al, and

% ((n)
8.17) fx) =3 f nfa) (x—a)™  (Ix—al<R—|al).
n=0 '

This is an extension o and is also known as Taylor’s theorem.
Proof. We have

fx) = ) cnll +a"

.
_ mio Liﬂ (1 )enar m] (x—a)™.

This is the desired expansion about the point x = a. To prove its validity, we have
to justify the change which was made in the order of summation.
shows that this is permissible if
n
Cn < > a M (x— a)m’
m

(8.18) >y

n=0m=0
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converges. But (8.18) is the same as
o0

(8.19) S lenl- (x—al+la)™,
n=0

and (8.19) converges if |[x — al+]a] < R
Finally, the form of the coefficients in (8:17) follows from (8.7). O

It should be noted that may actually converge in a larger interval than
the one given by [x —a| < R—|al.

If two power series converge to the same function in (—R,R), shows that
the two series must be identical, i.e., they must have the same coefficients. It is in-
teresting that the same conclusion can be deduced from much weaker hypotheses:

8.5 Theorem. Suppose the series ) anx™ and }_ bnx™ converge in the segment S =
(—R,R). Let E be the set of all x € S at which

o0 oo
(8.20) D> anx™ =) bax™
n=0 n=0

If € has a limit point in S, then an = by forn =0,1,2,.... Hence (8.20) holds for all
x € S.

Proof. Put ¢, = an —bn and
o0
(8.21) fx) =) cax™  (x€S).
n=0

Then f(x) =0 on E.

Let A be the set of all limit points of E in S, and let B consist of all other points
of S. It is clear from the definition of “limit point” that B is open. Suppose we
can prove that A is open. Then A and B are disjoint open sets. Hence they are
separated (Definition 2.45). Since S = A UB, and § is connected, one of A and B
must be empty. By hypothesis, A is not empty. Hence B is empty, and A = S.
Since f is continuous in S, A C E. Thus E = S, and shows that ¢,y = 0 for
n=20,1,2,..., which is the desired conclusion.

Thus we have to prove that A is open. If xg € A, shows that
[ee]
(8:22) fx) =) dnlx—x0)™  (Ix—xol <R—Ixol).
n=0

We claim that d,, = 0 for all n. Otherwise, let k be the smallest non-negative
integer such that dy # 0. Then

(8.23) fx) = (x—x0)*g(x)  (Ix—x0l <R—Ixol),



THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 165

where

oo
(8.24) 90) = ) digrmx—x0)™
m=0
Since g is continuous at xp and
g(XO) = dk # 0/

there exists a & > 0 such that g(x) # 0 if [x — x| < 8. It follows from (8.23) that
x) # 0if 0 < [x — xp| < 8. But this contradicts the fact that x is a limit pomt of E.
Thus d = 0 for all n, so that f(x) = 0 for all x for which holds, ie., a
neighborhood of x¢. This shows that A is open and completes the proof. O

THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS

We define
(8.25) Ez)= )

The ratio test shows that this series converges for every complex z. Applying[The
on multiplication of absolutely convergent series, we obtain

X ,n X m * o kymn—k
BEEM =2 5 2 S =2 2
n=0 m=0 n=0k=0
o n
1 (Tl k. n—k (z+w)
=2 w2 )= :
n=0 n k=0 k n=0 n
which gives us the important addition formula
(8.26) E(z+w) = E(z)E(w) (z, w complex).
One consequence is that
(8.27) E(z)E(—z) =E(z—z) =E(0) =1 (z complex).

This shows that E(z) # 0 for all z. By - ) > 0if x > 0; hence (8:27) shows
that E(x) > O for all real x. By (8.25), E(x) — +oo as x — +o0; hence shows
that E(x) — 0 as x — —o0 along the real axis. By 825), 0 < x <y implies that
E(x) < E(y); by (8:27), it follows that E(—y) < E(—x); hence E is strictly increasing
on the whole real axis.
The addition formula also shows that
E(z+h)—E(z)

(8.28) lim =5~ B(2) lim = = E(2)
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the last equality follows directly from (8.25).
Iteration of (8.20) gives

(8.29) E(z1+---4+2zn) =E(z7) - - E(zn).

Let us take z; = - -+ =z, = 1. Since E(1) = e, where e is the number defined in
Definition 3.30} we obtain

(8.30) E(n)=em" n=1,23...).

If p = n/m, where n, m are positive integers, then

(8.31) [E(p)]™ =E(mp) = E(n) =e",
so that
(8.32) E(p) =eP (p > 0, p rational).

It follows from that E(—p) = e P if p is positive and rational. Thus (8.32)
holds for all rational p.

In we suggested the definition
(8.33) x¥ =supxP,

where the sup is taken over all rational p such that p <y, for any real y, and x > 1.
If we thus define, for any real x,

(8.34) e* =supeP (p < x, p rational),
the continuity and monotonicity properties of E, together with (8.32), show that
(8.35) E(x) =e*

for all real x. Equation explains why E is called the exponential function.

The notation exp(x) is often used in place of e*, especially when x is a compli-
cated expression.

Actually one may very well use instead of as the definition of e*;
(8.35) is a much more convenient starting point for the investigation of the prop-
erties of eX. We shall see presently that may also be replaced by a more
convenient definition [see (8.43)].

We now revert to the customary notation, e*, in place of E(x), and summarize
what we have proved so far.

8.6 Theorem. Let e* be defined on R by (835) and (8.25). Then

(a) e* is continuous and differentiable for all x;
(b) (e¥) =eX;
(c) e isa strictly increasing function of x, and e* > 0;
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(d) eXTY = eXeY

(e) e — +ooasx — +oo,e* — 0asx — —oo;

(f) limx— 400 x™e™* = 0 for every n.
Proof. We have already proved (a) to (e); (8.25) shows that
Xn+1

Z )

X

for x > 0, so that

nex - (n+1)!
X

X s

and (f) follows. Part (f) shows that e* tends to +co “faster” than any power of x as
X — 4o00. O

Since E is strictly increasing and differentiable on R, it has an inverse function
L which is also strictly increasing and differentiable and whose domain is E(R"),
that is, the set of all positive numbers. L is defined by

(8.36) ELy) =y (y>0),

or, equivalently, by

(8.37) L(E(x)) =x (x real).

Differentiating (8:37), we get (compare [Theorem 5.5)
L'(E(x))-E(x) =1.

Writing y = E(x), this gives us
1
(8.38) L'(y) = " (y>0).
Taking x = 0 in (8:37), we see that L(1) = 0. Hence (8.38) implies

Yy
(8.39) Ly) = L %.

Quite frequently, (8.39) is taken as the starting point of the theory of the logarithm
and the exponential function. Writing u = E(x), v = E(y), (8.26) gives

Lw) = L(E() - E(y)) = L(E(x+1)) = x+y,
so that

(8.40) L(w) =L(w) +L(v) (u>0,v>0).



THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 168

This shows that L has the familiar property which makes logarithms useful tools
for computation. The customary notation L(x) is of course log x.

As to the behavior of logx as x — +oco and as x — 0, shows
that

logx — +00 asx — +oo,

logx — —o0 asx — 0.
It is easily seen that
(8.41) x™ = E(nL(x))

if x > 0 and n is an integer. Similarly, if m is a positive integer, we have

(8.42) xM/m =€ (lL(x)) ,

since each term of (8.42), when raised to the mth power, yields the corresponding
term of (8.36). Combining (8.41) and (8.42), we obtain

(8.43) x% = E(aL(x)) = eX!o8x

for any rational o.

We now define x*, for any real « and any x > 0, by (8:43). The continuity and
monotonicity of E and L show that this definition leads to the same result as the
previously suggested one. The facts stated in[Exercise 1.6|are trivial consequences
of (8:43).

If we differentiate (8.43), we obtain, by [Theorem 5.5}

(8.44) (x*)! = E(aL(x)) - % — a1,

Note that we have previously used (8.44) only for integral values of x, in which
case (8:44) follows easily from To prove (8.44) directly from the
definition of the derivative, if x* is defined by (8.33) and « is irrational, is quite
troublesome.

The well-known integration formula for x* follows from (8.44) if o« # —1, and
from (8.38) if x = —1. We wish to demonstrate one property of log x, namely,

. x _

(8.45) Xgrfoox logx =0
for every « > 0. That is, logx — 400 “slower” than any positive power of x as
X — +o00.
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Forif 0 < ¢ < o, and x > 1, then

X X
x_“logx=x_°‘J t! dt<x_“J te=Tdt

1 1

x&E—1 x&EF«
— <

£ £

and (8.45) follows. We could also have used [Theorem 8.6(f)|to derive (8.45).

—

’

THE TRIGONOMETRIC FUNCTIONS

Let us define

1

B46)  Cl) = J[E() +EC-x)], S0 = 5

5 [E(ix) — E(—ix)].

We shall show that C(x) and S(x) coincide with the functions cos x and sin x, whose

definition is usually based on geometric considerations. By (8.25), E(z) = E(z).
Hence (8.46) shows that C(x) and S(x) are real for real x. Also,

(8.47) E(ix) = C(x) +1S(x).

Thus C(x) and S(x) are the real and imaginary parts, respectively, of E(ix), if x is

real. By (8:27),
[E(ix)[? = E(ix)E(ix) = E(ix)E(—ix) =1,

so that
(8.48) E(ix) = 1] (xreal).

From we can read off that C(0) = 1,5(0) =0, and shows that
(8.49) C'(x) = —=S(x), S'(x) = C(x).

We assert that there exist positive numbers x such that C(x) = 0. For suppose
this is not so. Since C(0) = 1, it then follows that C(x) > 0 for all x > 0, hence
S’(x) > 0, by (8:49), hence S is strictly increasing; and since S(0) = 0, we have
S(x) > 0if x > 0. Hence if 0 < x < y, we have

Y
(8.50) S(x)(y—x) <J S(t)dt=C(x)—C(y) < 2.
X
The last inequality follows from (8.48) and (8.47). Since S(x) > 0, (8.50) cannot be
true for large y, and we have a contradiction.

Let x¢ be the smallest positive number such that C(xp) = 0. This exists, since

the set of zeroes of a continuous function is closed, and C(0) # 0. We define the
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number 7t by
(8.51) 7T = 2x0.

Then C(n/2) = 0, and (8.48) shows that S(7t/2) = +£1. Since C(x) > 0 in
(0,7/2),S is increasing in (0,7t/2); hence S(7t/2) = 1. Thus

((3)-

and the addition formula gives

(8.52) E(mi) =1, EQ2mi)=1;
hence

(8.53) E(z+2mi) = E(z) (z complex).
8.7 Theorem.

(a) The function E is periodic, with period 27i.

(b) The functions C and S are periodic, with period 2.

(c) If0 <t < 2m, then E(it) # 1.

(d) If z is a complex number with |z| = 1, there is a unique t in [0,2m) such that
E(it) = z.

Proof. By (8.53), (a) holds; and (b) follows from (a) and (8.46).
Suppose 0 < t < /2 and E(it) = x + iy, with x,y real. Our preceding work

shows that 0 < x < 1,0 <y < 1. Note that
E(4it) = (x +iy)* =x* —6x%y? +y* +4ixy(x* —y?).

If E(4it) is real, it follows that x2 — yz = 0; since x% + yz =1, by (8.48), we have
X2 =y? = %, hence E(4it) = —1. This proves (c).

If0 <ty <ty <2m then
E(ity)[E(ity)] ™ = E(itp —ity) #1,

by (c). This establishes the uniqueness assertion in (d).

To prove the existence assertion in (d), fix z so that |z| = 1. Write z = x + iy,
with x and y real. Suppose first that x > 0 and y > 0. On [0,71/2], C decreases
from 1 to 0. Hence C(t) = x for some t € [0,7/2]. Since C2+S%2 =T1and S > 0 on
[0, 7t/2], it follows that z = E(it).

If x < 0and y > 0, the preceding conditions are satisfied by —iz. Hence —iz =
E(it) for some t € [0,71/2], and since i = E(mi/2), we obtain z = E(i(t + 7t/2)).
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Finally, if y < 0, the preceding two cases show that —z = E(it) for some t € (0, 7).
Hence z = —E(it) = E(i(t + 7).
This proves (d), and hence the theorem. O

It follows from (d) and that the curve y defined by
(8.54) V() =E(it)  (0<t<2m)

is a simple closed curve whose range is the unit circle in the plane. Since y'(t) =
iE(it), the length of v is

27
J |v/(t)] dt = 2,
0

by This is of course the expected result for the circumference of
a circle of radius 1. It shows that 71, defined by , has the usual geometric
significance.

In the same way we see that the point y(t) describes a circular arc of length tg
as t increases from 0 to ty. Consideration of the triangle whose vertices are

z1 =0, z3 =v(to), z3 = C(to)

shows that C(t) and S(t) are indeed identical with cost and sin t, if the latter are
defined in the usual way as ratios of the sides of a right triangle.

It should be stressed that we derived the basic properties of the trigonometric
functions from and (8.25), without any appeal to the geometric notion of
angle. There are other nongeometric approaches to these functions. The papers by
W. E. Eberlein (Amer. Math. Monthly, vol. 74, 1967, pp. 1223 —1225 [Ebe54]) and
by G. B. Robison (Math. Mag., vol. 41, 1968, pp. 66 =70 [Rob68]) deal with these
topics.

THE ALGEBRAIC COMPLETENESS OF THE COMPLEX FIELD

We are now in a position to give a simple proof of the fact that the complex field
is algebraically complete, that is to say, that every nonconstant polynomial with
complex coefficients has a complex root.

8.8 Theorem. Suppose qy, ..., an are complex numbers,n > 1, an # 0,

n
P(z) = Z azX.
k=0

Then P(z) = 0 for some complex number z.
Proof. Without loss of generality, assume a,, = 1. Put

(8.55) = inf|P(z)| (z complex)
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If |z| = R, then
(8.56) IP(z)] > R™1 —lan_1/R™" =+ —Jao|R7™.

The right side of tends to oo as R — oo. Hence there exists Ry such that
|P(z)| > wif|z| > Rg. Since |P| is continuous on the closed disc with center at 0 and
radius Ry, [Theorem 4.16|shows that |P(z)| = p for some zo.

We claim that 1 = 0.

If not, put Q(z) = P(z+2z¢)/P(zp). Then Q is a nonconstant polynomial,
Q(0) = 1, and |Q(z)| > 1 for all z. There is a smallest integer k, 1 < k < n,
such that

(8.57) Q(z) =1+byzF+---+bnz™, by #£0.
By there is a real 0 such that
(8.58) et*Oby = —|by].

Ifr > 0and v%|by| < 1, (8:58) implies
‘1 +bkrkeike‘ — 1%y,

so that _
|QEre®®)| < 1= {Jorl —rlbg gl = =" b}

For sufficiently small r, the expression in braces is positive; hence ‘ Q(Teie) { <1,a
contradiction.
Thus pu = 0, that is, P(zp) = 0. O

Exercise 8.27|contains a more general result.

FOURIER SERIES

8.9 Definition. A trigonometric polynomial is a finite sum of the form

N
(8.59) f(x) =ag+ Z (an cosnx + by sinnx) (x real),

n=1

where ayp,...,an,b1,..., by are complex numbers. On account of the identities

(8-46), (8:59) can also be written in the form

N
(8.60) f(x) = Z cnet™ (x real),
n=—N
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which is more convenient for most purposes. It is clear that every trigonometric
polynomial is periodic, with period 2.

If n is a nonzero integer, elinX ig the derivative of ei™*/in, which also has
period 27. Hence

(8.61) LJ“ gy J 1 (fn=0)
2 ) _q 0 (ifn==41,+£2,...).

Let us multiply (8.60) by e~ "™, where m is an integer; if we integrate the
product, (8.61) shows that

_ T (" —imx
(8.62) Cm = 7 J,ﬂ f(x)e dx
for [m| < N.If [m| > N, the integral in (8.62) is 0.
The following observation can be read off from (8.60) and (8.62): The trigono-
metric polynomial f given by (8.60) is real if and only if c_, =T forn =0,...,N.
In agreement with (8.60), we define a frigonometric series to be a series of the
form

[ee]
(8.63) Z cnem™® (x real);

n=—oo

the Nth partial sum of is defined to be the right side of (8.60).

If f is an integrable function on [, 7], the numbers ¢, defined by for all
integers m are called the Fourier coefficients of f, and the series formed with
these coefficients is called the Fourier series of f.

The natural question which now arises is whether the Fourier series of f con-
verges to f, or more generally, whether f is determined by its Fourier series. That
is to say, if we know the Fourier coefficients of a function, can we find the function,
and if so, how?

The study of such series, and, in particular, the problem of representing a given
function by a trigonometric series, originated in physical problems such as the the-
ory of oscillations and the theory of heat conduction (Fourier’s “Théorie analytique
de la chaleur” was published in 1822). The many difficult and delicate problems
which arouse during this study caused a thorough revision and reformulation of
the whole theory of functions of a real variable. Among many prominent names,
those of Riemann, Cantor, and Lebesgue are intimately connected with this field,
which nowadays, with all its generalizations and ramifications, may well be said
to occupy a central position in the whole of analysis.

We shall be content to derive some basic theorems which are easily accessible
by the methods developed in the preceding chapters. For more thorough investi-
gations, the Lebesgue integral is a natural and indispensable tool.

We shall first study more general systems of functions which share a property
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analogous to (8.61).

8.10 Definition. Let (¢pr,) (n =1,2,3,...) be a sequence of complex functions on
[a, b], such that

b
(8.64) J On()PmTdx =0  (n#£m).

Then (¢ ) is said to be an orthogonal system of functions on [a, b]. If, in addition,

b
(8.65) | ontax =1

for all n, (¢ ) is said to be orthonormal.

For example, the functions (271)=1/2ei"% form an orthonormal system on
[—m, 71]. So do the real functions

1 cosx sinx cos2x sin2x

If (¢ ) is orthonormal on [a, b] and if

b
(8.66) Cn = J fen)dt  (m=1,23,...),

a

we call ¢y, the nth Fourier coefficient of f relative to (¢, ). We write
[ee]
(8.67) fx)~ ) cndnlx)
n=1

and call this series the Fourier series of f (relative to (b )).

Note that the symbol ~ used in implies nothing about the convergence of
the series; it merely says that the coefficients are given by (8.66).

The following theorems show that the partial sums of the Fourier series of f
have a certain minimum property. We shall assume here and in the rest of this
chapter that f € %, although this hypothesis can be weakened.

8.11 Theorem. Let () be orthonormal on [a,b). Let

(8.68) sn(x)= Y cmdm(x)

m=1
be the nth partial sum of the Fourier series of f, and suppose

n

(8.69) tn(x) = Z Ymdm(x).
m=1
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Then

b b
(8.70) J Iffsnlzdxgj If —tn |% dx,

a

and equality holds if and only if
(8.71) Ym = Cm (m=1,...,m).

That is to say, among all functions tn, sn gives the best possible mean square approx-
imation to f.

Proof. Let [ denote the integral over [a, b], £ the sum from 1 to n. Then
Jf{n = Jf27m$m = Z CmYm
by the definition of (cm ),

[t = tntn = [ X vmtom 3 v = 3 bymP?

since (¢m ) is orthonormal, and so

11—t = 12 = [ = [ Ttn+ 110
— 1P = 3 cm¥n = 3 v+ X YT
= |19 = X lem P+ 3 ym —em

which is evidently minimized if and only if y;m = cm.
Putting ym = ¢, in this calculation, we obtain

b n b
(8.72) j sniPde= 3 |cm|zsj 170)12 dx,
a et a

sincej‘lf—tn\2 > 0. O

8.12 Theorem. If (b ) is orthonormal on [a, b], and if
f(x)~ ) cndnlx),
n=1
then

0 b
(8.73) > lenl? < J £(x)]? dx.
n=1

|
a
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In particular,

(8.74) lim ¢, =0.

n—oo

Proof. Letting n — oo in (8.72), we obtain (8.73), the so-called “Bessel inequality.”
O

8.13 Trigonometric series. From now on we shall deal only with the trigonometric
system. We shall consider functions f that have period 27 and that are Riemann-
integrable on [—m, 7] (and hence on every bounded interval). The Fourier series of
f is then the series whose coefficients cn, are given by the integrals (8.62), and

N
(8.75) sn(X) =sn(fix) = ) cne™
n=—N

is the Nth partial sum of Fourier series of f. The inequality (8.72) now takes the
form

(" 2 o 2_ 1 (7 2
. — = < — .
I L D M L

In order to obtain an expression for sy that is more manageable than (8.75) we
introduce the Dirichlet kernel

N ) in(N + 1
(8.77) Dni)= ) emxzw
n=—N

The first of these equalities is the definition of D (x). The second follows if both
sides of the identity

(eix —1)Dn(x) = ei(N+1 Ix _ efiNx

are multiplied by e~ */2,

By (8.62) and (8.75), we have

N . .
sn(fix) = Z — J f(t)e Mtdt e
ne —7r

21
—N
1 T a in(x—t)
:ﬂLnf(t) > e dt,
n=—N
so that
1 (™ 1 (™

8.78 s (f;x):—J f(t)D (x—t)dt:—J f(x —t)Dpn (1) dt.
(8.78) N ) N ) N
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The periodicity of all functions involved shows that it is immaterial over which
interval we integrate, as long as its length is 27t. This shows that the two integrals
in are equal.

We shall prove just one theorem about the pointwise convergence of Fourier
series.

8.14 Theorem. If, for some x, there are constants & > 0 and M < oo such that
(8.79) [f(x +t) — f(x)| < Mt|

forallt € (=9,9), then

(8.80) Nli_r}noo sn(fx) = f(x).

Proof. Define

f(x —t) —f(x)

(8.81) g(t) = Sin(t/2)

for 0 < [t| < 7, and put g(0) = 0. By the definition (8.77),

! r Dy (x)dx = 1.

prg

Hence (8.78) shows that

Tt

sn(fix) = 1x) = 5. |

—7T

g(t)sin (N + %) tdt

—lr (t) cos & inNtdt+lr (t)sin = | cos Nt dt
727_[ . g COSZ S 27_[ . g S 2 COSs .

By (8.79) and (8.81), g(t)cos(t/2) and g(t)sin(t/2) are bounded. The last two
integrals thus tend to 0 as N — oo, by (8:74). This proves (8.80). O

Corollary. If f(x) = 0 for all x in some segment |, then lim sy (f;x) = 0 for every x € J.
Here is another formulation of this corollary:
If f(t) = g(t) for all t in some neighborhood of x, then

sn(fix) —sn(gx) =sn(fF—g;x) = 0as N — oo.

This is usually called the localization theorem. It shows that the behaviour of
the sequence (sn (f;x)), as far as convergence is concerned, depends only on the
values of f in some (arbitrarily small) neighborhood of x. Two Fourier series may
thus have the same behaviour in one interval, but may behave in entirely different
ways in some other interval. We have here a very striking contrast between Fourier

series and power series (Theorem 8.5).

We conclude with two other approximation theorems.
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8.15 Theorem. If f is continuous (with period 27) and if € > 0, then there is a trigono-
metric polynomial P such that
[P(x)—f(x)| < e

for all real x.

Proof. If we identify x and x + 271, we may regard the 2m-periodic functions on
R! as functions on the unit circle T, by means of the mapping x — e, The
trigonometric polynomials, i.e., the functions of the form (8.60), form a self-adjoint
algebra o7, which seperates points on T, and which vanishes at no point of T. Since
T is compact, tells us that &7 is dense in € (T). This is exactly what
the theorem asserts. O

A more precise form of this theorem appears in

8.16 Theorem (Parseval’s Theorem). Suppose f and g are Riemann-integrable
functions with period 2m, and

(8.82) f(x) ~ Z cnem, g(x) ~ Z ynemx.
n=—oo n=-—oo
Then
(8.83) I lr 1£(x) — s (Fix) 2 dx = 0
: NDso 27t | O TSN A=E
1 (™ S s
(884 e IICEIOEE S
- n=—oo
1 (™ 2 - 2
(8.85) EJ [fo)lPdx= > lenl®.
-7 n=—oo

Proof. Let us use the notation

1 7T 2 1/2
(8.56) s = { 3= [ oo ax}

Let ¢ > 0 be given. Since f € Z and f(m) = f(—), the construction described

in|Exercise 6.12|yields a continuous 27t-periodic function h with
(8.87) If—h|, <e.

By[Theorem 8.15| there is a trigonometric polynomial P such that [h(x) — P(x)| <
¢ for all x. Hence ||h —P||, < ¢. If P has degree Ny, [Theorem 8.11|shows that

(8.88) [h=sn()f, < [[h=P|, <e
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for all N > Ny. By (8.72), with h — f in place of f,
(8.89) Isn(h) —sn ()]l = lIsn(h=1)]l, < [[Th—F|, <e.

Now the triangle inequality (Exercise 6.11), combined with , (8.88), and
(8.89), shows that

(8.90) [f=sn(f)l; <3e  (NZ=No).

This proves (8.83). Next,

N
ei™g(x)dx = Z Cn¥n,

1 (™ i N 1
(8.91) I J,T[ sn(f)g dx = Z ny - J 2

s
n=—N -7

and the Schwarz inequality shows that

(8.92) Uf?—JsN(f)ﬁ‘ S ENGIFE {f\f—sN ZJQP}”Z,

which tends to 0, as N — oo, by (8.83). Comparison of (8.91) and (8.92) gives (8.84).
Finally, (8.85) is the special case g = f of (8.84). O

A more general version of Theorem appears in|Chap. 11

THE GAMMA FUNCTION

This function is closely related to factorials and crops up in many unexpected
places in analysis. Its origin, history, and development are very well described
in an interesting article by P. J. Davis (Amer. Math. Monthly, vol. 66, 1959, pp.
849 -869 [Dav59]). Artin’s book [Art64] (cited in the [Bibliography) is another good
elementary introduction.

Our presentation will be very condensed, with only a few comments after each
theorem. This section may thus be regarded as a large exercise, and as an oppor-
tunity to apply some of the material that has been presented so far.

8.17 Definition. For 0 < x < oo,
o0
(8.93) I'(x) :J e tdt.
0
The integral converges for these x. (When x < 1, both 0 and co have to be
looked at.)

8.18 Theorem.

(a) The functional equation
Mx+1) =xI(x)
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holds if 0 < x < oo.
) Tm+1)=nlforn=1,23,....
(c) logT is convex on (0, co).

Proof. An integration by parts proves (a). Since I'(1) = 1, (a) implies (b), by induc-

tion. If 1 <p < ooand (1/p)+(1/q) =1, apply Holder’s inequality (Exercise 6.10)
to (8:93), and obtain

X Yy 1/p 1/
< q.

This is equivalent to (c). O

It is a rather surprising fact, discovered by Bohr and Mollerup, that these three
properties characterize I' completely.

8.19 Theorem. If f is a positive function on (0, c0) such that

(a) f(x+1)=xf(x),
() f(1)=1,
(c) logf is convex,

then f(x) = I'(x).

Proof. Since T satisfies (a), (b), and (c), it is enough to prove that f(x) is uniquely
determined by (a), (b), (c) for all x > 0. By (a), it is enough to do this for x € (0, 1).
Put ¢ = log f. Then

(8.94) d(x+1) = d(x) +logx (0 < x < 00),

¢(1) = 0, and ¢ is convex. Suppose 0 < x < 1, and n is a positive integer. By
(8.94), d(n + 1) = log(n!). Consider the difference quotients of ¢ on the intervals
mn+1],n+1,n+1+x], [n+1,n+2]. Since ¢ is convex

dMM+T+x)—d(n+1)
X

Repeated application of gives
d(n+1+x)=d(x)+loglx(x+1)---(x+n)l.

Thus
nin*

1
mx+1y-wx+nJ Sng(1+E)'

The last expression tends to 0 as n — co. Hence ¢(x) is determined, and the proof
is complete. O

0 < ¢(x) —log
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As a by-product we obtain the relation

nin*
(8.95) M) =l ) )

at least when 0 < x < 1; from this one can deduce that (8.95) holds for all x > 0,
since I'(x + 1) = xI'(x).

8.20 Theorem. Ifx > Oandy > 0, then
1
- - rx)ry)
8.96 T -y dt = 2
(820 Jortae Mxty)
This integral is the so-called beta function B(x,y).

Proof. Note that B(1,y) = 1/y, that log B(x,y) is a convex function of x, for each
fixed y, by Holder’s inequality, as in[Theorem 8.18| and that

(8.97) B(x+1,y) :ﬁB(x,y).

To prove (8.97), perform an integration by parts on
1 N
B(x+1,y) = J (—) (1—t)*ty-T4t.
o \1—1
These three properties of B(x,y) show, for each y, that applies to the
function f defined by
f(x) = B(x,y).

Hence f(x) = I'(x). O

8.21 Some consequences. The substitution t = sin?  turns (8.96) into

/2 reIr(y)
8.98 ZJ sinB)** 1 (cos0)?Y~1do = .
(898) | (0™ (coso) Focry)
The special case x =y = 1/2 gives
(8.99) r (%) = /7.
The substitution t = s? turns into
e 2
(8.100) Mx) = zJ s e 5" ds (0 < x < o0).
0
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The special case x = 1/2 gives

(8.101) J e ds = V.
By (8:99), the identity
=1 x x4 1
(8.102) M(x) = ﬁr(i)r( : >

follows directly from|Theorem 8.19

8.22 Stirling’s formula. This provides a simple approximate expression for I'(x 4 1)
when x is large (hence for n! when n is large). The formula is

. Fx+1)
8.103 lim ———=1.
( ) x—00 (x/e)X+/27mx
Here is a proof. Put t = x(1 4 u) in (8.93). This gives
o0
(8.104) T(x+1) :XX“e—XJ [(1+uw)e ] du.
—1

Determine h(u) so that h(0) = 1T and
u2
(8.105) (1+u)e ™ =exp {—Th(u)}
if =1 <u < oo, u # 0. Then
(8.106) h(u) = %[uflogﬁ +u)].
u

It follows that h is continuous, and that h(u) decreases monotonically from oo to 0
as u increases from —1 to co.

The substitution u = s/2/x turns (8.104) into

(8.107) Fx+1)=x%e* Zxro Py (s)ds

where
Dals) exp [—s?h(sv2/x)] (—Vx/2<s < )
o (s < —vx/2).

Note the following facts about P (s):

(a) Forevery s, Px(s) — e5% asx — 0.

(b) The convergence in (a) is uniform on [—A, A], for every A < co.
(c) When s < 0, then 0 < Py (s) < e—s?.

(d) Whens > 0and x > 1, then 0 < P« (s) < Wq(s).
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() [ Wwi(s)ds < oo.
The convergence theorem stated in[Exercise 7.12|can therefore be applied to the
integral (8.107), and shows that this integral converges to v/ as x — oo, by (8.101).
This proves (8.103).

A more detailed version of this proof may be found in R. C. Buck’s “Advanced
Calculus,” pp. 216-218 [Buc62al]. For two other, entirely different, proofs, see W.
Feller’s article in Amer. Math. Monthly, vol. 74, 1967, pp. 1223 -1225 [Fel67] (with
a correction in vol. 75, 1968, p. 518 [Fel68]]) and pp. 20 —24 of Artin’s book [Art64].

Exercise 8.20gives a simpler proof of a less precise result.
EXERCISES

8.1. Define

0 (x=0).

Prove that f has derivatives of all orders at x = 0 and that f("™) (0)=0forn=1,2,3,....
8.2. Let ayj be the number in the ith row and jth column of the array

-1 0 0 0

1
;7 -1 0 0
1 1
7 2z 10
1 1 1
g 7z I
so that
0 (i<j),
aij = —1 (i = '),
27 (i>5)
Prove that

ZZai]—:—Z ZZGU:O
i j j i

8.3. Prove that
22 a=2 ) ay
i [
if aj; > 0 for all i and j (the case +o0o = +o00 may occur).
8.4. Prove the following limit relations:

x—1

(a) lim b =logb (b>0).
x—0

® i,

(@ lim(1+x)

log(1+x) 1
— =

1/x

=e.

@ i (143)" =
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8.5. Find the following limits:
_ 1/x
(@) Lim w.
x—0 X

. n 1/n
() nlg;%o logn [n ]]

(©) lim tanx —x
¢ x—0 x(1—cosx)’

@ B e
8.6. Suppose f(x)f(y) = f(x +y) for all real x and y.
(a) Assuming that f is differentiable and not zero, prove that
f(x) = e
where c is a constant.

(b) Prove the same thing, assuming only that f is continuous.

8.7.1f 0 < x < G, prove that
2 sinx

<1

8.8.Forn =0,1,2,... and x real, prove that
[sinnx| < n|sinx]|.

Note that this inequality may be false for other values of n. For instance,

sin] >]\' |
57| > 5 lsinml.

8.9.
(@) Putsy =1+ (%) + -+ 4+ (1/N). Prove that
lim (sn —logN)
N—oo
exists. (The limit, often denoted by v, is called Euler’s constant. Its numerical value is
0.5772.... It is not known whether v is rational or not.)
(b) Roughly how large must m be so that N = 10™ satisfies sy > 100?
8.10. Prove that }_ 1/p diverges; the sum extends over all primes.

(This shows that the primes form a fairly substantial subset of the positive integers.)
Hint: Given N, let p1, ..., pk be those primes that divide at least one integer < N. Then

LR . 1o
< _
n_H<1+p'+ >+ >

i P
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The last inequality holds because
“ _ X)71 < er
fo<x<?
(There are many proofs of this result. See, for instance, the article by I. Niven in Amer.
Math. Monthly, vol. 78, 1971, pp. 272273 [Niv71], and the one by R. Bellman in Amer. Math.
Monthly, vol. 50, 1943, pp. 318-319 [Bel43].)

8.11. Suppose f € Z on [0, A] for all A < oo, and f(x) — 1 as x — +oo. Prove that

lim tJ e Y f(x)dx =1 (t>0).
0

t—0

8.12. Suppose 0 < & < m, f(x) = 1if [x| < §, f(x) = 01if < x| < m, and f(x + 27) = f(x) for
all x.
(a) Compute the Fourier coefficients of f.

(b) Conclude that

o0 . 6 o 5
ZSIH(n):L (0<68<m).
n 2
n=1
(c) Deduce from Parseval’s theorem that

i sin?(ns) _m—=3%
n2s 2

n=1

00 /o 2
smx s
Jo < x > = 2

(e) Putd =m/2in (c). What do you get?

(d) Letd — 0and prove that

8.13. Put f(x) = xif 0 < x < 2m, and apply Parseval’s theorem to conclude that

e}

1w
nz2 6
n=1

8.14.If f(x) = (m— |x|)2 on [—m, 7, prove that

2 > 4
7? Z—zcosnx

and deduce that
2

> 1 s > s
Sh-T SL-n
(A recent article by E. L. Stark contains many references to series of the form ) n~*,
where s is a positive integer. See Math. Mag., vol. 47, 1947, pp. 197 -202.)
8.15. With D, as defined in @, put

1 N
Kn(x) = m Z D (x)
n=0

Prove that
1 1—cos(N+1)x

K = :
N N+1 1—cosx
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and that
(@) Kn >0,

© 5= | Knlax=1,

< .t <|xl <
(0 KN(X),N_H p—- fo<os<|x|<m

If sy = sn(f;x) is the Nth partial sum of the Fourier series of f, consider the arithmetic

means

- _So+sy+---+sN
N N+1

Prove that 1

on(fix) = 5 L fx — t)Kn (1) dt,

and hence prove Fejér’s Theorem:
If f is continuous, with period 27, then oy (f;x) — f(x) uniformly on [, 7.
Hint: Use properties (a), (b), (c) to proceed as in

8.16. Prove a pointwise version of Fejér’s Theorem:
If f € # and f(x+), f(x—) exist for some x, then
1

lim on(f;x) =

Jim Z[f(er) + f(x—)1.

8.17. Assume f is bounded and monotonic on [r, 7r), with Fourier coefficients cy,, as given by
(8.62).
(a) Useto prove that (ncy ) is a bounded sequence.
(b) Combine (a) withand withto conclude that
Nli_l)noo sn(fix) = %[f(x+) + f(x—)]
for every x.

(c) Assume only that f € % on [—m, 7] and that f is monotonic in some segment (&, ) C
[—mt, 7i]. Prove that the conclusion of (b) holds for every x € («, 3).

(This is an application of the localization theorem.)
8.18. Define

f(x) = x> —sin® xtanx

2

g(x) = 2x? —sin? x — x tan x.

Find out, for each of these two functions, whether it is positive or negative for all x € (0,7/2),
or whether it changes sign. Prove your answer.

8.19. Suppose f is a continuous function on R', f(x 4 2m) = f(x), and o/ is irrational. Prove
that

—7C

1 1 ("
lelooNT;f(X+na):EJ f(t) dt

for every x. Hint: Do it first for f(x) = etkx,

8.20. The following simple computation yields a good approximation to Stirling’s formula.
Form=1,2,3,..., define

f(x) = (m+1—x)logm+ (x —m)log(m+1)
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if m <x <m+ 1, and define
X
= ——1+1
g(x) m +logm
ifmf% <x<m+ % Draw the graphs of f and g. Note that f(x) < logx < g(x)ifx > 1
and that

J f(x) dx = log(n!) — 3 logn > ~3 +J g(x)dx.
1 1

Integrate log x over [1,n]. Conclude that

g < log(n!) — <n+%> logn+n <1

forn=2,3,4,.... (Note: log v/2m ~ 0.918.) Thus

7/8 n!
e < 7(11/6)“\/‘?1 <e.
8.21. Let
= L " d =1,2,3
Ln= sz'iﬂ‘Dn(t)‘ t m=123,...).

Prove that there exists a constant C > 0 such that
Ly, > Clogn n=1,23...),

or, more precisely, that the sequence
4
<Ln -2 log n>

8.22. If x is real and —1 < x < 1, prove Newton’s binomial theorem

is bounded.

+0)%=1+> ofoe—1)- ~T~1'(ocfn+1)xn'
n=1 .

Hint: Denote the right side by f(x). Prove that the series converges. Prove that
(T4+x)f'(x) = of(x)

and solve this differential equation.

Show also that
- E Mn+ «)
_ o _ n
(1=x] nZ:o nil(«) X

if -T<x<Tland &> 0.
8.23. Let y be a continuously differentiable closed curve in the complex plane, with parameter
interval [a, b], and assume that y(t) # 0 for every t € [a, b]. Define the index of v to be

1 Jb Y
C2mi ), v(b)

Ind(y) dt.
Prove that Ind(y) is always an integer.
Hint: There exists ¢ on [a, b] with ¢’ = v'/v, ¢(x) = 0. Hence y exp(—¢) is constant.
Since y(a) = y(b) it follows that exp ¢(b) = exp d(a) = 1. Note that ¢(b) = 27l Ind(y).
Compute Ind(y) when y(t) = '™, a =0,b = 2.
Explain why Ind(y) is often called the winding number of y around 0.
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8.24. Lety be as in and assume in addition that the range of y does not intersect
the negative real axis. Prove that Ind(y) = 0. Hint: For 0 < ¢ < oo, Ind(y + ¢) is a continuous
integer-valued function of c. Also, Ind(y +¢) — 0 as ¢ — oo.

8.25. Suppose y1 and y; are curves as in|Exercise 8.23} and
ly1 (t) —v2 ()] < [y1 (1)] (a<t<b).
Prove that Ind(y;) = Ind(y2).
Hint: Puty =v2/v1. Then|1 —vy| < 1, hence Ind(y) = 0, by |Exercise 8.24] Also,

v _von

Y Y2 Y1

8.26. Let y be a closed curve in the complex plane (not necessarily differentiable) with param-
eter interval [0, 271], such that y(t) # 0 for every t € [0, 271].

Choose & > 0 so that [y(t)| > b for all t € [0,2n]. If Py and P, are trigonometric poly-
nomials such that ‘Pj (t) —y(t) | < 8/4 for all t € [0,27] (their existence is assured by

rem 8.15), prove that
Ind(Pq) =Ind(P;)

by applying

Define this common value to be Ind(y).

Prove that the statements of Exercises and hold without any differentiability
assumption.

8.27. Let f be a continuous complex function defined in the complex plane. Suppose there is
a positive integer n and a complex number ¢ # 0 such that

lim z "f(z) =c.
|z| =00

Prove that f(z) = 0 for at least one complex number z.

Note that this is a generalization of
Hint: Assume f(z) # 0 for all z, define

yr(t) = f(re't)
for 0 < r < 00,0 <t < 27, and prove the following statements about the curves y;:
(@) Ind(yo) =0.
(b) Ind(y+) = n for all sufficiently large r.

(c) Ind(yy) is a continuous function of r on [0, o).

[In (b) and (c), use the last part of ]

Show that (a), (b), and (c) are contradictory, since n > 0.

8.28. Let D be the closed unit disc in the complex plane. (Thus z € D if and only if [z]| < 1))
Let g be a continuous mapping of D into the unit circle T. (Thus, |g(z)| = 1 for every z € D.)
Prove that g(z) = —z for at least onez € T.
Hint: For 0 <r <1,0 <t < 2w, put

yr(t) = g(re'),
and put P (t) = ey (t). If g(z) # —z for every z € T, then P (t) # —1 for every t € [0, 27].
Hence Ind(y) = 0, by Exercises and It follows that Ind(y;) = 1. But Ind(yo) = 0.
Derive a contradiction, as in

8.29. Prove that every continuous mapping f of D into D has a fixed point in D.
(This is the 2-dimensional case of Brouwer’s fixed-point theorem.)
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Hint: Assume f(z) # z for every z € D. Associate to each z € D the point g(z) € T which
lies on the ray that starts at f(z) and passes through z. Then g maps D into T, g(z) = z if
z € T, and g is continuous, because

9(z) = z—s(2)lf(z) — 2,
where s(z) is the unique nonnegative root of a certain quadratic equation whose coefficients
are continuous functions of f and z. Apply [Exercise 8.28}
8.30. Use Stirling’s formula to prove that
Mx+c)

6o X (x)

for every real constant c.

8.31. In the proof of[Theorem 7.26|it was shown that

1
4
1T—x3)hdx > ——
Ll( ) X_3ﬁ

forn=1,2,3,.... Use[Theorem 8.20|and [Exercise 8.30|to show the more precise result

n—oo

1
lim \/ﬁj (1=x2)"dx = V7.
-1



Chapter 9

FUNCTIONS OF SEVERAL
VARIABLES

LINEAR TRANSFORMATIONS

We begin this chapter with a discussion of sets of vectors in euclidean n-space R™.
The algebraic facts presented here extend without change to finite-dimensional
vector spaces over any field of scalars. However, for our purposes it is quite suffi-
cient to stay within the familiar framework provided by the euclidean spaces.

9.1 Definition.

(a) A nonempty set X C R™ is a vector spaceif x+y € X and cx € Xforall x € X,
y € X, and for all scalars c.

(b) Ifxq,...,xx € R™and cq,...,ck are scalars, the vector
C1X7 + -+ CreXke

is called a linear combination of x1,...,xi. If S C R™ and if E is the set of all
linear combinations of elements of S, we say that S spans E or that E is the
span of S.

Observe that every span is a vector space.

(c) A set consisting of vectors xp, ..., Xy (we shall use the notation {x1,...,xy}
for such a set) is said to be independent if the relation c1xy + - -+ cxxx = 0
implies thatcy = - - - = ¢ = 0. Otherwise {x1, ..., xy} is said to be dependent.

Observe that no independent set contains the null vector.

(d) If a vector space X contains an independent set of r vectors but contains no
independent set of v+ 1 vectors, we say that X has dimension r and write:
dimX =r.

The set consisting of 0 alone is a vector space; its dimension is 0.

190
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(e) An independent subset of a vector space X which spans X is called a basis of

X.

Observe that if B = {x1,...,xn} is a basis of X, then every x € X has
a unique representation of the form x = Zcjx;. Such a representation ex-
ists since B spans X, and it is unique since B is independent. The numbers
c1,...,cr are called the coordinates of x with respect to the basis B.

The most familiar example of a basis is the set {ej,...,en}, where e; is
the vector in R™ whose jth coordinate is 1 and whose other coordinates are
all 0. If x € R™, x = (x1,...,%n), then x = Zx;e;. We shall call

{e1,...,en}

the standard basis of R™.

9.2 Theorem. Let r be a positive integer. If a vector space X is spanned by a set of v
vectors, then dim X < r.

Proof. If this is false, there is a vector space X which contains an independent set
Q ={y1,...,¥r+1} and which is spanned by a set Sy consisting of r vectors.
Suppose 0 < i < 1, and suppose a set S; has been constructed which spans X
and which consists of all y; with T <j < iplus a certain collection of r —i members
of Sp, say x1,...,X;—i. (In other words, S; is obtained from Sy by replacing 1 of its
elements by members of Q, without altering the span.) Since S; spans X, yi1 is
in the span of Sj; hence there are scalars ay,...,ai+1,by,...,br—j withajy1 =1

such that

i+1 r—i

Z ajy; + Z byxxx =0.

j=1 k=1
if all by 's were 0, then independence of Q would force all a;’s to be 0, a contradic-
tion. It follows that some x;, € S; is a linear combination of the other members of
Ty = S U{yi+1}. Remove this xi from T; and call the remaining set S; . Then
Sit+1 spans the set set as T;, namely X, so that S; 1 has the properties postulated
for S; with i+ 1 in place of i.

Starting with Sy, we thus construct sets Sy, ..., S;. The last of these consists of

¥1,...,¥r and our construction shows that it spans X. But Q is independent; hence
¥r+1 is not in the span of S;. This contradiction establishes the theorem. O

Corollary. dimR™ =n.

Proof. Since {eq,...,en} spans R™, the theorem shows that dimR"™ < n. Since
{e1,...,en}isindependent, dimR™ > n. O

9.3 Theorem. Suppose X is a vector space and dim X = n.

(a) A set E of n vectors in X spans X if and only if E is independent.

(b) X has a basis, and every basis consists of n vectors.
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() If1 < r < nand{yy,...,yr} is an independent set in X, then X has a basis
containing {y1,...,yr}

Proof. Suppose E = {x1,...,Xn}. Since dim X = n, the set {x1,...,xn,y} is depen-
dent for every y € X. If E is independent, it follows that y is in the span of E; hence
E spans X. Conversely, if E is independent, one of its members can be removed
without changing the span of E. Hence E cannot span X, by This
proves (a).

Since dim X = n, X contains an independent set of n vectors, and (a) shows
that every such set is a basis of X; (b) now follows from [Definition 9.1(d)|and [The-
lorem 9.2|

To prove (c), let {x1,...,Xxn} be a basis of X. The set

S :{yll-"/YT/X1/"'/XTL}

spans X and is dependent since it contains more than n vectors. The argument
used in the proof of[Theorem 9.2)shows that one of the x;s is a linear combination
of the other members of S. If we remove this x; from S, the remaining set still spans
X. This process can be repeated r times and leads to a basis of X which contains
{y1,...,y+}, by (a). O

9.4 Definitions. A mapping A of a vector space X into a vector space Y is said to
be a linear transformation if

A(x1 +x2) = Axy + Axa, Alcx) = cAx

for all x,x7,x € X and all scalars c. Note that one often writes Ax instead of A(x)
if A is linear.

Observe that A0 = 0 if A is linear. Observe also that a linear transformation A
of X into Y is completely determined by its action on any basis: If {xq,...,xn}is a
basis of X, then every x € X has a unique representation of the form

n
X = § CiXi,
i=1

and the linearity of A allows us to compute Ax from the vectors Axy, ..., Axy and
the coordinates c1, ..., cn by the formula

n
Ax = Z CiAXji.
i=1

Linear transformations of X into X are often called linear operators on X. If A is
a linear operator on X which (i) is one-to-one and (ii) maps X onto X, we say that
A is invertible. In this case we can define an operator A~! on X by requiring that
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A~ T(Ax) = xforall x € X. Itis trivial to verify that we then also have A(A"Tx) =x
for all x € X, and that A~ ! is linear.

An important fact about linear operators on finite dimensional vector spaces is
that each of the above conditions (i) and (ii) implies the other:

9.5 Theorem. A linear operator A on a finite-dimensional vector space X is one-to-one if
and only if the range of A is all of X.

Proof. Let {x1,...,xn} be a basis of X. Then linearity of A shows that its range
Z(A) is the span of the set Q = {Axq,...,Xn}. We therefore infer from
that Z(A) = X if and only if Q is independent. We have to prove that this
happens if and only if A is one-to-one.

Suppose A is one-to-one and Xc;Ax; = 0. Then A(Zcix;) =0, hence Zcix; =0,

hence ¢y = - -+ = cn = 0 and we conclude that Q is independent.

Conversely, suppose Q is independent and A(Zcixi) = 0. Then Zc;Ax; =0,
hence ¢; = --- = ¢y = 0 and we conclude: Ax = 0 if and only if x = 0. If now
Ax = Ay, then A(x —y) = Ax— Ay = 0, so that x —y = 0, and this says that A is
one-to-one. O
9.6 Definitions.

(a) Let L(X,Y) be the set of all linear transformations of the vector space X into
the vector space Y. Instead of L(X, X), we shall simply write L(X). If A1, A, €
L(X,Y) and if ¢y and c; are scalars, define ci Ay +c2A; by

(c1A7 +c2A2)x =c1A1x+Cc2AoX (x € X).

It is then clear that c1 A1 +c2 Ay € L(X,Y).

(b) If X, Y, Z are vector spaces, and if A € L(X,Y) and B € L(Y,Z), we define
their product BA to be the composition of A and B:

(BA)x=B(Ax)  (x€X).

Then BA € L(X, Z). Note that BA need not be the same as AB, even if X =
Y="Z

(c) For A € L(R™, R™), define the norm ||A|| of A to be the sup of all numbers
|Ax|, where x ranges over all vectors in R™ with [x| < 1.

Observe that the inequality
|AX] < ||A[| x|

holds for all x € R™. Also, if A is such that |Ax| < Alx| for all x € R™, then
[A[ <A
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9.7 Theorem.

(a) If A € L(R™, R™), then ||A|| < oo and A is a uniformly continuous mapping of
R™ into R™.

(b) IfA,B € L(R™,R™) and c is a scalar, then
[A+Bll < [[A[[+[B]l,  [[cAl =Icl|A].

With the distance between A and B defined as ||A —B||, L(R™, R™) is a metric
space.

(c) IfA € L(R™,R™) and B € L(R™,RX), then
IBA < IIBIHA]-

Proof.

(a) Let {eq,...,en} be the standard basis in R™ and suppose x = Xcje; and
x| < 1,sothat|ci| <1fori=1,...,n. Then

AX|= |3 cined] <Y ledliAeil < Y |Ael

so that
n
A< Y |Aei] < oo.

i=1
Since [Ax— Ay| < ||A]|Ix—ylif x,y € R™, we see that A is uniformly con-
tinuous.

(b) The inequality in (b) follows from
[(A+B)x| = [Ax+ Bx| < |Ax|+[Bx| < ([|A[[ + [|B]]) Ix].
The second part of (b) is proved in the same manner. If
A,B,CeL(R™R™),
we have the triangle inequality
JA—Cll = [(A—B)+ (B—C)| < ||A—B| +|[B—C],

and it is easily verified that || A — B|| has the other properties of a metric (Det-|
nition 2.15).

(c) Finally, (c) follows from

I(BA)x| = [B(Ax)| < [|B|| [Ax] < [[B| [|A]|[x]. O
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Since we now have metrics in the spaces L(R™,R™), the concepts of open set,
continuity, etc., make sense for these spaces. Our next theorem utilizes these con-
cepts.

9.8 Theorem. Let Q) be the set of all invertible linear operators on R™,
(a) IfA € Q,BeL(R"),and
IB—A| A7 <1,
then B € Q.

(b) Qisan open subset of L(R™) and the mapping A — A~ is continuous on Q. (This
mapping is also obviously a 1-1 mapping of Q onto Q which is its own inverse.)

Proof.
(a) Put [[A~T|| =1/, put|[B—A|| = B. Then B < «. For every x € R™,

alx| = o ATTAx| < af| A7 |AX|
= [Ax| < [(A —B)x|+[Bx| < B [x]+ [Bx|

so that
9.1) (a—B) x| < |Bx] (x € R™).

Since « — B > 0, shows that Bx # 0 if x # 0. Hence B is 1-1. By
Theorem 9.5, B € Q). This holds for all B with ||B—A| < «. Thus we have
(a) and the fact that Q is open.

(b) Next, replace x by B~ 'y in (9.I). The resulting inequality
9.2) («—B)[B 'y| < [BB 'y|=lyl (yeR™
shows that HB*1 || < (a—p)"". The identity

B '-AT=B"1A-B)A,
combined with[Theorem 9.7(c)] implies therefore that

B
ofoe—B)

This establishes the continuity assertion made in (b), since 3 — 0 as
B — A. O

B~ =A< BT IA-B] AT <
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9.9 Matrices. Suppose {x1,...,Xn} and {yy,...,ym} are bases of vector spaces X
and Y, respectively. Then every A € L(X,Y) determines a set of numbers a;; such
that

m
(9.3) Axj = Z aijyi (1<j<n).
i=1

It is convenient to visualize these numbers in a rectangular array of m rows and n
columns, called an m by n matrix:

ar a2 o QIn

azq azz e azn
Al =

Am1 Gm2 - Gmn

Observe that the coordinates ai; of the vector Ax; (with respect to the basis {y1,...,ym})
appear in the jth column of [A]. The vectors Ax; are therefore sometimes called the
column vectors of [A]. With this terminology, the range of A is spanned by the column
vectors [Al.

If x = Zcjx;, the linearity of A combined with (9.3) shows that

m n
(94) AX = Z Z aiic | yi-

i=1 \j=1

Thus the coordinates of Ax are Zjajjc;j. Note that in the summation ranges
over the first subscript of ajj, but that we sum over the second subscript when
computing coordinates.

Suppose next that an m by n matrix is given, with real entries ay;. If A is then
defined by , it is clear that A € L(X,Y) and that [A] is the given matrix. Thus
there is a natural 1-1 correspondence between L(X,Y) and the set of all real m by
n matrices. We emphasize, though, that [A] depends not only on A but also on the
choice of bases in X and Y. The same A may give rise to many different matrices if
we change bases, and vice versa. We shall not pursue this observation any further,
since we shall usually work with fixed bases. (Some remarks on this may be found

in )
If Z is a third vector space with basis {z1, ..., zp}, if A is given by (0.3), and if

Byi =) bz,  (BA)Xj =) cijzi,
K K

then A € L(X,Y),B € L(Y,Z),BA € L(X, Z).
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Since

B(Axj) = B (Z aini) =D aiByi
i i
IO IS o L O P
i k k i

the independence of {z1, ..., zp } implies that

9.5) Cxj = Zbkiaij 1<k<p1<ji<n).
i

This shows how to compute the p by n matrix [BA] from [B] and [A]. If we define
the product [B][A] to be [BA], then describes the usual rule of matrix multipli-
cation.

Finally, suppose {x1,...,xn} and {y1,...,ym} are standard bases of R™ and
R™ and A is given by (9.4). The Schwarz inequality shows that

2
A =3 (D aiey | <3 | D_af-d of | =D afx
j T\ j 5

i

Thus

1/2
(9.6) ExN afj} :

ij

If we apply to B — A in place of A, where A, B € L(R™, R™), we see that
if the matrix elements ay; are continuous functions of a parameter, then the same
is true of A. More precisely:

If S is a metric space, if ayq,..., amn are real continuous functions on S, and if, for
each p € S, Ay is the linear transformation of R™ into R™ whose matrix has entries
aij(p), then the mapping p — Ay is a continuous mapping of S into L(R™, R™).

DIFFERENTIATION

9.10 Preliminaries. In order to arrive at a definition of the derivative of a function
whose domain is R™ (or an open subset of R™), let us take another look at the
familiar case n = 1, and let us see how to interpret the derivative in that case in a
way which will naturally extend ton > 1.

If f is a real function with domain (a,b) € R! and if x € (a,b), then f'(x) is
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usually defined to be the real number

©7) }lliino f(x—o—hr)l—f(x)’

provided, of course, that this limit exists. Thus
9.8) f(x +h) —f(x) = f'(x)h +r(h)

where the “remainder” r(h) is small, in the sense that

9.9) Jim "V

—— =0.
h—0 h

Note that expressed the difference f(x + h) — f(x) as the sum of a linear
function that takes h to f'(x)h, plus a small remainder. We can therefore regard the
derivative of f at x, not as a real number, but as the linear operator on R! that takes
h to f/(x)h.

[Observe that every real number « gives rise to a linear operator R'; the opera-
tor in question is simply multiplication by «.. Conversely, every linear function that
carries R! to R! is multiplication by some real number. It is this natural 1-1 corre-
spondence between R' and L(R') which motivates the preceding statements.]

Let us next consider a function f that maps (a,b) C R' into R™. In that case,
f’(x) was defined to be the vector y € R™ (if there is one) for which

. f(x+h) —£(x)

1 | — -y, =0
(-10) hano { h y 0
We can again rewrite this in the form
9.11) f(x +h) —f(x) = hy +r(h),

where r(h)/h — 0 as h — 0. The main term on the right side of is again a
linear function of h. Every y € R™ induces a linear transformation of R' into R™,
by associating to each h € R! the vector hy € R™. This identification of R™ with
L(R!',R™) allows us to regard f/(x) as a member of L(R',R™).
Thus, if £ is a differentiable mapping of (a,b) C R into R™, and if x € (a,b),
then f’(x) is the linear transformation of R! into R™ that satisfies
f(x+h)—f(x) —f'(x)h

9.12 li =
(9.12) Jim ™ 0,

or, equivalently,

(9.13) i [E0CER) — £00) — £ ()|

=0.
h—0 [h|

We are now ready for the casen > 1.
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9.11 Definition. Suppose E is an open set in R™, f maps E into R™, and x € E. If
there exists a linear transformation of A of R™ into R™ such that

9.14) ligg EOcH ) —£(x) — Ah| _

0/
h—0 |h|

then we say that f is differentiable at x and we write
(9.15) f'(x) = A.
If f is differentiable at every x € E, we say that f is differentiable in E.

It is of course understood in (9.14) that h € R™. If |h| is small enough, then
x+h € E, since E is open. Thus f(x+h) is defined, f(x +h) € R™, and since
A €L(R™,R™), Ah € R™. Thus

f(x+h) —f(x) —Ah € R™.

The norm in the numerator of (9.14) is that of R™. In the denominator we have
the R™-norm of h.

There is an obvious uniqueness problem that has to be settled before we go any
further.

9.12 Theorem. Suppose E and £ are as in[Definition 9.11} x € E, and (9.14) holds with
A = Aq and with A = A,. Then A1 = A,.

Proof. If B = Ay — A3, the inequality
[Bh| < |f(x+h) —f(x) — A1h|+|f(x + h) — f(x) — A, h]|
shows that |[Bh| / [h| — 0 as h — 0. For any fixed h # 0, it follows that

|B(th)]

Ith| —0 as t—0.

(9.16)

The linearity of B shows that the left side of (9.16) is independent of t. Thus Bh =0
for every h € R™. Hence B = 0. O

9.13 Remarks.
(a) The relation (9.14) can be written in the form

9.17) f(x+h) —£(x) = f' (x)h+r(h)
where the remainder r(h) satisfies

|x(h)]
m

=0.
h—o |h|

(9.18)
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We may interpret (9.17), as in by saying that for fixed x and
small h, the left side of is approximately equal to f’(h), that is, to the

value of a linear transformation applied to h.

(b) Suppose f and E are as in |Definition 9.11| and f is differentiable in E. For

every x € E, f/(x) is then a function, namely, a linear transformation of R™
into R™. But f' is also a function: f' maps E into L(R™, R™).

(c) A glance at shows that f is continuous at any point at which f is differ-
entiable.

(d) The derivative defined by (9.14) or (9.17) is often called the differential of f at
x, or the total derivative of f at x, to distinguish it from the partial derivatives
that will occur later.

9.14 Example. We have defined derivatives of functions carrying R™ to R™ to
be linear transformations of R™ into R™. What is the derivative of such a linear
transformation? The answer is very simple: If A € L(R™, R™) and if x € R™, then

9.19) Al(x) = A.

Note that x appears on the left side of (9.19) but not on the right. Both sides of
(9.19) are members of L(R™,R™), whereas Ax € R™.
The proof of (9.19) is a triviality, since

(9.20) A(x+h) — Ax = Ah,

by the linearity of A. With f(x) = Ax, the numerator in is thus 0 for every
h € R™. In (©.17), r(h) = 0.

We now extend the chain rule (Theorem 5.5) to the present situation.

9.15 Theorem. Suppose E is an open set in R™, f maps E into R™, f is differentiable at
xXo € E, g maps an open set containing (E) into R®, and g is differentiable at f(xo). Then
the mapping F of E into R¥ defined by

is differentiable at x, and
(9.21) F'(x0) = g'(£(x0))f(x0).

On the right side of (9.21), we have the product of two linear transformations,
as defined in[Definition 9.6

Proof. Putyoy = f(xo), A =f'(x0), B = g’(yo), and define

u(h) = f(xo +h) — f(xg) — Ah,
v(k) = g(yo +k) —g(yo) — Bk,
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forallh € R™ and k € R™ for which f(xo + h) and g(yo + k) are defined. Then
9.22) lu(h)| = e(h) |h[, [v(k)| =n(k) k[,

where e(h) 5 0ash —» 0andn(k) - 0Oask — 0.
Given h, put k = f(xo + h) — f(xp). Then

(9.23) k| = [Ah+u(h)| < [||A]| +e(h)] |h],
and

F(xo +h) —F(xo) —BAh = g(yo + k) —g(yo) — BAh
— B(k— Ah) + v(k)
= Bu(h) + v(k).

Hence (9.22) and (9.23) imply, for h # 0, that

|F(xo +h) —F(xg) — BAh]|
|h|

< |IB|l e(h) + [|JA]] + e(h)In(k).

Leth — 0. Then ¢(h) — 0. Also k — 0, by (9.23), so that (k) — 0. It follows that
F’'(xo) = BA, which is what asserts. O

9.16 Partial Derivatives. We again consider a function f that maps an open set
E C R™into R™. Let {eq,...,en} and {uy,...,um} be the standard bases of R™
and R™. The components of f are the real functions f1,..., f;n defined by

(9.24) fx) =) filxu; (x€E),

or, equivalently, by fi(x) =f(x) -u;, 1 <i<m.
Forx € E,1 <i<m,1<j<n,wedefine

7

fi(x+ tey) — fy

(9.25) [Djfi)(x) — lim M
t—0 t

provided the limit exists. Writing fi(x1,...,%n) in place of f;(x), we see that D;f;
is the derivative of f; with respect to x;, keeping the other variables fixed. The
notation

of;
9.26 —t
(9.26) >
is therefore often used in place of D;f;, and Djf; is called a partial derivative.

In many cases where the existence of a derivative is sufficient when dealing
with functions of one variable, continuity or at least boundedness of the partial
derivatives is needed for functions of several variables. For example, the functions
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f and g described inare not continuous, although their partial deriva-

tives exist at every point of R“. Even for continuous functions, the existence of all

partial derivatives does not imply differentiability in the sense of [Definition 9.11
see Exercises[0.6land [0.14) and [Theorem 9.21]

However, if f is known to be differentiable at a point x, then its partial deriva-
tives exist at x and they determine the linear transformation f’(x) completely:

9.17 Theorem. Suppose f maps an open set E C R™ into R™, and £ is differentiable at
a point x € E. Then the partial derivatives (Djfy)(x) exist and

(9.27) f'(x)ej = ) (Difi)(¥)uy  (1<j<m).

i=1

Here, as in[Theorem 9.16} {e1,...,en}and {uy, ..., un} are the standard bases
of R™ and R™.

Proof. Fix j. Since f is differentiable at x,
f(x + te;) —£(x) = £'(x)(tej) + r(te;)
where |r(tej)| /t — 0 as t — 0. The linearity of f'(x) shows therefore that

(9.28) lim fx + tej) —f(x)

=f ;.
t—0 t (x)e]

If we now represent f in terms of its components, as in (9.24)), then (9.28)) becomes

m

f. te:) — f:
(9.29) lim Mui — f/(x)e]..
t—0 i3 t

It follows that each quotient in this sum has a limit as t — 0 (see[Theorem 4.10), so
that each (D;f;)(x) exists, and then (9.27) follows from (9.29). O

Here are some consequences of [Theorem 9.1

Let [f/(x)] be the matrix that represents f'(x) with respect to our standard bases,
as in Then f/ (x)e; is the jth column vector of [f'(x)] and shows
therefore that the number (Djf;)(x) occupies the spot in the ith row and the jth
column of [f’(x)]. Thus

(Dif1)(x) -+ (Dnf1)(x)
i (x)] = : :
(D1fm)(x) -+ (Dnfm)(x)
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If h = Zhje; is any vector in R™, then (9.27) implies that

(9.30) x)h = Z {Z ) (x)hy } u.

j=1

9.18 Example. Let y be a differentiable mapping of the segment (a,b) C R! into
an open set E C R™; in other words, v is a differentiable curve in E. Let f be a real-
valued differentiable function with domain E. Thus f is a differentiable mapping
of E into R'. Define

(9.31) g(t) = f(y(t) (a<t<b)

(9.32) g/t =f(y(OY'(t) (a<t<b)

Since y'(t) € L(R',R™) and f'(y(t)) € L(R™,R'"), ©:32) defines g’(t) as a lin-
ear operator on R'. This agrees with the fact that g maps (a,b) into R'. How-
ever, g’(t) can also be regarded as a real number. (This was discussed in
[rem 9.10}) This number can be computed in terms of the partial derivatives of f
and the derivatives with the components of v, as we shall now see.

With respect to the standard basis{e1, ..., en} of R™, [y/(t)] is the n by 1 matrix
(a “column matrix”) which has y/(t) in the ith row, where y1, ..., yn are the com-
ponents of y. For every x € E, [f/(x)] is the 1 by n matrix (a “row matrix”) which
has (D;f)(x) in the jth column. Hence [g’(t)] is the 1 by 1 matrix whose only entry
is the real number

n

(9.33) g'(t) =Y (Dif)(y(t)vi(b).

i=1
This is a frequently encountered special case of the chain rule. It can be rephrased

in the following manner.
Associate with each x € E a vector, the so-called “gradient” of f at x, defined

by

(9.34) (VA(x) =D (Dif)(x)e;
i=1

Since

(9.35) Y1) =D viltles,
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can be written in the form
(9.36) g'(t) = (VA (y(t) -v' (1),

the scalar product of the vectors (Vf)(y(t)) and v’ ().
Let us now fix an x € E, let u € R™ be a unit vector (that is, [u| = 1), and
specialize y so that

(9.37) y(t) =x+tu (—o0 < t < 00).
Then y’(t) = u for every t. Hence shows that
(9.38) g'(0) = (Vf)(x) - u.
On the other hand, shows that

g(t) — g(0) = f(x + tu) — f(x).
Hence gives

(9.39) fim (X )

Lim i = (Vf)(x) - u.

The limit in is usually called the directional derivative of f at x, in the direc-
tion of the unit vector u, and may be denoted by (Dyf)(x). If f and x are fixed, but
u varies, then shows that (D f)(x) attains its maximum when u is a positive
scalar multiple of (Vf)(x). [The case (Vf)(x) = 0 should be excluded here.]

If u = Xuyey, then shows that (Dyf)(x) can be expressed in terms of the
partial derivatives of f at x by the formula

n

(9.40) (Duf)(x) = ) (Dif)(X)uy.

i=1
Some of these ideas will play a role in the following theorem.

9.19 Theorem. Suppose f maps a convex open set E C R™ into R™, £ is differentiable
in B, and there is a real number M such that

€00l < M

for every x € E. Then
f(b) —f(a)| < M(b —a)

forallac E,b € E.

Proof. Fixa € E, b € E. Define

y(t) = (1—t)a+tb
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forallt € R' such that y(t) € E. Since E is convex, y(t) € Eif 0 < t < 1. Put

Then

so that
s’ ()] < |[f(v(t)|Ib—al <M[b—al

forallt € [0, 1]. By

1g(1) —g(0)l < M|b—al.
But g(0) = f(a) and g(1) = f(b). This completes the proof. O
Corollary. If, in addition, £’ (x) = 0 for all x € E, then £ is constant.

Proof. To prove this, note that the hypothesis of the theorem now hold with M =
0. O

9.20 Definition. A differentiable mapping f of an open set E C R™ into R™ is
said to be continuously differentiable if E if f' is a continuous mapping of E into
L(R™ R™).
More explicitly, it is required that to every x € E and to every & > 0 corresponds
a d > 0 such that
Hf’(y) —f’(x)H <e

ify € Eand [x—y| < 6.
If this is so, we also say that f is a 4! mapping, or that f € ¢! (E).

9.21 Theorem. Suppose f maps an open set E C R™ into R™. Then f € € (E) if and
only if the partial derivatives exist and are continuous for 1 <i<m,1 <j <n.

Proof. Assume first that f € ¢! (E). By ©.27),
(D;f)(x) = (£'(x)ej) - us
foralli,j and for all x € E. Hence
(Djf)(y) — (D) (x) = {['(y) — ' (x)lej } - u
and since |u;| = |e;| = 1, it follows that

|(D;f)(y) — (Djfy) (x)| <
<

Hence Djf; is continuous.
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For the converse, it suffices to consider the case m = 1. (Why?) Fix x € E and
e > 0. Since E is open, there is an open ball S C E, with center at x and radius T,
and the continuity of the functions D;f shows that r can be chosen so that

(9.41) |(D;f)(y) — (D;f)(x)| < (yesS1<j<n).

3l

Suppose h = Zhje;, h| < 1, put vo = 0, and vy = hjey + - + hyey, for
1 <k < n. Then

(9.42) fx+h) —f(x) = ) _[f(x+vj) = f(x+vj_1)].
j=1

Since |vi| < rfor 1 < k < n and since S is convex, the segments with end points
x+vj_1 and x + v; lie in S. Since vj; = vj_7 + hjej, the mean value theorem

(Theorem 5.10) shows that the jth summand in (9.42) is equal to
hj (D]f) (x+ Vj_1+ 9]}1] ej )

for some 05 € (0,1), and this differs from h;(D;f)(x) by less than |h]- | e/n, using
(9.41). By (9.42), it follows that

flx+h) —f(x) = Y hj(D;f)(x)| < %Z |hj| e < |hle
j=1 =1

for all h such that |h| < 1.

This says that f is differentiable at x and that f'(x) is the linear function which
assigns the number Zh; (Djf)(x) to the vector h = Zh;e;. The matrix [f ’(x)] consists
of the row (Dqf)(x),..., (Dnf)(x); since D1f,..., Dnf are continuous functions on

E, the concluding remarks of [Theorem 9.9|show that f € €1 (E). O

THE CONTRACTION PRINCIPLE

We now interrupt our discussion of differentiation to insert a fixed point theorem
that is valid in arbitrary complete metric spaces. It will be used in the proof of the
inverse function theorem.

9.22 Definition. Let X be a metric space with metric d. If ¢ maps X into X and if
there is a number ¢ < 1 such that

(9.43) d(e(x), e(y)) < cd(x,y)

for all x,y € X, then ¢ is said to be a contraction of X into X.

9.23 Theorem. If X is a complete metric space and @ is a contraction of X into X, then
there exists one and only one x € X such that @(x) = x.
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In other words, ¢ has a unique fixed point. The uniqueness is a triviality, for if
¢(x) =xand @(y) =y, then gives d(x,y) < cd(x,y) which can only happen
when d(x,y) = 0.

The existence of a fixed point of ¢ is the essential part of the theorem. The proof
actually furnishes a constructive method for locating the fixed point.

Proof. Pick x¢ € X arbitrarily and define (xn ) recursively, by setting
(9.44) Xn+1 = @(xn) (n=0,1,2,...).
Choose ¢ < 1 so that holds. For n > 1 we then have
d(xni1,xn) = d(@(xn), @(xn-1)) < cdlxn,Xn—1).
Hence induction gives
(9.45) d(xn+1,dn) < c™d(x1,%0) m=0,1,2,...).

If n < m, it follows that

m
d(xn,xm) < Z d(Xi,Xi+1)

i=n+1
< (™™ 4™ d(xg, %)
< [(1=c)~"d(x1,%0)lc™,
Thus (xr ) is a Cauchy sequence. Since X is complete, lim x, = x for some x € X.
Since ¢ is a contraction, ¢ is continuous (in fact, uniformly continuous) on X.

Hence
e(x) = lim @(xn) = lm @(xni1)=x O

THE INVERSE FUNCTION THEOREM

The inverse function theorem states, roughly speaking, that a continuously dif-
ferentiable mapping f is invertible in a neighborhood of any point x at which the
linear transformation f'(x) is invertible:

9.24 Theorem. Suppose f is a €' -mapping of an open set E C R™ into R™, (a) is
invertible for some a € £, and b = f(a). Then

(a) there exist open sets U and V in R™ such that a € U, b € V, £ is one-to-one on U,
and £f(U) =V;
(b) if g is the inverse of f [which exists, by (a)], defined in V by

gf(x)) =x  (xel),

then g € €1 (V).
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Writing the equation y = f(x) in component form, we arrive at the following
interpretation of the conclusion of the theorem: The system of n equations

Ui:fi(xh--wxn) (1§1§n)

can be solved for x1,...,xn in terms of y1, ..., yn, if we restrict x and y to small
enough neighborhoods of a and b; the solutions are unique and continuously dif-
ferentiable.

Proof.

(a) Put f'(a) = A and choose A so that
(9.46) AT =1
Since f’ is continuous at a, there is an open ball U C E with center a such that
(9.47) [fx)—A <A (xeuw.
We associate to each y € R™ a function ¢, defined by
(9.48) o) =x+A 1 (y—£f(x)) (x€E).

Note that £(x) =y if and only if x is a fixed point of @.
Since @’(x) = I—A" 1 (x) = A~ (A —f'(x)), (0.46) and imply that

(9.49) o' )| < % (x e U).
Hence
950) oba) bl < b1 —xal b € U,

by It follows that ¢ has at most one fixed point in U, so that
f(x) =y for at most one x € U.

Thus fis 1-1 in U.

Next, put V = f(U) and pick yp € V. Then yy = f(x¢) for some xo € U.
Let B be an open ball with center at xy and radius r > 0, so small that its
closure B lies in U. We will show that y € V whenever |y —yo| < Ar. This

proves, of course, that V is open.
Fixy, ly —yol < Ar. With ¢ as in (9.45),

lo(x0) —xol = |A (y—yo)| < A" |Ar = %
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If x € B, it therefore follows from (9.50) that
lo(x) —xo| < lo(x) — @(x0) [+ @ (x0) —xol
1 T
< 3 ‘X_XOH‘E <

hence ¢(x) € B. Note that (9.50) holds if x; € B, x, € B.
Thus ¢ is a contraction of B into B. Being a closed subset of R™, B is

complete. [Theorem 9.23|implies therefore that ¢ has a fixed point x € B.
For this x, f(x) = y. Thusy € f(B) C f(U) = V. This proves part (a) of the
theorem.

(b) Picky € V,y+k € V. Then there exist x € U, x+h € U, so thaty = f(x),
y+k = f(x+h). With ¢ as in (9.48),

o(x+h)—@(x)=h+A"[f(x) —f(x+h)] =h—A 'k
By (0.50),
(9.51) Ih| < 2[|A7" Ikl = A" K.
By (0.46), ©.47), and f’(x) has an inverse, say T. Since
gy +k) —gly)— Tk = h— Tk = —T[f(x + h) — £(x) — £ (x)h],
implies

gly + k) —gly) =Tkl _ |[T]| |[£(x+h) — £(x) — £ (x)h]|
1N A |h|

h—A~Tk| < |h|/2. Hence |[A~ k| > |h| /2 and

As k — 0, (9.51) shows that h — 0. The right side of the last inequality
thus tends to 0. Hence the same is true of the left. We have thus proved that
g'(y) = T. But T was chosen to be the inverse of f'(x) = f/(g(y)). Thus

(9.52) g'ly)={f(gy)} ' (yeV).

Finally, note that g is a continuous mapping of V onto U (since g is differ-
entiable), that " is a continuous mapping of U into the set Q of all invertible
elements of L(R™), and that inversion is a continuous mapping of Q onto Q,

by[Theorem 9.8| If we combine these facts with (9.52), we see that g € €T (V).

This completes the proof. O

Remark. The full force of the assumption that f € ¢ (E) was only used in the
last paragraph of the preceding proof. Everything else, down to (9.52), was derived
from the existence of f'(x) for x € E, the invertibility of f'(a), and the continuity of
f/ at just the point a. In this connection, we refer to the article by A. Nijenhuis in
Amer. Math. Monthly, vol. 81, 1974, pp. 969-980.
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The following is an immediate consequence of part (a) of the inverse function
theorem.

9.25 Theorem. If f is a €' -mapping of an open set E C R™ into R™ and if f'(x) is
invertible for every x € E, then £f(W) is an open subset of R™ for every open set W C E.
In other words, £ is an open mapping of E into R™.

The hypotheses made in this theorem ensure that each point x € E has a neigh-
borhood in which f is 1-1. This may be expressed by saying that f is locally one-to-
one in E. But f need not be 1-1 in E under these circumstances. For an example, see

[Exercise 9.171

THE IMPLICIT FUNCTION THEOREM

If f is a continuously differentiable real function in the plane, then the equation
f(x,y) = 0 can be solved for y in terms of x in a neighborhood of any point (a, b)
at which f(a,b) = 0 and 9f/0dy # 0. Likewise, one can solve for x in terms of y
near (a,b) if 0f /9x # 0 at (a, b). For a simple example which illustrates the need
for assuming 9f /dy # 0, consider f(x,y) = x* +y? — 1.

The preceding very informal statement is the simplest case (the case m =n =1

of [Theorem 9.28)) of the so-called “implicit function theorem.” Its proof makes
strong use of the fact that continuously differentiable transformations behave lo-

cally very much like their derivatives. Accordingly, we first prove
the linear version of Theorem 9.28

9.26 Notation. If x = (x1,...,xn) € R"andy = (y1,...,Yym) € R™, let us write
(x,y) for the point (or vector)

(X1,e s X, Y1, -, Ym) € R,

In what follows, the first entry in (x,y) or in a similar symbol will always be a
vector in R™, the second will be a vector in R™.

Every A € L(R™"™,R") can be split into two linear transformations Ay and
Ay defined by

(9.53) Ah=A(h0), Ayk=A(0Kk)
forany h € R™, k € R™. Then A, € L(R™), Ay € L(R™,R"), and
(9.54) A(h k) =Axh+Ayk.

The linear version of the implicit function theorem is now almost obvious.
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9.27 Theorem. If A € L(R™™, R") and if A is invertible, then there corresponds to
every k € R™ a unique h € R™ such that A(h,k) = 0. This h can be computed from k
by the formula

(9.55) h=—(Ay) 'Ayk.
Proof. By (9.54), A(h, k) = 0 if and only if
Axh+Ayk =0,
which is the same as when Ay is invertible. O

The conclusion ofis, in other words, that the equation A(h, k) =0
can be solved (uniquely) for h if k is given, and that the solution h is a linear func-
tion of k. Those who have some acquaintance with linear algebra will recognize
this as a very familiar statement about systems of linear equations.

9.28 Theorem. Let f be a ¢ -mapping of an open set E C R™™ into R™ such that
f(a,b) = 0 for some point (a,b) € E.

Put A = f'(a,b) and assume that Ay is invertible. Then there exist open sets U C
R™ ™ and W C R™, with (a,b) € Uand b € W, having the following property:

To every 'y € W corresponds a unique x such that

(9.56) (x,y)eUu and f£(x,y)=0.

If this x is defined to be g(y), then g is a €' -mapping of W into R™, g(b) = a,

9.57) f(gly,y)=0 (yeWw),
and
(9.58) g'(b) = —(Ax) TAy.

The function g is “implicitly” defined by (9.57). Hence the name of the theorem.
The equation f(x,y) = 0 can be written as a system of n equations in n +m
variables:

f1(x1,+--,Xn,Y1,---,Yym) =0
(9.59)

fﬂ(xlln‘/Xn/y]/"-/ym) =0.

The assumption that Ay is invertible means that the n by n matrix

Dyfy -+ Dnfy

D1fn ann
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evaluated at (a, b) defines an invertible linear operator in R™; in other words, its
column vectors should be independent, or, equivalently, its determinant should be

nonzero. (See[Theorem 9.36]) If, furthermore, (9.59) holds when x = aandy = b,
then the conclusion of the theorem is that (9.59) can be solved for x1,...,xn in

terms of y1,...,Yym, for every y near b, and that these solutions are continuously
differentiable functions of y.

Proof. Define F by

(9.60) F(x,y) = (f(x,y),y) ((xy) € B).

Then F is a ¢! -mapping of E into R™*™. We claim that F’(a, b) is an invertible
element of L(R™t™):
Since f(a,b) = 0, we have

f(a+h,b+k)=A(hk)+r(h, k),
where r is the remainder that occurs in the definition of f/(a, b). Since

Fa+h,b+k)—F(a,b) = (fla+h,b+k) k)
= (A(h, k), k) + (r(h, k), 0),

it follows that F’(a, b) is the linear operator on R™ "™ that maps (h, k) to (A(h, k), k).
If this image vector is 0, then A(h,k) = 0 and k = 0, hence A(h,0) =0 and
implies that h = 0. It follows that F’(a, b) is 1-1; hence it is invertible
(Theorem 9.5).

The inverse function theorem can therefore be applied to F. It shows that there
exist open sets U and V in R™™™, with (a,b) € U, (0,b) € V, such that Fis a 1-1
mapping of U onto V.

We let W be the set of all y € R™ such that (0,y) € V. Note thatb € W. It
is clear that W is open since V is open. If y € W, then (0,y) = F(x,y) for some

(x,y) € W. By (9:60), f(x,y) = 0 for this x.
Suppose, with the same y, that (x,y) € U and f(x’,y) = 0. Then

F(x',y) = (f(x',y),y) = (f(x, y),y) = F(x,y).

Since Fis 1-1 in U, it follows that x’ = x. This proves the first part of the theorem.

For the second part, define g(y) for y € W, so that (g(y),y) € U and (9.57)
holds. Then

(9.61) F(g(y),y) = (0,y) (y e W).

If G is the mapping of V onto U that inverts F, then G € € by the inverse function
theorem and (9.61) gives

9.62) (g(y),y) = G(0,y) (yew).
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Since G € ¢, (9.62) shows that gc .
Finally, to compute g’ (b), put (g(y),y) = @(y). Then

(9.63) o'(yk=(g'(ylok) (yeWkeR™).
By , f(®(y)) = 0in W. The chain rule shows therefore that

£(0(y)®'(y) =0.
Wheny = b, then ®(y) = (a,b) and f'(®(y)) = A. Thus
(9.64) A®'(b) = 0.
It now follows from (9.64), (9.63), and that

Axg' (b)k+Ayk = A(g'(b)k, k) = Ad'(b)k =0

for every k € R™. Thus
(9.65) Axg'(b)+Ay =0.
This is equivalent to and completes the proof. O

Note. In terms of the components of f and g, (9.65) becomes

Z (a,b)(Dxgj)(b) = —(Dn4xfi)(a b)

j=1
> (50) (o) = (55
=1 6x) ayk 6yk
where1 <i<n,1<k<m.

For each k, this is a system of n linear equations in which the derivatives
9g; /0y (1 <j < n) are the unknowns.

or

9.29 Example. Take n = 2, m = 3 and consider the mapping f = (f,f,) of R into
R? given by

f1(x1,%2,Y1,Y2,Y3) = 2e*" +xy1 —4yp +3
f2(x1,%2,Y1,Y2,Y3) = x2 cosxy —6x7 +2y7 —y3.

Ifa=(0,1)andb = (3,2,7), then f(a,b) =

With respect to the standard bases, the matrix of the transformation A = f'(a,b)
is
—4 0

2 31
12 0 -1
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Hence

SO ]

We see that the column vectors of [A4] are independent. Hence Ay is invertible and
the implicit function theorem asserts the existence of a ¢! -mapping g, defined in
a neighborhood of (3,2,7), such that g(3,2,7) = (0, 1) and f(g(y),y) = 0.

We can use to compute g’(3,2,7): Since

11 =3
—17 _ -1 _ b
a0 =aa = 5 8 S
(9.58) gives
T =311 —4 o0 ol 3
coan-3L AR 3 41 ¢ A
20106 212 0 -1 -3 2 To
In terms of the partial derivatives, the conclusion is that
1 1 3
Digr = 7 D2g; 5 D39 T
1 6 1
D192——§ ngz—g D392—ﬁ

at the point (3,2,7).

THE RANK THEOREM

Although this theorem is not as important as the inverse function theorem or the
implicit function theorem, we include it as another interesting illustration of the
general principle that the local behavior of a continuously differentiable mapping
F near a point x is similar to that of the linear transformation F’(x). Before stating
it, we need a few more facts about linear transformations.

9.30 Definitions. Suppose X and Y are vector spaces and A € L(X,Y), as in
The null space of A, 4 (A), is the set of all x € X at which Ax = 0. It is
clear that .#"(A) is a vector space in X.

Likewise, the range of A, Z(A), is a vector space in Y. The rank of A is defined
to be the dimension of Z(A).

For example, the invertible elements of L(R™) are precisely those whose rank
is n. This follows from If A € L(X,Y) and A has rank 0, then Ax =0
for all x € X, hence .4 (A) = X. In this connection, see|Exercise 9.25

9.31 Definition (Projections). Let X be a vector space. An operator P € L(X) is said
to be a projection in X if P2 = P.
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More explicitly, the requirement is that P(Px) = Px for every x € X. In other
words, P fixes every vector in its range Z(P). Here are some elementary properties
of projections:

(a) If P is a projection in X, then every x € X has a unique representation of the
form
X =X +X2

where x; € Z(P), x; € AN (P).

Proof. To obtain the representation, put x; = Px, x; = x—xj. Then Px; =
Px— Px7 = Px— P2x = 0. As regards the uniqueness, apply P to the equation
X = X7 +x3. Since x; € Z(P), Px; = xq; since Pxy = 0, it follows that
x1 = Px. O

(b) If X is a finite-dimensional vector space and if X is a vector space in X, then
there is a projection P in X with #Z(P) = Xj.

Proof. If X1 contains only 0, this is trivial: put Px = 0 for all x € X.
Assume dim X; = k > 0. By[Theorem 9.3| X has then a basis {uy, ..., un}

such that{uy,...,uy}is a basis if X;. Define
Plcjuy +---+cnun) =cjuy + - - - +cuy

for arbitrary scalars cq, ..., cn. Then Px = x for every x € X; and X7 = Z(P).
Note that {ux1,...,un}is a basis of .#'(P). Note also that there are in-
finitely many projections in X with range X if 0 < dim X; < dim X. O

9.32 Theorem. Suppose m, n, T are nonnegative integers, m > r,n > r,Fisa ¢ T
mapping of an open set E C R™ into R™, and ¥’ (x) has rank r for every x € E.

Fixa € E, put A = F'(a), let Y1 be the range of A, and let P be a projection in R™
whose range is Yy. Let Y, be the null space of P.

Then there are open sets U and V in R™, witha € U, U C E, and there is a 1-1
€1-mapping H of V onto U (whose inverse is also of class €1) such that

(9.66) F(H(x)) = Ax+ @(Ax)  (x€ V)

where @ is a ¢ -mapping of the open set A(V) C Yy into Y5.

After the proof we shall give a more geometric description of the information

that contains.

Proof. If r =0, shows that F(x) is constant in a neighborhood U of a
and holds trivially with V = U, H(x) = x, ¢(0) = F(a).

From now on we assume v > 0. Since dim Yy = r, Yy has a basis {yy,...,y+}.
Choose z; € R™ so that Az; =y; (1 <1 <), and define a linear mapping S of Y;
into R™ by setting

(9.67) Sleiy1+---+ceryr) =c1z1 + -t orzr
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for all scalars cq,...,cr. Then ASy; = Az; =y; for 1 <1i <r. Thus
(9.68) ASy =y (yeYr)

Define a mapping G into R™ by setting
(9.69) G(x) = x+ SP[F(x) — Ax] (x € E).

Since F’(a) = A, differentiation of shows that G(a) = I, the identity operator
on R™. By the inverse function theorem, there are open sets U and V in R™, with
a € U, such that G is a 1-1 mapping of U onto V whose inverse H is also of class
%1, Moreover, by shrinking U and V, if necessary, we can arrange it so that V is
convex and H'(x) is invertible for every x € V.

Note that ASPA = A since PA = A and holds. Therefore gives

(9.70) AG(x) = PF(x) (x € B).

In particular, (9.70) holds for x € U. If we replace x by H(x), we obtain

(9.71) PF(H(x)) = Ax (x e V).
Define
(9.72) P(x) = F(H(x)) — Ax (x € V).

Since PA = A, implies that Pyp(x) = 0 forall x € V. This{ is a ¢! -mapping
of V into Y;. Since V is open it is clear that A(V) is an open subset of its range
Z(A) =Y.

To complete the proof, i.e., to go from to (9.66), we have to show that
there isa %’ -mapping ¢ of A(V) into Y, which satisfies

(9.73) 0(AX) =d(x)  (xe V).
As a step toward (9.73), we will first prove that
(9.74) P(x1) =(x2)

ifx; €V,x2 €V, Ax; = Axa.
Put @ (x) = F(H(x)) for x € V. Since H'(x) has rank n for every x € V and F'(x)
has rank r for every x € U, it follows that

(9.75) rank @’ (x) = rank F/ (H(x))H'(x) =1 (x V).
Fix x € V. Let M be the range of ®’(x). Then M C R™, dim M = r. By (9.71),
(9.76) PO/(x) = A.

Thus P maps M onto #Z(A) = Y;. Since M and Y; have the same dimension, it
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follows that P (restricted to M) is 1-1.

Suppose now that Ah = 0. Then PO’ (x)h = 0 by (9.76). But ®’(x)h € M and P
is 1-1 on M. Hence @’(x)h = 0. A look at shows now that we have proved
the following:

Ifx € Vand Ah = 0, then ' (x)h = 0.

We can now prove (9.74). Supposex; € V,x; € V, Ax; = Axz. Puth =x; — x5
and define

9.77) gt) =hlx +th)  (0<t<1).
The convexity of V shows that x; +th € V for these t. Hence
9.78) g'(t)=v'(x;+thh=0 (0<t<1),

so that g(1) = g(0). But g(1) = (x2) and g(0) = (x7). This proves (9.74).

By (9.74), ¥(x) depends only on Ax for x € V. Hence defines ¢ unam-
biguously in A(V). It only remains to be proved that ¢ € €.

Fix yp € A(V), fix xg € V so that Axy = yp. Since V is open, yo was a neigh-
borhood W in Yj such that the vector

(9.79) x=x0+S(y—yo)
liesin V for all y € W. By (9.68),
Ax=Axo+y—yo =Y.

Thus (9.73) and (9.79) give
(9.80) @(y) =b(xo —Syo +Sy)  (ye W)

This formula shows that ¢ € ¢ T in W, hence in A(V), since yo was chosen arbi-
trarily in A(V). The proof is now complete. O

Here is what the theorem tells us about the geometry of the mapping F. If
y € F(U) then y = F(H(x)) for some x € V and shows that Py = Ax.
Therefore

9.81) y = Py + @(Py) (y € F(W)).

This shows that y is determined by its projection Py and that P, restricted to F(U),
is a 1-1 mapping of F(U) onto A(V). Thus F(U) is an “r-dimensional surface” with
precisely one point “over” each point of A(V). We may also regard F(U) as the
graph of .

If ®(x) = F(H(x)), as in the proof, then shows that the level sets of ®
(these are the sets in which @ attains a given value) are precisely the level sets of A



DETERMINANTS 218

in V. These are “flat” since they are intersections with V of translates of the vector
space ./ (A). Note that dim .#"(A) = n — r (Exercise 9.25).

The level sets of F in U are the images under H of the flat level sets of ® in V.
They are thus “(n — r)-dimensional surfaces” in U.

DETERMINANTS

Determinants are numbers associated to square matrices, and hence to the oper-
ators represented by such matrices. They are 0 if and only if the corresponding
operator fails to be invertible. They can therefore be used to decide whether the
hypotheses of some of the preceding theorems are satisfied. They will play an even
more important role in|{Chap. 10

9.33 Definition. If (j1,...,jn) is an ordered n-tuple of integers, define

(9.82) sG1,--in) = [ [ sgnliq —ip),
p<q
where sgnx = 1if x > 0, sgnx = —1if x < 0, sgnx = 0 if x = 0. Then

s(j1,...,jn) = 1,—1, or 0, and it changes sign if any two of the j’s are interchanged.

Let [A] be the matrix of a linear operator A on R™, relative to the standard basis
{e1,...,en}, with entries a(i,j) in the ith row and jth column. The determinant of
[A] is defined to be the number

(9.83) detlA] = ) s(j1,.-- dn)a(l,j1)al2,z) - - aln,jn).

The sum in extends over all ordered n-tuples of integers (j1, . ..,jn) with
1 <jr < n. The column vectors x; of [A] are

(9.84) xj=> alije (1<j<n).
i=1

It will be convenient to think of det[A] as a function of the column vectors [A]. If
we write
det(x1,...,xn) = det[A],

det is now a real function on the set of all ordered n-tuples of vectors in R™.
9.34 Theorem.
(a) If Lis the identity operator on R™, then

det[l] = det(eq,...,en) = 1.

(b) detis a linear function of each of the column vectors x;, if the others are held fixed.

(c) If [Aly is obtained from [A] by interchanging two columns, then
det[A]; = —det[A].
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(d) If [A] has two equal columns, then det[A] = 0.
Proof. If A =1, then a(i,i) =1 and a(i,j) = 0 for all i # j. Hence
det(I] =s(1,2,...,n) =1,

which proves (a). By , s(§1,...,jn) = 0if any two of the j’s are equal. Each of
the remaining n! products in contains exactly one factor from each column.
This proves (b). Part (c) is an immediate consequence of the fact that s(jq,...,jn)
changes sign if any two of the j,’s are interchanged, and (d) is a corollary of (c). O

9.35 Theorem. If [A] and [B] are n by n matrices, then
det([B][A]) = det[B] det[A].

Proof. If x1,...,xn are the columns of [A], define

(9.85) Ag(xq,...,xn) = Ag[A] = det([BI[A]).

The columns of [B][A] are the vectors Bxy, ..., Bxn. Thus

(9.86) Ag(Xx1,...,%Xn) = det(Bxy,...,Bxn).

By (0.86) and [Theorem 9.34] A also has properties[9.34(b)|to[(d)} By (b) and (0.84),
AB [A} = AB (Z (l(i, 1 )eiIXZI o /xn> = Z a(ir 1 )AB (ei/ X2,enn /XTLJ'

i i
Repeating this process with x;, ..., Xn, we obtain
(9.87) Z a(iy, Na(iz,2)---alin,n)Ap(ei,,...,ei, ),

the sum being extended over all ordered n-tuples (i1, ...,in) with 1 <1i, <n. By
(c) and (d),

(9.88) AB(ei] P .,ein) =1t(i1,...,in)Ag(e1,...,€n),
where t =1, 0, or —1, and since [B][I] = [B], (9.85) shows that
(9.89) Ag(eq,...,en) = det[B].

Substituting (9:89) and (9.88) into (9-87), we obtain
det([B {Z (i1,1) - a(in,n)t(iq,...,1 }det

for all n by n matrices [A] and [B]. Taking B = I, we see that the above sum in
braces is det[A]. This proves the theorem. O
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9.36 Theorem. A linear operator A on R™ is invertible if and only if det[A] # 0.

Proof. If A is invertible,[Theorem 9.35[shows that
det[A] detlA™"] = detlAA™"] = det[l] =1,

so that det[A] # 0.

If A isnot invertible, the columns xp, ..., xn of [A] are dependent (Theorem 9.5);
hence there is one, say xj, such that

(9.90) X+ Y cx; =0
j#k
for certain scalars cj. By [Theorem 9.34(b)| and @ Xy can be replaced by xj +

¢;x; without altering the determinant, if j # k. Repeating, we see that xj. can be
replaced by the left side of (9.90), i.e., by 0, without altering the determinant. But a
matrix which has 0 for one column has determinant 0. Hence det[A] = 0. O

9.37 Remark. Suppose {eq,...,en}and {uy,...,un} are bases in R™. Every linear
operator A on R™ determines matrices [A] and [A]y, with entries a;; and «; given

by
Ae]- = Z aijey, Auj Z Kijuy.
i i

If u; = Bej = Ibyje;j, then Au is equal to

Z okjBe = Z Xk Zbikei = Z <Z bik“kj) ey,
k k i k

i
and also to

ABEJ' =A Z bkjek = Z (Z aikbkj> €.
k k

i

Thus Zbikockj = Zaikbkj, or
(9.91) [BI[Alu = [AlB].

Since B is invertible, det[B] # 0. Hence (9.91), combined with[Theorem 9.35} shows
that

9.92) det[A]y = det[Al.

The determinant of the matrix of a linear operator therefore does not depend
on the basis which is used to construct the matrix. It is thus meaningful to speak of
the determinant of a linear operator, without having any basis in mind.

9.38 Definition (Jacobians). If f maps an open set E C R™ into R™ and f is differ-
entiable at a point x € E, the determinant of the linear operator f'(x) is called the
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Jacobian of f at x. In symbols,
(9.93) Je(x) = detf’(x).
We shall also use the notation

o(y1,..-,yn)
(9.94) Bx1,e,xm)
for J¢(x) if (y1, -+, yn) = £(x1,.-., xn).

In terms of Jacobians, the crucial hypothesis in the inverse function theorem is

that Jg(a) # 0 (compare[Theorem 9.36). If the implicit function theorem is stated in

terms of the functions (9.59), the assumption made there on A amounts to
o(fy,...,fn)
a(X], .. '/X'Tl)

£0.

DERIVATIVES OF HIGHER ORDER

9.39 Definition. Suppose f is a real function defined in an open set E C R™, with
partial derivatives D¢ f, ..., Dnf. If the functions D;f are themselves differentiable,
then the second-order partial derivatives of f are defined by

DijfZDiDjf (i,j=1,...,n].

If all these functions Dj;f are continuous in E, we say that f is of class ¢ 2in E,
or that f € ¥%(E). A mapping f of E into R™ is said to be of class €2 if each
component of f is of class 2.

It can happen that Dy;f # Dj;f at some point, although both derivatives exist
(see[Exercise 9.27). However, we shall see below that Dy;f = Dj;f whenever these
derivatives are continuous.

For simplicity (and without loss of generality), we state our next two theorems
for real functions of two variables. The first one is a mean value theorem.

9.40 Theorem. Suppose f is defined in an open set E C R? and D1f and Do f exist at
every point of E. Suppose Q C E is a closed rectangle with sides parallel to the coordinate
axes, having (a,b) and (a+h, b + k) as opposite vertices (h # 0, k # 0). Put

A(f,Q)=f(a+h,b+k)—f(a+h,b)—f(a,b+k)+ f(a,b).
Then there is a point (x,y) in the interior of Q such that
9.95) A(f,Q) = hk(D21)(x,y)-

Note that analogy between (9.95) and the area of Q is hk.
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Proof. Putu(t) = f(t, b+ k) — f(t,b). Two applications of[Theorem 5.10{show that

there is an x between a and a + h, and that there is a y between b and b + k, such
that

A(f,Q) =u(a+h)—u(a)
=hu'(x)
=h[(D1f)(x,b+k) — (D1f)(x, b)]
= hk(D21f)(x,y)- O
9.41 Theorem. Suppose f is defined in an open set E C R?, suppose that D1f, D21f,

and D, f exist at every point of £, and D1 f is continuous at some point (a,b) € E. Then
Dq,f exists at (a,b) and

(9.96) (D12f)(a,b) = (D21f)(a,b).
Corollary. Dy f =D, fiff € %2(E).
Proof. Put A = (D1f)(a,b). Choose ¢ > 0. If Q is a rectangle as in [Theorem 9.40

and if h and k are sufficiently small, we have
[A—(Da1f)(x,y)l <

for all (x,y) € Q. Thus
A(f, Q)
‘ K —A‘ <,

by (9.95). Fix h and let k — 0. Since D f exists in E, the last inequality implies that

(9.97)

‘ (D2f)(a+h,b) — (D2f)(a,b)
h

—A| <.

Since ¢ was arbitrary, and since holds for all sufficiently small h # 0, it
follows that (D12f)(a, b) = A. This gives (9.96). O

DIFFERENTIATION OF INTEGRALS

Suppose ¢ is a function of two variables which can be integrated with respect to
one and which can be differentiated with respect to the other. Under what condi-
tions will the result be the same if these two limit processes are carried out in the
opposite order? To state the question more precisely: Under what conditions on ¢
can one prove that the equation

b b
(9.98) %J e(x,t)dx = J aa—f(x,t] dx

is true? (A counter example is furnished by |Exercise 9.28})
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It will be convenient to use the notation
(9.99) @' (x) = @(x, ).
Thus ¢t is, for each t, a function of one variable.

9.42 Theorem. Suppose
(a) @(x,t)isdefined fora <x<b,c<t<d;
(b) «is an increasing function on [a, b);
(c) @' € Z() for every t € [c, d];
(d) c <s < d, and to every e > 0 corresponds a & > 0 such that
(D2e)(x,t) — (D29)(x,s) < ¢
forallx € [a,b] and forall t € (s —5,s+ ).
Define

b
(9.100) f(t) :J @(x,t)do(x) (c<t<ad).
Then (D2 @)% € Z(x), f'(s) exists, and

b
(9.101) '(s) :J (D2@)(x,s) da(x).

a

Note that (c) simply asserts the existence of the integrals (9.100) for all t € [c, d].
Note also that (d) certainly holds whenever (D, ¢) is continuous on the rectangle
on which ¢ is defined.

Proof. Consider the difference quotients

o(x,t) —@(x,s)
t—s

for 0 < [t —s| < 8. By|Theorem 5.10| there corresponds to each (x,t) a number u

between s and t such that

P(x,t) =

Y(x, t) = (D2)(x,u).
Hence (d) implies that
(9.102) [W(x,t) — (D20)(x,8)| < ¢ (a<x<b, 0<|t—s|<d).

Note that

(9.103)

b
M=) [ 1) dat),

t—s

a
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By (0.102), ¥t — (D2 ¢)® uniformly on [a,b] as t — s. Since each Pt € %(«), the
desired conclusion follows from (9.103) and [Theorem 7.16} O

9.43 Example. One can of course prove analogues of [Theorem 9.42|with (—oo, co)

in place of [a, b]. Instead of doing this, let us simply look at an example. Define

(9.104) f(t) = ro e cos(xt) dx
and
(9.105) glt) = — Joo xe " sin(xt) dx,

for —oco < t < co. Both integrals exist (they converge absolutely) since the absolute
values of the integrands are at most exp(—x?) and |x|exp(—x?), respectively.

Note that g is obtained from f by differentiating the integrand with respect to
t. We claim that f is differentiable and that

(9.106) f'(t) = g(t) (—oo <t < 00).

To prove this, let us first examine the difference quotients of the cosine: if § > 0,
then

. x+B
cos(a + ) —cos & ! J (sin @ —sint) dt.

9.107 +sina = —
( ) B B
Since |sinx —sint| < |t — «f, the right side of (9.107) is at most 3/2 in absolute

value; the case 3 < 0 is handled similarly. Thus

04

cos(ax+ f) — cos

B

for all 3 (if the left side is interpreted to be 0 when 3 = 0).
Now, fix t and h # 0. Apply (9.108) with o« = xt, B = xh; it follows from (9.104)

and (9.105) that

(9.108) * L sinal < Bl

o0 2
fg(t]‘ g|h\J xZe ™" dx.

—0o0

f(t+h) —f(t)
R

When h — 0, we thus obtain (9.106).
Let us go a step further: An integration by parts, applied to (9.104), shows that

o0 2 sin(xt
xe * 7( )

(9.109) f(t) = zJ .

—00

Thus tf(t) = —2g(t) and (9.106) implies now that f satisfies the differential equa-

dx.
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tion
(9.110) 2f'(t) + tf(t) = 0.

If we solve this differential equation and use the fact that f(0) = /7 (see
[fem 82, we find that

2
(9.111) f(t) = Vmexp (fj) )

The integral in (9.104) is thus explicitly determined.

EXERCISES

9.1. If S is a nonempty subset of a vector space X, prove (as asserted in[Definition 9.1) that the
span of S is a vector space.

9.2. Prove (as asserted in|Definition 9.6) that BA is linear if A and B are linear transformations.
Prove also that A~ is linear and invertible.

9.3. Assume A € L(X,Y) and Ax = 0 only when x = 0. Prove that A is then 1-1.

9.4. Prove (as asserted in|Definition 9.30) that null spaces and ranges of linear transformations
are vector spaces.

9.5. Prove that to every A € L(R™, R') corresponds a unique y € R™ such that Ax = x - y.

Prove also that ||A|| = |y|. Hint: Under certain conditions, equality holds in the Schwarz
inequality.
9.6. 1f £(0,0) = 0 and
Xy .
fx,y) = X2 1y? if (x,y) # (0,0),

prove that (D f)(x,y) and (D> f)(x,y) exist at every point of RZ, although f is not continuous
at (0,0).

9.7. Suppose that f is a real-valued function defined in an open set E C R™ and that the
partial derivatives D;f,..., D, f are bounded in E. Prove that f is continuous in E. Hint:

Proceed as in the proof ofm

9.8. Suppose that f is a differentiable real function in an open set E C R™ into R™ and that f
has a local maximum at a point x € E. Prove that f/(x) = 0.
9.9. If £ is a differentiable mapping of a connected open set E C R™, and if f'(x) = 0 for every
x € E, prove that f is a constant in E.
9.10. If f is a real function defined in a convex open set E C R", such that (D;f)(x) = 0 for
every x € E, prove that f(x) depends only on x,...,xn.

Show that the convexity of E can be replaced by a weaker condition, but that some con-

dition is required. For example, if n = 2 and E is shaped like a horseshoe, the statement may
be false.

9.11. If f and g are differentiable real functions in R™, prove that
V(fg) =fVg+gVf
and that V(1/f) = —f—2Vf whenever f # 0.
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9.12. Fix two real numbers a and b, 0 < a < b. Define a mapping f = (f;,f,,f3) of R? into
R3 by
fi(s,t) = (b+ acoss)cost
fa(s,t) = (b+acoss)sint
f3(s,t) = asins.
Describe the range K of £. (It is a certain compact subset of R3.)
(a) Show that there are exactly 4 points p € K such that

(Vi (p) =0.
Find these points.
(b) Determine the set of all q € K such that

(VE3)(f '(q)) =0.

(c) Show that one of the points p found in part (a) corresponds to a local maximum of fy,
one corresponds to a local minimum, and that the other two are neither (they are so-
called “saddle points”). Which of the points q found in part (b) correspond to maxima
or minima?

(d) Let A be an irrational real number and define g(t) = f(t,At). Prove that gis a 1-1
mapping of R! onto a dense subset of K. Prove that

lg'(t)]

9.13. Suppose f is a differentiable mapping of R! into R3 such that |f(t)| = 1 for every t.
Prove that f'(t) - f(t) = 0. Interpret this result geometrically.

9.14. Define f(0,0) = 0 and

2_g +A%(b+acost)?.

x3

fx,y) if (x,y) # (0,0).

X2 4y?
(a) Prove that Dfand D,f are bounded functions in R2. (Hence f is continuous.)

(b) Let u be any unit vector in RZ. Show that the directional derivative (Dyf)(0,0) exists
and that its absolute value is at most 1.

(c) Lety be a differentiable mapping of R! into R? (in other words, v is a differentiable
curve in R?) with y(0) = (0,0) and |y’(0)| > 0. Put g(t) = f(y(t)) and prove that g is
differentiable for every t € R'. If y € €7, prove that g € €.

(d) In spite of this, prove that f is not differentiable at (0,0). Hint: Formula (9.40) fails.

9.15. Define f(0,0) = 0 and put

4xy?

_ 2 2 2 Y

f(x,y) =x“+y°—2xy— W

if (x,y) # (0,0).
(a) Prove, forall (x,y) € R2, that
4ty? < (x4 y?)2.
Conclude that f is continuous.
(b) For 0 <0 < 27, —oo < t < 0o, define

go(t) = f(tcos,tsin0).
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Show that gg(0) = 0, g5(0) = 0, g§(0) = 2. Each gg therefore has a strict local
minimum at t = 0. In other words, the restriction of f to each line through (0,0)
has a strict local minimum at (0, 0).

(c) Show that (0,0) is nevertheless not a local minimum for f, since f(x,x2) = —x*.

9.16. Show that the continuity of £’ at the point a is needed in the inverse function theorem,
even in the case n = 1: If

f(t) = t+ 2t% sin (%)
for t # 0 and f(0) = 0, then f/(0) = 1, ' is bounded in (—1, 1), but f is not one-to-one in any
neighborhood of 0.
9.17. Let f = (fy, f2) be the mapping of R? into R? given by

f1(x,y) = e~ cosy, f2(x,y) = e~ siny.

(a) What is the range of £?

(b) Show that the Jacobian of f is not zero at any point of R2. Thus every point of R? has
a neighborhood in which f is one-to-one. Nevertheless, f is not one-to-one on R?.

(¢) Puta = (0,1/3), b = f(a), and let g be the continuous inverse of f, defined in a
neighborhood of b, such that g(b) = a. Find an explicit formula for g, compute f'(a)
and g'(b), and verify the formula (©.52).

(d) What are the images under f of lines parallel to the coordinate axes?
9.18. Answer analogous questions for the mapping defined by

u=x%—y? v =2xy.
9.19. Show that the system of equations

3x+y—z+u? =0

x—y+2z+u =0

2x+2y—3z+2u =0
can be solved for x,y, u in terms of z; for x, z, u in terms of y; for y, z, u in terms of x; but not
for x,y,z in terms of u.
9.20. Take n = m = 1 in the implicit function theorem, and interpret the theorem (as well as
its proof) graphically.
9.21. Define f in R? by

f(x,y) = 2x% —3x% + 2y + 3y
(a) Find the four points in R? at which the gradient of f is zero. Show that f has exactly
one local maximum and one local minimum in R?.

(b) Let S be the set of all (x,y) € R? at which f(x,y) = 0. Find the points of S that have
no neighborhoods in which the equation f(x,y) = 0 can be solved for y in terms of x
(or for x in terms of y). Describe S as precisely as you can.

9.22. Give a similar discussion for
f(x,y) = 23 + 6xy? — 3x% 4 3y2.
9.23. Define f in R3 by
fx,y1,92) =x*y1 +€* +ya.
Show that f(0,1,—1) =0, (D;f)(0,1,—1) # 0, and that there exists therefore a differentiable
function g in some neighborhood of (1,—1) in R? such that g(1,—1) =0and

f(g(y1,92),y1,y2) =0.
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Find (D1g)(1,—1) and (D2g)(1,-1).

9.24. For (x,y) # (0,0), define f = (fy,f2) by
X2 —1y2

B xZ +y2’

Xy

o) =

1 (Xry)

Compute the rank of f'(x,y) and find the range of f.
9.25. Suppose A € L(R™, R™); let r be the rank of A.

(a) Define S as in the proof of [Theorem 9.32] Show that SA is a projection in R™ whose
null space is .#"(A) and whose range is Z(S). Hint: By SASA =SA.

(b) Use (a) to show that
dim A (A) + dim Z(A) = n.
9.26. Show that the existence (and even the continuity) of D1, f does not imply the existence
of Dy f. For example, let f(x,y) = g(x), where g is nowhere differentiable.
9.27. Put £(0,0) = 0 and

xy(x? —y?)
f(x,y) = vy

if (x,y) # (0,0). Prove that
(@) f, Dqf, D,f are continuous in R?;
(b) D12f and Dy exist at every point of R? and are continuous except at (0,0);
() (Dq2f)(0,0) =1and (D3;f)(0,0) =—1.

9.28. For t > 0, put

X 0<x<VY)
Pl t) =< —x+2vt (Vt<x <2V
0 (otherwise),

and put @(x,t) = —@(x, [t]) if t <O.
Show that ¢ is continuous on R? and

(D29)(x,0) =0
for all x. Define .
f(t) :J @(x,t) dx.
—1

Show that f(t) = tif |t| < 1/4. Hence

]
70 #[ (D2p)ix,0 dx.

9.29. Let E be an open set in R™. The classes %1 (E) and €2(E) are defined in the text. By
induction, ¥ (E) can be defined as follows, for all positive integers k: To say that f € €*(E)
means that the partial derivatives D¢f,..., D, f belong to €x1(E).

Assume f € ¥*(E) and show (by repeated application of [Theorem 9.41) that the kth
order derivative

Dijiy..i f=Di; Dy, -+ Dy f

is unchanged if the subscripts iy, ..., i) are permuted.

For instance, if n > 3, then
D1213f =D3112f

for every f € €.
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9.30. Let f € €™ (E), where E is an open subset of R™. Fix a € E and suppose x € R™ is so
close to 0 that the points

p(t) = a+tx

lie in E whenever 0 < t < 1. Define

forallt € R! for which p(t) € E
(a) For 1 <k < m, show (by repeated application of the chain rule) that

(b

=

h () =3 (Dy, .4, OPU)xi, - xq, -

The sum extends over all ordered k-tuples (i, ...,1x) in which each i; is one of the
integers 1,...,mn.

By Taylor’s theorem (Theorem 5.15),
" h0) | Ry

R =3 K! m!

k=0

for some t € (0,1). Use this to prove Taylor’s theorem in n variables by showing that
the formula

m—1
fla+x) = Z % Z(Dh ”_ikf)(a]xi] T Xy + 7(x)
k=0

represents f(a 4+ x) as the sum of its so-called “Taylor polynomial of degree m —1,”
plus a remainder that satisfies
LT
lim =0.

x—0 [x|™!

Each of the inner sums extends over all ordered k-tuples (iy,...,1x), as in part (a);
as usual, the zero-order derivative of f is simply f, so that the constant term of the
Taylor polynomial of f at a is f(a).

(c) |[Exercise 9.29|shows that repetition occurs in the Taylor polynomial as written in part

(b). For instance, D113 occurs three times, as D113, D137, D317. The sum of the
corresponding three terms can be written in the form

3(D%D3f)(a)x%X3.

Prove (by calculating how often each derivative occurs) that the Taylor polynomial in
(b) can be written in the form

n

5 (DY ---Dirf)(a) s,

Sn
X X -
sple--sn! !

Here the summation extends over all ordered n-tuples (s, ..., sn) such that each s; is
a nonnegative integer and s; +-- - + s <m—1.

9.31. Suppose f € %> in some neighborhood of a point a € R?, the gradient of f is 0 at a but
not all second-order derivatives of f are 0 at a. Show how one can then determine from the
Taylor polynomial of f at a (of degree 2) whether f has a local maximum, or a local minimum,
or neither, at the point a. Extend this to R™ in place of R2.



Chapter 10

INTEGRATION OF DIFFERENTIAL
FORMS

Integration can be studied on many levels. In[Chap. 6] the theory was developed
for reasonably well-behaved functions on subintervals of the real line. In[Chap. T1]
we shall encounter a very highly developed theory of integration that can be ap-
plied to much larger classes of functions, whose domains are more or less arbitrary
sets, not necessarily subsets of R™. The present chapter is devoted to those aspects
of integration theory that are closely related to the geometry of euclidean spaces
such as the change of variables formula, line integrals, and the machinery of differ-
ential forms that is used in the statement and proof of the n-dimensional analogue
of the fundamental theorem of calculus, namely Stokes’ theorem.

INTEGRATION

10.1 Definition. Suppose I¥ is a k-cell in R* consisting of all
X=(X1,.+.,%K)

such that

(10.1) i <xi<b; (i=1,...,k),

U is the j-cell in R} defined by the first j inequalities (10.1), and f is a real continu-
ous function on I¥.
Put f = fy, and define f_; on I¥~! by
by
fe—1(x1, .00 x1—1) :J fre(xq, oo, Xk—1, %) dxg.

ax

The uniform continuity of fi on I¥ shows that f_; is continuous on I¥~ 1. Hence

230
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we can repeat this process and obtain functions fj, continuous on U, such that
fi_11is the integral of f with respect to Xj over [aj, bj]. After k steps we arrive ata
number fy, which we call the integral of f over I*; we write it in the form

(10.2) Lk f(x)dx or Lk f.

A priori, this definition of the integral depends on the order in which the k
integrations are carried out. However, this dependence is only apparent. To prove
this, let us introduce the temporary notation L(f) for the integral and L’(f)
for the result obtained by carrying out the k integrations in some other order.

10.2 Theorem. For every f € €(I¥), L(f) = L'(f).
Proof. If h(x) =hy(x1) - - hy(xx), where h; € €(laj, b;]), then

ko b;

L =TT | hotxo) des =L/in,

=174t

If o is the set of all finite sums of such functions h, it follows that L(g) = L’(g) for
all g € &/. Also, </ is an algebra of functions on I* to which the Stone-Weierstrass
theorem applies.

PutV = ]_[{‘11 (by —ay). If f € €(I¥) and ¢ > 0, there exists g € </ such that
If — gl < e/V, where ||f|| is defined as max [f(x)| (x € 1¥). Then |L(f—g)| < &,
|L’(f—g)| < ¢, and since

L(f) —L'(f) = L(f—g) +L'(g— 1),

we conclude that |L(f) —L/(f) | < 2¢. In this connection, [Exercise 10.2|is relevant.

O

10.3 Definition. The support of a (real or complex) function f on R¥ is the closure
of the set of all points x € R¥ at which f(x) # 0. If f is a continuous function with
compact support, let I* be any k-cell which contains the support of f and define

(10.3) J}Rk f= Lk f.

The integral so defined is evidently independent of the choice of I¥, provided only
that I¥ contains the support of f.

It is now tempting to extend the definition of the integral over R* to functions
which are limits (in some sense) of continuous functions with compact support.
We do not want to discuss the conditions under which this can be done; the proper
setting for this question is the Lebesgue integral. We shall merely describe one
very simple example which will be used in the proof of Stokes” theorem.
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10.4 Example. Let Qk be the k-simplex which consists of all points x = (x1,...,x)
in R¥ for which x; +---4+%x¢ < Tandx; > Ofori = 1,...,k. If k = 3, for
example, Qk is a tetrahedron with vertices at 0,e7,e,,e3. If f € € (Qk), extend f
to a function on I by setting f(x) = 0 off Q¥, and define

(10.4) JQk f= Lk f.

Here I¥ is the “unit cube” defined by
0<x; <1 (1<i<k).

Since f may be discontinuous on ¥, the existence of the integral on the right of
(10.4) needs proof. We also wish to show that this integral is independent of the
order in which the k single integrations are carried out.

To do this, suppose 0 < 6 < 1, put

1 (t<1-9)
(10.5) o(t) = ]%t (1-8<t<1)
0 (1<),
and define
(10.6) FX) = @(x) +---+x)f(x)  (xeT¥).

Then F € €(I¥).

Puty = (x1,...,%Xx—1),x = (y,xk). Foreachy € =1, the set of all Xk such that
F(y, x) # f(y, xx) is either empty or is a segment whose length does not exceed 6.
Since 0 < ¢ < 1, it follows that

(10.7) Fe1(y)—f (I <8|f]  (yeI* ),

where ||f|| has the same meaning as in the proof of [Theorem 10.2|and Fy_1, fx—1

are as in|Definition 10
Asd — 0, exhibits fx_1 as a uniform limit of a sequence of continuous
functions. Thus fi_; € €(I¥') and the further integrations present no problem.
This proves the existence of the integral in (10-4). Moreover, shows that

(10.8)

Lk F(x)dx — Jlk f(x) dx

< 8 Iff]-

Note that (10.8) is true regardless of the order in which the k single integrations are
carried out. Since F € %/(I1¥), [ F is unaffected by any change in this order. Hence
(10.8) shows that the same is true of [ f. This completes the proof.

Our next goal is the change of variables formula stated in To
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facilitate its proof, we first discuss so-called primitive mappings and partitions
of unity. Primitive mappings will enable us to get a clearer picture of the local
actions of a ¢''-mapping with invertible derivative, and partitions of unity are a
very useful device that makes it possible to use local information in a global setting.

PRIMITIVE MAPPINGS

10.5 Definition. If G maps an open set E C R™ into R™, and if there is an integer
m and a real function g with domain E such that

(10.9) G(x)= ) xiei+glxlem (x€E),
i£Am

then we call G primitive.

A primitive mapping is thus one that changes at most one coordinate. Note
that (10.9) can also be written in the form

(10.10) G(x) =x+[g(x) —xmlem.

If g is differentiable at some point a € E, so is G. The matrix [ocij] of the operator
G’(a) has

(10.11) (D1g)(a), ..., (Dmg)(a),..., (Dng)(a)

as its mth row. For j # m, we have a5 = 1 and a5 = 0 if 1 # j. The Jacobian of G
at ais thus given by

(10.12) Jg(a) = det[G'(a)] = (Dmg)(a),

and we see (by [Theorem 9.36) that G'(a) is invertible if and only if (Dm g)(a) # 0.

10.6 Definition. A linear operator B on R™ that interchanges some pair of mem-
bers of the standard basis and leaves the others fixed is called a flip.

For example, the flip B on R* that interchanges e; and e4 has the form
(10.13) B(x1e7 +x2e2 +x3e3 +x4eq) =x7€71 +X2€4 +X3€3 +Xg€)
or, equivalently,

(10.14) B(x1e7 +x2e2 +x3e3 +x4€4) =Xx1€7 +X4€2 +X3€3 +X0€4.

Hence B can also be thought of as interchanging two of the coordinates, rather than
two basis vectors.

In the proof that follows, we shall use the projections Py, ..., P in R™, defined
by Pox = 0 and

(10.15) PmX=x7e7+ -+ Xmem
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for 1 < m < n. Thus Py, is the projection whose range and null space are spanned
by{er,...,em}and {e;n41,...,en}, respectively.

10.7 Theorem. Suppose F is a €' -mapping of an open set E C R™ into R™, 0 € E,
F(0) = 0, and ¥’'(0) is invertible. Then there is a neighborhood of 0 in R™ in which a
representation

(10.16) F(x) =By -+ Bn_1Gno--0Gj(x)

is valid.
In (T0.16), each Gy is a primitive € -mapping in some neighborhood of 0; G;(0) = 0,
G{(0) is invertible, and each By is either a flip or the identity operator.

Briefly, (10.16) represents F locally as a composition of primitive mappings and
flips.

Proof. Put F = Fy. Assume 1 < m < n—1, and make the following induction
hypothesis (which evidently holds for m = 1):

Vi is a neighborhood of 0, Fr, € €1 (Vim), Fm (0) =0, F/,(0) is invertible, and

(10.17) Pm—1Fm(x) =Pp_1x (x € V).
By (10.17), we have
n
(10.18) Fin(x) =Pm_1x+ ) a;(x)ey,
i=m

where o, ..., & are real €1 -functions in V. Hence

n
(10.19) Fio(0em = > (Dmo)(0)es.
1=m
Since F’(0) is invertible, the left side of is not 0, and therefore there is a k
such that m < k < nand (Dm0 )(0) # 0.
Let By, be the flip that interchanges this m and this k (if k = m, By, is the
identity) and define

(10.20) Gm(x) = x+ [ (x) — Xmlem (x € Vin).

Then Gy € €' (Vin), G is primitive, and G/, (0) is invertible, since (Do) (0) #
0.

The inverse function theorem shows therefore that there is an open set U, with
0 € Uy, C Vi such that Gy, is a 1-1 mapping of U, onto a neighborhood Vi, 41
of 0, in which Gy;}! is continuously differentiable. Define F,, | 1 by

(10.21) Fri1(y) =BmFm oGl (y) (¥ € Vi),
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Then F,, 1 € %! (Vint1), Fine1(0) = 0, and F{HH (0) is invertible (by the chain
rule). Also, for x € Uy,

PmFm4+1(Gm(x)) = PmBmFm(x)
= Pm[Pm+1x+ o (x)em + -]

(10.22)
=Pm_1x+ a(x)em
=PmGm(x)

so that

(10.23) PmFm1(y) =Pmy (y € Ving1)-

Our induction hypothesis holds therefore with m + 1 in place of m. [In (10.22), we
first used (10.21)), then (10.18) and the definition of By, then the definition of Py,

and finally (10.20).]
Since By Bm = I, (10.21), with y = Gy, (x), is equivalent to

(10.24) Fn(X) =BmFmi1(Gm(x))  (x€Um).
If we apply this with m = 1,...,n — 1, we successively obtain
F=F; =B F,0G;
=B1BF30G0Gy =---
=B1- By 1FhoGn_j0---0G;

in some neighborhood of 0. By (10.17), F;, is primitive. This completes the proof.
O

PARTITIONS OF UNITY
10.8 Theorem. Suppose K is a compact subset of R™ and {V} is an open cover of K.
Then there exist functions Py, ..., s € €(R™) such that

(@) 0< i <Tfor1 <i<s;
(b) each\p; has its support in some V, and
(c) Pr1(x)+---+Ps(x) =1 forevery x € K.

Because of (c), {\;} is called a partition of unity, and (b) is sometimes expressed
by saying that {1} is subordinate to the cover {Vq}.

Corollary. If f € €(R™) and the support of f lies in K, then

(10.25) f=) Uif.
i=1

Each \p; f has its support in some V.
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The point of (10.25) is that it furnishes a representation of f as a sum of contin-
uous functions \; f with “small” supports.

Proof. Associate with each x € K an index «(x) so that x € V(). Then there are
open balls B(x) and W(x), centered at x, with

(10.26) B(X) C W(x) C W(X) C V(-

Since K is compact, there are points xy, ..., Xs in K such that
(10.27) K CB(x3)U---UB(xg).

By (10.26), there are functions @1,..., s € €(R™) such that ¢;(x) = 1 on B(x;j),
@i(x) =0 outside W(x;),and 0 < @;(x) < 1 on R™. Define {1 = @7 and

(10.28) Yigr=0—@1) - (1 —0i)ei

fori=1,...,s—1.
Properties (a) and (b) are clear. The relation

(10.29) P+ AP =1-(1—@1) - (1 —@1)

is trivial for 1 = 1. If (10.29) holds for some 1 < s, addition of (10.28)) and (10.29)
yields (10.29) with i + 1 in place of i. It follows that

N S
(10.30) Y b =1-[J0-eix] (xeRM.
i=1 i=1
If x € K, then x € B(x;) for some i, hence ¢@;(x) = 1, and the product in is
0. This proves (c). O
CHANGE OF VARIABLES

We can now describe the effect of a change of variables on a multiple integral.
For simplicity, we confine ourselves here to continuous functions with compact
support, although this is too restrictive for many applications. This is illustrated

by Exercises to(10.13

10.9 Theorem. Suppose T is a 1-1 €' -mapping of an open set E C R¥ into R¥ such
that J1(x) # O for all x € E. Iff is a continuous function on R¥ whose support is compact
and lies in T(E), then

(1031) LR fly)dy = LR F(T(x)) IJ7 ()| dx.
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We recall that ] is the Jacobian of T. The assumption J1(x) # 0 implies, by the
inverse function theorem, that T~ ! is continuous on T(E), and this ensures that the
integrand on the right side of has compact support in E (Theorem 4.14).

The appearance of the absolute value of J1(x) in may call for a comment.
Take the case k = 1 and suppose that T is a 1-1 ¥’ -mapping of R' onto R'. Then
J1(x) = T'(x); if T is increasing, we have

(10.32) J}Rl fly)dy = Lw f(T(x))T'(x) dx,

by Theorems and for all continuous f with compact support. But if T
decreases, then T'(x) < 0; if f is positive in the interior of its support, the left side
of is positive and the right side is negative. A correct equation is obtained
if T/ is replaced by |T'| in (1032).

The point is that the integrals we are now considering are integrals of functions
over subsets of R¥ and we associate no direction or orientation with these subsets.
We shall adopt a different point of view when we come to integration of differential
forms over surfaces.

Proof. It follows from the remarks just made that (10.31) is true if T is a primitive
%¢1-mapping (see|Definition 10.5), and [Theorem 10.2|shows that is trueif T
is a linear mapping which merely interchanges two coordinates.

If the theorem is true for transformations P, Q, and if S(x) = P(Q(x)), then

jf(z) dz = Jf(P(y)) Jp(y)dy
- jf(P(Q(x))) Tp QO | To ()] dx
:jf(S(mes(xndx,

since

Jp(Q(x))]q(x) = detP'(Q(x)) det Q' (x)
=det[P’(Q(x))Q’'(x)] = detS’(x) = Js(x),

by the multiplication theorem for determinants and the chain rule. Thus the theo-
rem is also true for S.
Each point a € E has a neighborhood U C E in which

(10.33) T(x)=T(a)+By---Bx_1GxoGg_j0---0Gy(x—a),

where G; and B; are as in Setting V = T(U), it follows that (10.31)
holds if the support of f lies in V. Thus:

Each point y € T(E) lies in an open set Vy C T(E) such that (10.31) holds for all
continuous functions whose support lies in Vy.
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Now let f be a continuous function with compact support K C T(E). Since {Vy}
covers K, the [Corollary] to [Theorem 10.8 shows that f = X; f, where each ; is
continuous and each ; has its support in some Vy. Thus holds for each
P f, and hence also for their sum f. O

DIFFERENTIAL FORMS

We shall now develop some of the machinery that is needed for the n-dimensional
version of the fundamental theorem of calculus which is usually called Stokes” theo-
rem. The original form of Stokes’ theorem arose in applications of vector analysis to
electromagnetism and was stated in terms of the curl of a vector field. Green’s the-
orem and the divergence theorem are other special cases. These topics are briefly
discussed at the end of the chapter.

It is a curious feature of Stokes’ theorem that the only thing that is difficult
about it is the elaborate structure of the definitions that are needed for its state-
ment. These definitions concern differential forms, their derivatives, boundaries,
and orientation. Once these concepts are understood, the statement of the theorem
is very brief and succinct, and its proof presents little difficulty.

Up to now we have considered derivatives of functions of several variables
only for functions defined in open sets. This was done to avoid difficulties that can
occur at boundary points. It will now be convenient, however, to discuss differen-
tiable functions on compact sets. We therefore adopt the following convention:

To say that f is a ' -mapping (or a 2-mapping) of a compact set D C R* into
R™ means that there is a ¢! -mapping (or a ?-mapping) g of an open set W C R¥
into R™ such that D C W and such that g(x) = f(x) for all x € D.

10.10 Definition. Suppose E is an open set in R™. A k-surface in E is a ¢’ ' -mapping
@ from a compact set D C R¥ into E. D is called the parameter domain of ®. Points
of D will be denoted by u = (uy,...,uy).

We shall confine ourselves to the simple situation in which D is either a k-cell
or the k-simplex Q¥ described in The reason for this is that we shall
have to integrate over D, and we have not yet discussed integration over more
complicated subsets of R¥. It will be seen that this restriction on D (which will be
made tacitly from now on) entails no significant loss of generality in the resulting
theory of differential forms.

We stress that k-surfaces in E are defined to be mappings into E, not subsets of E.

This agrees with our earlier definition of curves (Definition 6.26). In fact, 1-surfaces
are precisely the same as continuously differentiable curves.

10.11 Definition. Suppose E is an open setin R™. A differentiable form of order k > 1
in E (briefly, a k-form in E) is a function w, symbolically represented by the sum

(10.34) w = Z aiy,.. 4 () dxg, A Adxy,
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(the indices iy, ..., ik range independently from 1 to n), which assigns to each k-
surface @ in E a number w(®) = j(D w, according to the rule

a(Xh,...,Xik)
(10.35) LD w = JD JILTINEN e T et

where D is the parameter domain of @.

The functions «4, .. i, are assumed to be real and continuousin E. If ¢1,..., dn
are the components of @, the Jacobian in is the one determined by the map-
ping

(wr,.ou) = (dy, (u),..., by (1))
Note that the right side of is an integral over D, as defined in[Definition 10.1]
(or[Example 10.4) and that is the definition of the symbol [ 4, w.

A k-form w is said to be of class ¢! or €2 if the functions ai,,...i, in (10.34)
are all of class €' or 2. A O-form in E is defined to be a continuous function in E.

10.12 Examples.
(a) Letybea I-surface (a curve of class ') in R3, with parameter domain [0, 1].
Write (x,y, z) in place of (x1,x2,x3) and put

w =xdy +ydx.

Then

1
j w = L B (175 (8) +v2 (] (0] dt = v1 (1)y2(1) = v1 (0)v2(0).
§

Note that in this example fy w depends only on the initial point y(0) and on
the end pointy(1) of v. In particular, [ yw=0 for every closed curve vy. (As
we shall see later, this is true for every 1-form w which is exact.) Integrals of
1-forms are often called line integrals.

(b) Fixa > 0,b > 0, and define
v(t) = (acost, bsint) (0 <t<2m),

so that v is a closed curve in RZ. (Its range is an ellipse.) Then

27T
J xdy = J abcosZtdt = mab,
Y 0

whereas

27
J ydx:—J absin? tdt = —mab.
Y 0

Note that [ y xdy is the area of the region bounded by y. This is a special
case of Green’s theorem.
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(c) Let D be the 3-cell defined by

Define ®(r, 0, ¢) = (x,y,z), where

X = rsin 6 cos @,

y =rsinfsin g

z=71cos0.
Then o )
_ X/U,Z _ 2 .
](D(T/e/([)) - a(r,e,(p) 1< sin 0.
Hence
4
(10.36) J dx/\dy/\dz:J Jo = X,
@ D 3

Note that ® maps D onto the closed unit ball of R3, that the mapping is 1-1
in the interior of D (but certain boundary points are identified by @), and
that the integral (10.36) is equal to the volume of ® (D).

10.13 Elementary Properties. Let w, w1, w, be k-forms in E. We write w7 = w;
if and only if w(®) = w, (D) for every k-surface ® in E. In particular, w = 0
means that w(®) = 0 for every k-surface @ in E. If c is a real number, then cw is
the k-form defined by

(10.37) J(D cw=c J(D w,

and w = wy + w; means that

(10.38) J'(D w = LD w1 + LD w;y

for every k-surface @ in E. As a special case of (10.37), note that —w is defined so
that

(10.39) L) (—w) = —LD w.

Consider a k-form
(10.40) w = a(x)dxi, A---Adxi,

and let @ be the k-form obtained by interchanging some pair of subscripts in
(10.40). If (10.35) and (10.39) are combined with the fact that a determinant changes
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sign if two of its rows are interchanged, we see that
(10.41) W =—w.
As a special case of this, note that the anticommutative relation
(10.42) dxy Adxy = —dx; Adxy
holds for all i and j. In particular,
(10.43) dxi Adxy =0 i=1,...,n).

More generally, let us return to (10.40) and assume that i, = is for some r # s.
If these two subscripts are interchanged, then @ = w, hence w = 0 by ([0.41). In
other words, if w is given by , then w = 0 unless the subscripts i1, ..., 1 are all
distinct.

If w is as in (10.34), the summands with repeated subscripts can therefore be
omitted without changing w. It follows that 0 is the only k-form in any open subset
of R™ifk > n.

The anticommutativity expressed by is the reason for the inordinate
amount of attention that has to be paid to minus signs when studying differential
forms.

10.14 Basic k-forms. If iy, ..., 1y are integerssuch that 1 < i; <i; <--- <i <n
and if I is the ordered k-tuple (iy,...,1ix), then we call I an increasing k-index and
we use the brief notation

(10.44) dxp =dxi, A---Adxy, .

These forms dx are the so-called basic k-forms in R™.

It is not hard to verify that there are precisely n!/k!(n —k)! basic k-forms in
R"™; we shall make no use of this, however.

Much more important is the fact that every k-form can be represented in terms
of basic k-forms. To see this, note that every k-tuple (jq,...,ji) of distinct integers
can be converted to an increasing k-index ] by a finite number of interchanges of
pairs; each of these amounts to a multiplication by —1 as we saw in
Hence

(10.45) de1/\-~~/\dekZE(j],...,jk)dX]

where ¢(j1,...,jx) is 1 or —1 depending on the number of interchanges that are
needed. In fact, it is easy to see that

(10.46) e, k) = s, k)

where s is as in[Definition 9
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For example,
dx; Adxs Adxz Adxy = —dxq Adxy Adxs Adxs
and
dX4 A dXZ AN dX3 = dXz AN dX3 A\ dX4.

If every k-tuple in (10.34) is converted to an increasing k-index, then we obtain the
so-called standard presentation of w:

(10.47) w = by(x)dxy.
I

The summation in ranges over all increasing indices I. [Of course, every
increasing k-index arises from many (from k!, to be precise) k-tuples. Each by in
may thus be a sum of several of the coefficients that occur in (10.34).]

For example

x71 dxy Adxq —x dxz Adxy +x3 dxy Adxz +dx; Adx)
is a 2-form in R3 whose standard presentation is
(1—xq)dxy Adxy + (x2 + x3) dxo Adxs.

The following uniqueness theorem is one of the main reasons for the introduc-
tion of the standard presentation of a k-form.

10.15 Theorem. Suppose

(10.48) w=> bi(x)dx
I

is the standard presentation of a k-form w in an open subset E C R™. If w =0 in E, then
b1(x) = 0 for every increasing k-index 1 and for every x € E.
Note that the analogous statement would be false for sums such as (10.34) since,

for example,
dxq Adxy +dxy Adxy =0.

Proof. Assume, to reach a contradiction, that by(v) > 0 for some v € E and for
some increasing k-index | = (j1,...,jx). Since by is continuous, there exists h > 0
such that bj(x) > 0 for all x € R™ whose coordinates satisfy |x; —v;i| < h. Let D
be the k-cell in R¥ such that u € D if and only if [u.| < hforr=1,..., k. Define

k
(10.49) O(u)=v+ ) ure  (ueD)
r=1

Then @ is a k-surface in E, with parameter domain D, and by(®(u)) > 0 for every
uecD.
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We claim that
(10.50) J w = J by (@ (u)) du.
) D

Since the right side of is positive, it follows that w(®) # 0. Hence (10.50)
gives our contradiction.

To prove (10.50), apply to the presentation ([0.48). More specifically,
compute the Jacobians that occur in (10.35). By (10.49),

a[Xj],...,Xjk)

=1
a(U],...,Uk)

For any other increasing k-index I # J, the Jacobian is 0 since it is the determinant
of a matrix with at least one row of zeroes. O

10.16 Products of Basic k-forms. Suppose

(10.51) I=(1,...,4p),  J=01,.--,q)

where 1 <i; < -+ <ip <nand1 < j; < -+ <jg < n. Then product of the
corresponding basic forms dxy and dxj in R™ is a (p + q)-form in R™, denoted by
the symbol dx /A dxj and defined by

(1052) dXI /\dX] = dXi] ARE '/\dXip /\de] AR '/\deq.

If I and | have an element in common, then the discussion in[Sec. 10.13|shows
that dx; Adxj = 0. If  and ] have no element in common, let us write [I, J] for the
increasing (p + q)-index which is obtained by arranging the members of IUJ in
increasing order. Then dx |y j is a basic (p + q)-form. We claim that

(1053) dXI AN dX] = (—] ]‘X dX[I,]]

where « is the number of differences j; — is that are negative. (The number of
positive differences is thus pq — «.)
To prove (10.53), perform the following operations on the numbers

(10.54) i, i, it i

Move i, to the right, step by step, until its right neighbor is larger than i,. The
number of steps is the number of subscripts t such that i, < j¢. (Note that 0 steps
are distinct possibility.) Then do the same for i, _1,...,1;. The total number of
steps taken is «. The final arrangement reached is [, J]. Each step, when applied
to the right side of (10.52), multiplies dx; A dxj by —1. Hence holds. Note
that the right side of is the standard presentation of dxy A dx;.

Next, let K = (kq,...,k;) be an increasing r-index in {1, ...,n}. We shall use
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(10.53) to prove that
(1055) (dXI AN dX]) AN dXK = dXI AN (dX] AN dXK)‘

If any of the two sets [, ],K have an element in common, then each side of
(10.55) is 0, hence they are equal. So, let us assume that I, ], K are pairwise disjoint.
Let (I, ], K] denote the increasing (p + q + r)-index obtained from their union. As-
sociate 3 with the ordered pair (], K) and y with the ordered pair (I, K) in the way
that « was associated with (I, ]) in (10.53). The left side of is then

(—] )cc dX[I,]] VAN dXK = (—1 )“(—1 )[5+1/ dX[LI,K]
by two applications of (10.53), and the right side of (10.55) is
(1P dxy Adxqp i) = (=B (=)%Y dx ).

Hence (10.55) is correct.

10.17 Multiplication. Suppose w and A are p- and q-forms, respectively, in some
open set E C R™, with standard presentations

(10.56) w = Z br(x) dxg, A= Z cj(x) dxg
I ]

where I and | range over all increasing p-indices and over all increasing g-indices
taken from the set {1,...,n}. Their product, denoted by the symbol w A, is de-
fined to be

(10.57) wAA= D br(x)cy(x)dxp Adx;.
L)

In this sum, [ and ] range independently over their possible values, and dx A dx;

is as in|Sec. 10.16} Thus w AXisa (p 4+ q)-form in E.

It is quite easy to see (we leave the details as an exercise) that the distributive
laws
(w1 +w2)+A= (w1 AA)+ (w2 AN)

and
WA AT AN) = (WAN)+ (WAA)

hold, with respect to the addition defined in|Sec. 10.13} If these distributive laws
are combined with (10.55), we obtain the associative law

(10.58) (WANMNANoc=wAANO)

for arbitrary forms w, A, o in E.
In this discussion it was tacitly assumed that p > 1 and q > 1. The product of
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a 0-form f with the p-form w given by (10.56) is simply defined to be the p-form
fw =wf= Z f(x)by(x) dxg.
I
It is customary to write fw, rather than f /A w, when f is a 0-form.

We shall now define a differentiation operator d which associates a (k4 1)-form
dw to each k-form w of class ' in some open set E C R™.

10.18 Definition (Differentiation). A O-form of class ¢! in E is just a real function
f € ¢'(E) and we define

(10.59) df = Y (Dif)(x) dxs.

i=1
If w = Zby(x)dx; is the standard presentation of a k-form w and by € €' (E) for

each increasing k-index I, then we define

(10.60) dw =) (dby) Adx.
I

10.19 Example. Suppose E is open in R™, f € ¢! (E), and v is a continuously
differentiable curve in E with domain [0, 1]. By (10.59) and (10.35),

1T n

(10.61) J df :J > (D) (v()vi(t)dt.
Y

07

By the chain rule, the last integrand is (f o y)’(t). Hence
(10.62) J df = f(y(1)) — f(y(0)),
v

and we see that jy df is the same for all y with the same initial point and the same
end point, as in|(a) of Example 10.12}

Comparison with [Example 10.12(b)[shows therefore that the 1-form x dy is not
the derivative of any O-form f. This could also be deduced from part (b) of the

following theorem, since

d(xdy) =dxAdy #0.
10.20 Theorem.

(a) If w and X are k- and m-forms, respectively, of class € in E, then
(10.63) d(wAN) = (dw) AA+ (—=1)*w AdA.

(b) If wis of class €2 in E, then d?w = 0.
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Here d2w means, of course, d(dw).

Proof. Because of (10.57) and (10.60), (a) follows if (10.63) is proved for the special

case
(10.64) w = fdxy, A =gdxy

where f, g € €1 (E), dx is a basic k-form, and dx; is a basic m-form. [If k or m are
both 0, simply omit dx or dxj in (T0-64); the proof that follows is unaffected by
this.] Then

W AN = fgdxy Adxy.

Let us assume that I and ] have no element in common. [In the other case, each of

the three terms in (10.63) is 0.] Then, using (10.53),
d(wAA) = d(fgdxy Adxy) = (—1 )¢ d(fg dx[l/]]).
By (10.59), d(fg) = fdg + gdf. Hence (10.60) gives

d(wAN) = (=1)%(fdg + gdf) Adx(gy
= (gdf +fdg) Adx; Adx;.

Since dg is a 1-form and dx is a k-form, we have
dg Adxp = (—1)%dx; Adyg,
by (10.42). Hence

d(wAA) = (df Adxp) A (gdxy) + (—1)*(fdxp) A (dg A dxy)
= (dw) AA+ (= *w AdA,

which proves (a). Note that the associative law (10.58) was used freely.
Let us prove (b) first for a 0-form f € €2

d?f=d (Z(Djf](x) dxj)
j=1

I8

Il
-

)

.I\/l‘j

(Dij f) (X) dX;L A de .
i,j=1

Since Dy;f = Djif (Theorem 9.41) and dx; A dx; = —dx; /A dx;, we see that d?f =
0.

If w = fdxg as in (10.64), then dw = (df) A dx;. By (10.60), d(dx;) = 0. Hence



DIFFERENTIAL FORMS 247

(10.63) shows that
d?w = (d?f) Adx; = 0. O

10.21 Change of Variables. Suppose E is an open set in R™, T is a ¢! -mapping of
Einto an open set V C R™, and w is a k-form in V whose standard presentation is

(10.65) w=) bily)dyr
I

(We use y for points of V, x for points of E.)
Let ty,...,tm be the components of T: If

y=W1,.--,ym) =T(x)
then y; = ti(x). Asin (10.59),

n
(10.66) dt; => (Djt)x)dx; (1<i<m).
=1
Thus each dt; is a 1-form in E.
The mapping T transforms w into a k-form w in E, whose definition is

(10.67) wr =Y br(T(x))dty, A---Adt, .
I

In each summand of (10.67), I = (i,...,1x) is an increasing k-index.
Our next theorem shows that addition, multiplication, and differentiation of
forms are defined in such a way that they commute with changes of variables.

10.22 Theorem. With E and T as in|Sec. 10.21} let w and A be k- and m-forms in V,
respectively. Then

(@) (W+A)7T=wr+Arifk=m;

(b) (WANT = wT AN,

(c) d(wT) = (dw)T if w is of class €V and Tis of class €2

Proof. Part (a) follows immediately from the definitions. Part (b) is almost as obvi-
ous, once we realize that

(10.68) (dyh AREE: /\dyir)T = dth AREE: /\Cl‘tir

regardless of whether (iy,...,1;) is increasing or not; holds because the
same number of minus signs are needed on each side of to produce increas-
ing rearrangements.

We turn to the proof of (c). If f is a O-form of class ¢ Tin V, then

fr(x) =f(T(x)),  df =) (Dif)(y)dy;.

i
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By the chain rule, it follows that

d(fr) —Z(DfT)( ) dx;
_ZZDf ))(Djti) (x) dx;
_Z (Dif)(T(x)) dt;

— (df)T.

If dy; = dyi, A ---Adyy,, then (dyp)t = dty, A---Adty, and[Theorem 10.20
shows that

(10.69)

(10.70) d((dyr)r) = 0.

(This is where the assumption T € €7 is used.)
Assume now that w = fdyy. Then

wt =fr()(dy)r
and the preceding calculations lead to

d(wT) =d(fr) A (dyr)T = (df)r A(dyD)T
= ((df) Adyr)T = (dw)T.

The first equality holds by (10.63) and (10.70), the second by (10.69), the third by
part (b), and the last by the definition of dw. The general case of (c) follows from
the special case just proved, if we apply (a). This completes the proof. O

Our next objective is [Theorem 10.25] This will follow directly from two other

important transformation properties of differential forms, which we state first.

10.23 Theorem. Suppose T is a ¢ -mapping of an open set E C R™ into an open set
V C R™, S isa ¢ -mapping of V into an open set W C RP, and w is a k-form in W, so
that ws is a k-form in V and both (ws )T and wsT are k-forms in E, where ST is defined
by (ST)(x) = S(T(x)). Then

(10.71) (ws)T = wsT.
Proof. If w and A are forms in W,[Theorem 10.22|shows that
(WANs)T = (Wws AAg)T = (ws)T A (As)T

and
(WAA)sT = wsT AAsT.

Thus if (10.71) holds for w and for A, it follows that (10.71) also holds for w A
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A. Since every form can be built up from 0-forms and 1-forms by addition and
multiplication, and since is trivial for 0-forms, it is enough to prove
in the case w = dzq, q = 1,...,p. (We denote the points of E, V, Wby x, y, z,
respectively.)

Let ty,...,t;m be the components of T, let sq,...,s, be the components of S,
and let rq,...,7p be the components of ST. If w = dzq, then

ws =dsq = Z(D]—sq)(y) dy;,
j
so that the chain rule implies

(ws)r =D _(Djsq)(T(x)) dt;

j
=) (Dysq)(T(x) D_(Ditj)(x) dx
j

1

=Y (Dirq)(x) dx; = drq = wsT. O
i

10.24 Theorem. Suppose w is a k-form in an open set E C R™, @ is a k-surface in E
with parameter domain D C R¥, and A is the k-surface in R* with parameter domain D
defined by A(u) =u (u € D). Then

oo

Proof. We need only consider the case
w=a(x)dxi, A---Adxq, .
If ¢q,..., dn are the components of @, then
we = a(@(u))ddi, A---Addy, .
The theorem will follow if we can show that
(10.72) doi, A Addi, =J(u)dug A--- Aduy,
where

a(xi],...,xik)
o(ug,..., uy)

J(u) =

’
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since (10.72)) implies
J w = J a(®(u))](u) du
@ D

:J a(®@(u))J(u) duy /\---Aduk:J We.-
A A

Let [A] be the k x k matrix with entries
‘X(qu):(Dq‘blp)(u) (p/q:]//k’)
Then
doi, =Y «lp,q)dug
q
so that
doi, A Addy, =Y all,qq) - alk, qi) dug, A+ Adug,.

In this last sum, q1, ..., qi range independently over 1,...,k. The anticommuta-
tive relation (10.42) implies that

dug, A---Adug, =s(q1,...,qx)dug A--- Aduy,

where s is as in [Definition 9.33} applying this definition, we see that
ddi, A---Addy, =det[Aldug A-- - Aduy;

since J(u) = det[A], (10.72) is proved. O

The final result of this section combines the two preceding theorems.

10.25 Theorem. Suppose T is a €' -mapping of an open set E C R™ into an open set
V CR™, ®isak-surface in £, and w is a k-form in V. Then

J (,U:J wT.
TO D

Proof. Let D be the parameter domain of @ (hence also of T®) and define A as in

Theorem 10.24) Then

JT(D “= JA e = JA(wT)(D - J@ wr

The first of these equalities is ‘TEeorem 10.24| applied to T® in place of ®. The

second follows from iEeorem l0.23l The third is|Theorem 10.24|with wy in place
of w. O




SIMPLEXES AND CHAINS 251

SIMPLEXES AND CHAINS

10.26 Affine Simplexes. A mapping f that carries a vector space X into a vector
space Y is said to be affine if f — £(0) is linear. In other words, the requirement is
that

(10.73) £(x) = £(0) + Ax

for some A € L(X,Y).

An affine mapping of RX into R™ is thus determined if we know £(0) and f(e;)
for 1 <1< k;asusual, {e, ..., e} is the standard basis of R¥.

We define the standard simplex Q¥ to be the set of all u € R* of the form

k
(10.74) u=> e
i=1

suchthat; > 0fori=1,..., kand Za; < 1.
Assume now that po, p1, ..., px are points of R™. The oriented affine k-simplex

(10.75) o= [po,P1,---,Px]

is defined to be the k-surface in R™ with parameter domain Q* which is given by
the affine mapping

K
(10.76) o(xjey + - +ager) =po+ ) _ xi(pi—po)-
iz

Note that o is characterized by

(1077) o(0)=po, ole)=p; (for1<i<k)
and that
(10.78) olw)=po+Au  (ue Q")

where A € L(R¥, R") and Ae; = pi—pofor1 <i<k.
We call o oriented to emphasize that the ordering of the vertices py, ..., pi is
taken into account. If

(1079) 0= [Pio;Piw---rPik}

where {ip,i1,...,ix} is a permutation of the ordered set {0, 1,...,k}, we adopt the
notation.

(10.80) o =s(ig,11,...,1k)0,

where s is the function defined on [Definition 9.33} Thus ¢ = +o0, depending on
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whether s = 1 or s = —1. Strictly speaking, having adopted (10.75) and (10.76)

as the definition of o, we should not write ¢ = o unless iy = 0,...,1 = k, even
if s(ip,...,1k) = 1; what we have here is an equivalence relation, not an equality.
However, for our purposes, the notation is justified by [Theorem 10.27}

If o = eo (using the above convention) and if ¢ = 1, we say that & and ¢ have
the same orientation; if ¢ = —1, G and o are said to have opposite orientations. Note
that we have not defined what we mean by the “orientation of a simplex.” What
we have defined is a relation between pairs of simplexes having the same set of
vertices, the relation being that of “having the same orientation.”

There is, however, one situation where the orientation of a simplex can be de-
fined in a natural way. This happens with n = k and when the vectors p; — po
(1 < i < k) are independent. In that case, the linear transformation of A that ap-
pears in is invertible, and its determinant (with is the same as the Jacobian
of 0) is not 0. Then o is said to be positively (or negatively) oriented if det A is pos-
itive (or negative). In particular, the simplex [0,eq,...,e}] in REK, given by the
identity mapping, has positive orientation.

So far we have assumed that k > 1. An oriented O-simplex is defined to be a
point with a sign attached. We write 0 = +pg or 0 = —pg. If 0 = epg (¢ = £1)
and if f is a 0-form (i.e., a real function), we defined

Lf = £f(po).

10.27 Theorem. If o is an oriented rectilinear k-simplex in an open set E C R™ and if
O = €0, then

(10.81) wa = EJU w.

o

for every k-form w in E.

Proof. Fork =0, follows from the preceding definition. So we assume k > 1
and assume that o is given by (10.75).
Suppose 1 < j < k and suppose G is obtained from o by interchanging py and
pj- Then ¢ = —1and
o(u)=pj+Bu  (ueQ),

where B is the linear mapping of R* into R™ defined by Be; = po — pj, Be; =
pi —pj if i #j. If we write Ae; = x; (1 <1 < k), where A is given by (10.78), the
column vectors of B (that is, the vectors Be;) are

X1 7Xj,...,Xj,] 7Xj,7xj,xj+'| —xj,...,xk—xj.

If we subtract the jth column from each of the others, none of the determinants in
(10.35) are affected, and we obtain columns x1, ... BIERPES 75 TN PRRRPS SF These
differ from those of A only in the sign of the jth column. Hence (10.81) holds for
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this case.

Suppose next that 0 < i < j < kand that ¢ is obtained from o by interchanging
pi and p;j. Then o(u) = pg + Cu, where C has the same columns as A, except that
the ith and jth columns have been interchanged. This again implies that
holds, since ¢ = —1.

The general case follows, since every permutation of {0, 1, ..., k} is a composi-
tion of the special cases we have just dealt with. O

10.28 Affine Chains. An affine k-chain T' in an open set E C R™ is a collection
of finitely many oriented affine k-simplexes o7,...,0r in E. These need not be
distinct; a simplex may thus occur in I' with a certain multiplicity.

If T is as above, and if w is a k-form in E, we define

T

(10.82) Jr w = ZJ w.

=170t

We may view a k-surface @ in E as a function whose domain is the collection
of all k-forms in E and which assigns the number [ w to w. Since real valued
functions can be added (as in|Definition 4.3), this suggests the use of the notation

(10.83) Fr=o014-+or

or, more compactly,
N
(10.84) r=> o
i=1

to state the fact that holds for every k-form w in E.

To avoid misunderstanding, we point out explicitly that the notations intro-
duced by and have to be handled with care. The point is that every
oriented affine k-simplex o in R™ is a function in two ways, with different domains
and different ranges, and that therefore two entirely different operators of addition
are possible. Originally, ¢ was defined as an R™-valued function with domain Q¥;
accordingly, o1 + 02 could be interpreted to be the function o that assigns the vec-
tor oq(u) + 02(u) to every u € Q¥; note that o is then again an oriented affine
k-simplex in R™! This is not what is meant by (10.83).

For example, if 0, = —07 asin (that s to say, if 07 and 0, have the same
set of vertices but are oppositely oriented) and if I' = 07 + 07, then [- w = 0 for all
w, and we may express this by writing I' = 0 or o1 + 0, = 0. This does not mean
that o1 (u) + 03 (u) is the null vector in R™.

10.29 Definition (Boundaries). For k > 1, the boundary of the oriented affine k-
simplex
o=I[po,p1,---,PKl
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is defined to be the affine (k — 1)-chain

k
(1085) aO'ZZ(*])J[po,...,pj,],ijr],...,pk].
j=0

For example, if 0 = [po, p1, p2J, then

00 = [p1,p2] — [po,p2l + [po, P11 = [po, p1] + [p1, 2] + [p2, Pol,

which coincides with the usual notion of the oriented boundary of a triangle.
For 1 < j < k, observe that the simplex o5 = [po,---,Pj—1,Pj+1,---,Px]
which occurs in (T0.85) has Q%! as its parameter domain and that it is defined by

(10.86) oj(u) =po+Bu  (ue Q")

where B is the linear mapping from R~ to R™ determined by

Bei_{pi—po (f1<i<j-1)

pir1—po (ifj<i<k—1)
The simplex
0p = [P1/P2/ .. '/Pk]/
which also occurs in (10.85), is given by the mapping

oo(u) = p71 +Buy,

where Be; = pi41 —pyfor1 <i<k—1.

10.30 Differentiable Simplexes and Chains. Let T be a ¥’2-mapping of an open
set E C R™ into an open set V. C R™; T need not be one-to-one. If ¢ is an oriented
affine k-simplex in E, then the composite mapping ® = T o o (which we shall
sometimes write in the simpler form To) is a k-surface in V, with parameter domain
QX. We call @ an oriented k-simplex of class €.

A finite collection ¥ of oriented k-simplexes ®1,..., D, of class %2 in Vis
called a k-chain of class %2 in V. If w is a k-form in V, we define

(10.87) L’ w = ij w

i—17 @i

and use the corresponding notation ¥ = Z®;.
If I' = X0y is an affine chain and if ®; = T o 0y, we also write W =T oT, or

(10.88) T (Z oi) =Y Tos.

The boundary 9® of the oriented k-simplex ® = T o ¢ is defined to be the



SIMPLEXES AND CHAINS 255

(k — 1)-chain
(10.89) 00 =T(d0).

In justification of , observe that if T is affine, then ® = T o ¢ is an oriented
affine k-simplex, in which case is not a matter of definition, but is seen to
be a consequence of (10.85). Thus (10.89) generalizes this special case.

It is immediate that 0® is of class €2 if this is true of ®.

Finally, we define the boundary 0V of the k-chain ¥ = Z®; to be the (k —1)-
chain

(10.90) W= 20;.

10.31 Positively Oriented Boundaries. So far we have associated boundaries to
chains, not to subsets of R™. This notion of boundary is exactly the one that is most
suitable for the statement and proof of Stokes’ theorem. However, in applications,
especially in R? or R3, it is customary and convenient to talk about “oriented
boundaries” of certain sets as well. We shall now describe this briefly.

Let Q™ be the standard simplex in R™, let 0y be the identity mapping with
domain Q™. As we saw in 0o may be regarded as a positively
oriented n-simplex in R™. Its boundary 0oy is an affine (n — 1)-chain. This chain
is called the positively oriented boundary of the set Q™.

For example, the positively oriented boundary of Q3 is

le1,e2,e3]1 —[0,e5,e3]+1[0,e1,e3] —[0,eq,ez].

Now let T be a 1-1 mapping of Q™ into R™, of class ¥, whose Jacobian is
positive (at least in the interior of Q™). Let E = T(Q™). By the inverse function
theorem, E is the closure of an open subset of R™. We define the positively oriented
boundary of the set E to be the (n — 1)-chain

0T =T(00yp),

and we maybe denote this (n — 1)-chain by 9E.
An obvious question occurs here: if E = T{(Q™) = T,(Q™), and if both Ty
and T, have positive Jacobians, is it true that 9Ty = 0T,? That is to say, does the

equality
w= w
JaT] JaTz

hold for every (n — 1)-form w? The answer is yes, but we shall omit the proof. (To

see an example, compare the end of this section with [Exercise 10.17})

One can go further. Let
Q=K U---UEy,,

where E;y = T;(Q™), each T; has the properties that T had above, and the interiors
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of the sets E; are pairwise disjoint. Then the (n — 1)-chain
0Ty +---+ 0T =0Q

is called the positively oriented boundary of Q.
For example, the unit square 12 in R is the union of o7 (Q2) and 0 (Q?), where

o1(u) =u, o2(u)=e;+e;—u.
Both o7 and o, have Jacobian 1 > 0. Since
o1 =1[0,e7,ez], o2 = [e7 +ez,ez,e1],
we have

0071 =[eq,e2] —1[0,e2]+10,eq],
902 = [ez,e1] —[e1 +ep,e1]+[e1 +e2, €3]

the sum of these two boundaries is
912 = [0,e1]+[e1,e1 +ex] + [e1 +e2,e2] +[er,0],

the positively oriented boundary of I2. Note that e, e,] canceled [e;, e1].
If @ is a 2-surface in R™ with parameter domain 12, then ® (regarded as a
function on 2-forms) is the same as the 2-chain

®ooy+®ooy.
Thus

0D =9(®ooq)+0(Dooy)
=®(d07) + D(d03) = D(JI?).

In other words, if the parameter domain of ® is the unit square 2, we need not
refer back to the simplex Qz, but can obtain 9® directly from oI2.

Other examples may be found in Exercises|10.17|to[10.19
10.32 Example. For 0 <u < m, 0 <v < 27, define

2(u,v) = (sinucosv, sinusinv, cosu).

Then I is a 2-surface in R3 whose parameter domain is a rectangle D C R?, and
whose range is the unit square in R3. Its boundary is

XL =ZX(0D)=v1+v2+v3+v4
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where
v1(w) =Z(uw,0) = (sinu, 0, cosu),
YZ(V) = Z(Ttlv) = (O, 0/ _] )/
v3(u) = X(m—u,2m) = (sinu, 0, —cosu),
)=X(

with [0, 7] and [0, 271] as parameter intervals for u and v, respectively.
Since v, and y4 are constant, their derivatives are 0, hence the integral of any

1-form over v, or y4 is 0. [See |[Example 10.12(a)}] Since y3(u) = y1 (7t —u), direct
application of (10.35) shows that

Y3 Y1

for every 1-form w. Thus [, w = 0 and we conclude that 3Z = 0.

(In geographic terminology, 0X starts at the north pole N, runs to the south pole
S along a meridian, pauses at S, returns to N along the same meridian, and finally
pauses at N. The two passages along the meridian are in opposite directions. The
corresponding two line integrals therefore cancel each other. In[Exercise 10.32]there

is also one curve which occurs twice in the boundary, but without cancellation.)

STOKES’ THEOREM

10.33 Theorem. If Y is a k-chain of class €% in an open set V.C R™ and if w is a
(k — 1)-form of class € in V, then

(10.91) J'W dw = Ja\y w.

The case k = m = 1 is nothing but the fundamental theorem of calculus (with
an additional differentiability assumption). The case k = m = 2 is Green'’s theo-
rem, and k = m = 3 gives the so-called “divergence theorem” of Gauss. The case
k = 2, m = 3 is the one originally discovered by Stokes. (Spivak’s book [Spi63]
describes some of the historical background.) These special cases will be discussed
further at the end of the present chapter.

Proof. It is enough to prove that

(10.92) LD dw = Jacp w

for every oriented k-simplex @ of class %2 in V. For if (10.92) is proved and if
Y = L@y, then (10.87) and (10-89) imply (10.97).
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Fix such a ® and put
(10.93) o=1[0,eq,...,exl.

Thus o is the oriented affine k-simplex with parameter domain Q* which is de-

fined by the identity mapping. Since @ is also defined on Q¥ (see(Sec. 10.30) and
® € ¥?, thereisan opensetE C R¥ which contains Qk and there is a ¢~ -mapping

T of E into V such that ® = T o 0. By Theorems[10.25and [10.22(c)| the left side of
(10.92) is equal to
J dw :J (dw)T :J d(wT).
To (o) o

Another application of [Theorem 10.25 shows, by (10.89), that the right side of
(10.92) is
J w= j " :J wr.
0(To) T(90) oo

Since wr is a (k — 1)-form in E, we see that in order to prove (10.92) we merely have to
show that

(10.94) L dA = LU A

for the special simplex (10.93) and for every (k — 1)-form A of class € in E.
If k = 1, the definition of an oriented 0-simplex shows that (10.94) merely as-
serts that

1
(10.95) J f/(u) du = (1) — £(0)
0

for every continuously differentiable function f on [0, 1], which is true by the fun-

damental theorem of calculus (Theorem 6.21).

From now on we assume that k > 1. Fix an integer r (1 < r < k) and choose
f e € (E). Itis then enough to prove (10.94) for the case

(10.96) A=f(x)dxg A~ Adxe_1 Adxe 1 A Adxg

since every (k — 1)-form is a sum of these special ones, forr=1,...,k.

By (10.85), the boundary of the simplex (10.93) is
k .

(D'
=1

00 =ley,...,ex] +

1

where
Ty = [Ole]r'-'/eiflleiJr]/"-/ek]
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fori=1,...,k Put
To=1ler,€1,...,€r_1,€r41,...€kl.

Note that T( is obtained from [eq, ..., ey] by r — 1 successive interchanges of e,
and its left neighbors. Thus

k
(10.97) oo =(-1)""Tro+ Y (D'
i=1

Each 1; has Q¥ as its parameter domain.
If x =To(u) and u € Q% 7, then

uj 1<j<m,
(10.98) =K T—=(u+--+ug_) G=r1),
W (r<j<k).

If1<i<k,ue qu,andx = 1;(u), then

(10.99) Xj =140 (G=1),
o (i<j<k).

For 0 < i <k, let J; be the Jacobian of the mapping
(10.100) (Wi, e Uk 1) 2 (X7, e X1, Xpa Ty e e+ XK
induced by t;. When i = 0 and when i = 7, (10.98) and (10.99) show that (10.100)

is the identity mapping. Thus Jo = 1, J» = 1. For the other i, the fact that x; = 0 in
(10.99) shows that J; has a row of zeroes, hence J; = 0. Thus

(10.101) J A=0 (i£0,i#7),
Ti
by (10.35) and (10.96). Consequently, (10.97) gives

fy 2= e

(10.102)
= (=] J [f(To(u)) — f(tr(u)) du.
Qkfl

On the other hand,

dA = (D+f)(x) dxr Adxy A=+ Adxe 1 Adxe 1 A+ Adxy
= (=1 (D) (x)dx; A--- Adxy
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so that
(10.103) J dAr = (=1)"! J (D+f)(x) dx.
o Qk

To evaluate (10.103), first integrate with respect to x, over the interval
O, T—(x1 4+ +xr—1 +Xpp1 + -+ %)),

put (X1,..., Xp—1,Xp41,--.,Xk) = (U,...,ux_1), and see with the aid of (10.98)
that the integral over Q¥ in (I0.103) is equal to the integral over Q%! in (10.102).
Thus (10.94) holds, and the proof is complete. O

CLOSED FORMS AND EXACT FORMS

10.34 Definition. Let w be a k-form in an open set E C R™. If thereis a (k — 1)-
form A in E such that w = dA, then w is said to be exact in E. If w is of class ! and
dw =0, then w is said to be closed.

heorem 10.20(b)| shows that every exact form of class ¢ is closed. In cer-

tain sets E, for example in convex ones, the converse is true; this is the content of

Theorem 10.39|(usually known as Poincaré’s lemma) and [Theorem 10.40} However,
Examples|10.36|and will exhibit closed forms that are not exact.

10.35 Remarks.

(a) Whether a given k-form w is or is not closed can be verified by simply dif-
ferentiating the coefficients in the standard presentation of w. For example,
a 1-form
n
(10.104) w=) fi(x)dx,

i=1

with f; € % (E) for some open set E C R™, is closed if and only if the
equations

(10.105) (D;f)(x) = (Dif;)(x)

hold for all i,j in {1,...,n} and for all x € E. Note that is a “point-
wise” condition; it does not involve any global properties that depend on the
shape of E.

On the other hand, to show that w is exact in E, one has to prove the
existence of a form A, defined in E, such that dA = w. This amounts to
solving a system of partial differential equations, not just locally, but in all
of E. For example, to show that is exact in a set E, one has to find a
function (or O-form) g € €' (E) such that

(10.106) (Dig)(x) = fi(x) (xe E1<i<n).
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Of course, (10.105) is a necessary condition for the solvability of (10.106).

(b) Let w be an exact k-form in E. Then thereisa (k— 1)-form A in E with dA = w,
and Stokes’ theorem asserts that

(10.107) Lj w= L dA = Jaw A

for every k-chain ¥ of class ¢ in E.
If ¥1 and ¥, are such chains, and if they have the same boundaries, it

follows that
J w= J w.
vy vy

In particular, the integral of an exact k-form in E is O over every k-chain whose
boundary is 0. As an important special case of this, note that integrals of exact
1-forms in E are 0 over closed (differentiable) curves in E.

(c) Let w be a closed k-form in E. Then dw = 0, and Stokes’ theorem asserts that
(10.108) J w= J dw =0
v y

for every (k+ 1)-chain ¥ of class ¢ in E. In other words, integrals of closed
k-forms in E are O over k-chains that are boundaries of (k + 1)-chains in E.

Let Wbea (k+ 1)-chain in E and let A be a (k — 1)-form in E, both of class 2.
Since d?A = 0, two applications of Stokes’ theorem show that

(10.109) J A= J da = J d’r=o0.
oov ov v

We conclude that 32¥ = 0. In other words, the boundary of a boundary is 0. See
for a more direct proof of this.

10.36 Example. Let E = R? —{0}, the plane with the origin removed. The 1-form

d

=

xdy —ydx
10.110 =—F
( ) n 22

is closed in R? — {0}. This is easily verified by differentiation. Fix r > 0 and define
(10.111) v(t) = (rcost,rsint) (0<t<2n).

Then v is a curve (an “oriented T-simplex”) in RZ —{0}. Since y(0) = y(2n), we
have

(10.112) dy =0.
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Direct computation shows that
(10.113) J n=2m#0.
Y

The discussion in[Remark 10.35(b)|and [(c)]shows that we can draw two conclusions
from (10.113):

o First, 1 is not exact in R2 —{0}, for otherwise (10.112) would force the integral

(10.113) to be 0.
e Second, v is not the boundary of any 2-chain R* —{0} (of class %), for otherwise

the fact that n is closed would force the integral (10.113)) to be 0.

10.37 Example. LetE = R3 — {0}, 3-space with the origin removed. Define

_ xdyANdz+ydzAdx+zdxAdy

10.114
( ) C (XZ +y2 +ZZ)3/2

7

where we have written (x,y,z) in place of (x1,x2,x3). Differentiation shows that
d¢ =0, so that ¢ is a closed 2-form in R3 —{0}.

Let £ be the 2-chain R3 — {0} that was constructed in [Example 10.32} recall

that I is a parametrization of the unit sphere in R3. Using the rectangle D of

Example 10.32|as a parameter domain, it is easy to compute that

(10.115) J (= J sinududv =4m # 0.
ba D

As in the preceding example, we can now conclude that ¢ is not exact in R3 —{0}

(since 90X = 0, as was shown in [Example 10.32) and that the sphere X is not the
boundary of any 3-chain in R3 — {0} (of class ¢*), although 3% = 0.

The following result will be used in the proof of [Theorem 10.39

10.38 Theorem. Suppose E is a convex open set in R™, f € €1 (E), p is an integer,
1<p<n,and

(10.116) (Djf)(x) =0 (p<j<n, xek)
Then there exists an F € € (E) such that
(10.117) (DpF)(x) =f(x), (D;F)(x)=0 (p<j<mn, xe€E).
Proof. Write x = (x/, xp,x""), where
x'=(x1,.0xpo1), X =(Xpi1,.exn).

(When p = 1, x’ is absent; when p = n, x” is absent.) Let V be the set of all
(x/,xp) € RP such that (x/,xp,x") € E for some x”. Being a projection of E, Vis a
convex open set in RP. Since E is convex and (10.116) holds, f(x) does not depend
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on x”. Hence there is a function ¢, with domain V, such that
f(x) = o(x’, xp)

forall x € E.
If p =1, Vis asegmentin R! (possibly unbounded). Pick ¢ € V and define

Flx) = r e)dt  (xeE).

If p > 1, let U be the set of all X’ € RP~! such that (x',xp) € V for some xp.
Then U is a convex open set in RP~! and there is a function « € €' (U) such that
(x/, a(x’)) € V for every x’ € U; in other words, the graph of « lies in V
10.29). Define

X
F(x) :J " e, t)dt  (x€E).

o (x)
In either case, F satisfies (10.117). O

10.39 Theorem. IfE C R™ is convex and open, if k > 1, if w is a k-form of class € in
E, and if 0w = O, then there is a (k — 1)-form A in E such that w = dA.

Briefly, closed forms are exact in convex sets.

Proof. Forp =1,...,n,letY, denote the set of all k-forms w of class %1 in E whose
standard presentation

(10.118) w=> fi(x)dx
I

does not involve dxp41, ..., dxn. In other words, if I = (iy,...,i), then
{ir,..., i} € {1,...,p}if f1(x) # O for some x € E. We shall proceed by induc-
tion on p.

Assume first that w € Yq. Then w = f(x) dx;. Since dw = 0, (D;f)(x) = 0 for

1 <j <mn,x € E. By[Theorem 10.38|there is an F € %1 (E) such that D1F = f and

D;F=0for 1 <j <n.Thus
dF = (D1F)(x)dxq = f(x) dx1 = w.

Now we take p > 1 and make the following induction hypothesis: Every closed
k-form that belongs to Y,_1 is exact in E.
Choose w € Y, so that dw = 0. By (10.118),

n
(10.119) > > (Djfp)(x) dxj Adxp = dw =0.
I j=1

Consider a fixed j with p < j < n. Each I that occurs in (10.118) lies in {1, ..., p}. If
I, I, are two of these k-indices, and if I1 # I, then the (k+ 1)-indices (11,3), (I2,j)
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are distinct. Thus there is no cancellation, and we conclude that (10.119) that every
coefficient in (10.118)) satisfies

(10.120) (D;f)(x) =0  (x€E p<j<m)

We now gather those terms in (10.118) that contain dx, and rewrite w in the
form

(10.121) w=oa+ Y fi(x)dxy, Adxp,
Io

where o € Y,,_1, each Ij is an increasing (k — 1)-index in {1,...,p— 1}, and I =
(Ip,p). By (10.120),[Theorem 10.38|furnishes functions F; € ¢ T(E) such that

(10122) DPFI =fy, D]'FI =0 (‘p < ) < Tl).
Put
(10.123) B=> Fr(x)dxp,
Io

and definey = w — (—1)%¥~1 dB. Since B is a (k — 1)-form, it follows that

P
y=w-> Y (DjF)(x)dxy, Adx;

Lo j=1

p—1
o Z Z (DjFI)(X) dxy, /\dxj,

I j=1

which is clearly in Y,_;. Since dw = 0 and d?p = 0, we have dy = 0. Our
induction hypothesis shows therefore that y = du for some (k — 1)-form p in E.
If A = u+ (—1)* 1B, we conclude that w = dA. By induction, this completes the
proof. O

10.40 Theorem. Fixk, 1 < k < n. Let E C R™ be an open set in which every closed
k-form is exact. Let T be a 1-1 €>-mapping of E onto an open set U C R™ whose inverse
S is also of class €2. Then every closed k-form in U is exact in U.

Note that every convex open set E satisfies the present hypothesis by
The relation between E and U may be expressed by saying that they are
€ “-equivalent.

Thus every closed form is exact in any set which is €% equivalent to a convex open set.

Proof. Let w be a k-form in U with dw = 0. By |[Theorem 10.22(c)| wr is a k-form
in E for which d(wt) = 0. Hence wt = dA for some (k — 1)-form A in E. By
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Theorem 10.23] and another application of
w = (wr)s = (dA)s = d(As).

Since Ag is a (k — 1)-form in U, w is exact in U. O

10.41 Remark. In applications, cells (see|Definition 2.17) are often more convenient

parameter domains than simplexes. If our whole development had been based
on cells rather than simplexes, the computation that occurs in the proof of Stokes’
theorem would be even simpler. (It is done that way in Spivak’s book [Spi65].) The
reason for preferring simplexes is that the definition of the boundary of an oriented
simplex seems easier and more natural than is the case for a cell. (See M
[10.19)) Also, the partitioning of sets into simplexes (called “triangulation”) plays
an important role in topology and there are strong connections between certain
aspects of topology, on the one hand, and differential forms, on the other. These
are hinted at in[Remark 10.35 The book by Singer and Thorpe [ST67] contains a
good introduction to this topic.

Since every cell can be triangulated, we may regard it as a chain. For dimension
2, this was done in[Example 10.32% for dimension 3, see

Poincaré’s lemma (Theorem 10.39) can be proved in several ways. See, for ex-
ample, page 94 in Spivak’s book [Spi65], or page 280 in Fleming’s [Fle65]. Two
simple proofs for certain special cases are indicated in |[Exercise 10.24{and |Exercise|
110.27]

VECTOR ANALYSIS

We conclude this chapter with a few applications of the preceding material to the-
orems concerning vector analysis in R3. These are special cases of theorems about
differential forms, but are usually stated in different terminology. We are thus
faced with the job of translating from one language to another.

10.42 Vector Fields. Let F = Fye; + Fye, + Fzez be a continuous mapping of an
open set E C R3 into R3. Since F associates a vector to each point of E, F is some-
times called a vector field, especially in physics. With every such F is associated a
1-form

(10.124) AMp=Fdx+F,dy+Fszdz
and a 2-form
(10.125) wg =Fydy Adz+F,dzAdx+ F3dx Ady.

Here, and in the rest of this chapter, we use the customary notation (x, y, z) in place
of (x1,%2,%3).
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It is clear, conversely, that every 1-form in E is Ag for some vector field F in E,
and that every 2-form w is wg for some F. In R3, the study of 1-forms and 2-forms
is thus coextensive with the study of vector fields.

If u € €' (E) is a real function, then its gradient

Vu = (Dju)e; + (Dau)ey + (D3u)es

is an example of a vector field in E.
Suppose now that F is a vector field in E, of class 1. Its curl V x F is the vector
field defined in E by

V x F= (D3F;3 —D3Fz)er + (D3F1 —DiF3)ez + (D1F2 —D3Fq)es
and its divergence is the real function V - F defined in E by
V-F =D F +D,F; +D3F3.

These quantities have various physical interpretations. We refer to the book by
O.D. Kellogg [Kel40|] for more details.
Here are some relations between gradients, curls, and divergences.

10.43 Theorem. Suppose E is an open set in R3, uw € €2 (E), and G is a vector field in
E of class €2

(a) IfF=YVu, then V x F = 0.
(b) fF =V x G, then V-F =0.

Furthermore, if E is %”z—equivalent to a convex set, then (a) and (b) have converses, in
which we assume that F is a vector field in E of class € :

(a’) If VX F =0, then F = Vu for some u € €2(E).
(') If V-F=0,then F =V x G for some vector field G in E of class €.

Proof. If we compare the definitions of Vu, V x F, and V - F with the differen-
tial forms Af and wg given by (10.124) and (10.125), we obtain the following four
statements:

F=Vu if and only if Ap = du.
VXxF=0 if and only if dAg =0.
F=VxG if and only if wg = dAg.
V-F=0 if and only if dwg =0.

Now if F = Vu, then Ag = du, hence dAf = d?u = 0 (Theorem 10.20), which
means that V x F = 0. Thus (a) is proved. As regards (a’), the hypothesis amounts

to saying that dAg = 0 in E. By Ar = du for some 0-form u. Hence
F=Vu
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The proofs of (b) and (b’) follow exactly the same pattern. O
10.44 Volume Elements. The k-form
dxq A Adxy

is called the volume element in R¥. It is often denoted by dV (or by dVj if it seems
desirable to indicated the dimension explicitly), and the notation

(10.126) J f(x)dxg A~ Adxy = J fdv
@ ®

is used when @ is a positively oriented k-surface in R* and f is a continuous func-
tion on the range of ®.

The reason for using this terminology is very simple: If D is a parameter do-
main in R¥ and if ® isa 1-1 ¢! -mapping of D into RX with positive Jacobian J ¢,

then the left side of (10.126) is
J (@ (w))] o (u) du = J fx) d,
D (0]

by (10.35) and Theorem 10.9]
In particular, when f = 1, (10.126)) defines the volume of ®. We already saw a

special case of this in (10.36).
The usual notation for dV; is dA.

10.45 Theorem (Green’s Theorem). Suppose E is an open set in R?, « € € (E),
B € €V(E), and Q is a closed subset of E with positively oriented boundary dQ, as
described in[Sec. 10.31] Then

(10.127) Jdﬂ(adx+ Bdy) = L) (% — g—:) dA.

Proof. Put A = «dx + 3 dy. Then

dA = (Do) dy Adx+ (D1B)dx Ady
= (D1p —Dza)dA,

and (10.127) is the same as

[ A= an
20 Q

which is true by|Theorem 10.33 O
With «(x,y) = —y and B(x,y) = x, (10.127) becomes

(10.128) 1J (xdy—ydx) = A(Q),
2 Joa
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the area of Q.

With o = 0, p = x, a similar formula is obtained. [Example 10.12(b)| contains a

special case of this.

10.46 Area Elements in R3. Let ® be a 2-surface in R3 of class ¢ and with pa-
rameter domain D C RZ. Associate with each point (u,v) € D the vector

0y, z) 0(z,x) o(x,y)
B E)(u,v)e1 + o(u,v) et o(u,v) €3

The Jacobians in (10.129) correspond to the equation

(10.129) N(u,v)

(10.130) (x,y,2) = O(u,v).

If f is a continuous function on @ (D), the area integral of f over @ is defined to be
(10.131) LD fdA = JD f(D(w,v)) IN(u,v)|dudv.

In particular, when f = 1, we obtain the area of ®, namely

(10.132) A(D) = JD IN(uw,v)|dudv.

The following discussion will show that (10.131) and its special case (10.132)
are reasonable definitions. It will also describe the geometric features of the vector
N.

Write @ = @1ej + @2e + @3e3, fix a point py = (up,vo) € D, put N = N(py),
put

(10.133) o = (D191)(po), Bi = (D2¢i)(po) (i=1,23),

and let T € L(R?, R3) be the linear transformation given by

3
(10.134) T(w,v) =) (oqu+Bive;.

i=1

Note that T = @'(py), in accordance with Definition 9.11

Let us now assume the rank of T is 2. (If itis 1 or 0, then N = 0, and the tangent
plane mentioned below degenerates to a line or to a point.) The range of the affine
mapping

(w,v) = @(po) + T(u,v)
is then a plane IT called the tangent plane to @ at py. [One would like to call TT
the tangent plane at ®(py), rather then at py; if @ is not one-to-one, this runs into
difficulties.]
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If we use (10.133)) in (10.129), we obtain
(10.135) N = (x2B3 —azBz)er + (3B —x1B3)ez + (1 B2 — x231)es,

and (10.134) shows that
3 3
(10.136) Tey =) aie;, Tez=) Biei
=1 i=1

A straightforward computation now leads to
(10.137) N-(Te;)=0=N-(Tey).

Hence N is perpendicular to TT. It is therefore called the normal to © at py.
A second property of N, also verified by a direct computation based on (10.135)
and (T0.136), is that the determinant of the linear transformation of R3 that takes

(e1,e2,e3)to (Tey, Tey,N) is |N|2 > 0 (Exercise 10.30). The 3-simplex
(10.138) (0, Tey, Tez, NI

is thus positively oriented.

The third property of N that we shall use is a consequence of the first two: The
above-mentioned determinant, whose value is |N|2, is the volume of the paral-
lelepiped with edges [0, Teq], [0, Te,], [0, N]. By (10.137), [0, N] is perpendicular to
the other two edges. The area of the parallelogram with vertices

(10.139) 0,Tey,Tep, T(er +e3)

is therefore |N|.

This parallelogram is the image under T of the unit square in R2. If E is any
rectangle in RZ, it follows (by the linearity of T) that the area of the parallelogram
T(E)is

(10.140) A(T(E)) = INJA(E) = L IN (1o, vo)|dudv

We conclude that is correct when @ is affine. To justify the definition
in the general case, divide D into small rectangles, pick a point (ug, vo)
in each, and replace @ in each rectangle by the corresponding tangent plane. The
sum of the areas of the resulting parallelograms, obtained via , is then an
approximation to A(®). Finally, one can justify (10.131) from (10.132) by approxi-
mating f by step functions.

10.47 Example. Let 0 < a < b be fixed. Let K be the 3-cell determined by

0<t<aq, 0<u<2n, 0<v<2m
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The equations

x =tcosu
(10.141) y = (b+tsinu)cosv

z=(b+4tsinu)sinv

describe a mapping ® of R3 into R3 which is 1-1 in the interior of K, such that
Y(K) is a solid torus. Its Jacobian is
0(x,y,2) .
=72 —t(b+t
Jw FITRE) (b+ tsinu)
which is positive on K, except on the face t = 0. If we integrate Jy over K, we

obtain
vol(¥(K)) = 2 a?b?

as the volume of our solid torus.

Now consider the 2-chain ® = V. (See [Exercise 10.19}) W maps the faces
u = 0 and u = 27 of K onto the same cylindrical strip, but with the opposite
orientations. ¥ maps the faces v = 0 and v = 27 onto the same circular disc, but
with opposite orientations. ¥ maps the face t = 0 onto a circle, which contributes
0 to the 2-chain 0V¥. (The relevant Jacobians are 0.) Thus @ is simply the 2-surface
obtained by setting t = a in ([0.141), with parameter domain D the square defined
by 0 <u<2m0<v<2m

According to ([0.129) and (T0.141), the normal to @ at (u,v) € D is thus the
vector

N(u,v) = a(b+ asinu)n(u,v),

where
n(u,v) = (cosu)ej + (sinucosv)e; + (sinusinv)es.

Since |n(u,v)| = 1, we have IN(u,v)| = a(b + asinu), and if we integrate this over

D, (10.131) gives
A(D) =4n%ab

as the surface area of our torus.

If we think of N = N(u, v) as a directed line segment pointing from @ (u,v) to
®(u,v) 4+ N(u,v), then N points outward, that is to say, away from ¥(K). This is so
because Jy > 0whent = a.

For example, take u = v = 7/2, t = a. This gives the largest value of z on ¥(K),
and N = a(b + a)e3 points “upward” for this choice of (u,v).

10.48 Integrals of 1-forms in R3. Let y be a ¢ curve in an open set E C R3 with
parameter interval [0, 1], let F be a vector field in E as in{Sec. 10.42} and define A
by (10.124). For any u € [0, 1],

y' (W) =vi(wer +vi(wex +v;(u)es
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is called the tangent vector to y at u. We define t = t(u) to be the unit vector in the
direction of vy’ (u). Thus
v () = |y (w) | t(w).

[If v/ (u) = 0 for some u, put t(u) = eq; any other choice would do just as well.] By
(10.35),
J,
v

3
> | R du
i=170
1
F(y(uw) - v/(w) du

(10.142)

I
2o

= | Pt -t [y

Theorem 6.27|makes it reasonable to call |y’ (u) | the element of arc length along y. A
customary notation for it is ds, and (10.142) is rewritten in the form

(10.143) J AR :J (F-t)ds.
Y Y

Since t is a unit tangent vector to y, F - t is called the tangential component of F along
Y.

The right side of (10.143) should be regarded as just an abbreviation for the last
integral in (10.142). The point is that F is defined on the range of v, but t is defined
on [0, 1]; thus F - t has to be properly interpreted. Of course, when v is one-to-one,
then t(u) can be replaced by t(y(u)) and this difficulty disappears.

10.49 Integrals of 2-forms in R3. Let @ be a 2-surface in an open set E C R3,
of class ¢, and with parameter domain D C R2. Let F be a vector field in E
and define wg by (0.125). As in the preceding section, we shall obtain a different
representation of the integral of wg over ®. By (10.35) and (10.129),

J wg :J (Fr dy Adz+ Fp dzAdx+ F3 dx Ady)
(0] (0]

_ a(y,z) d(z,x) 9(x,y)
= JD {(F1 o®d) ) + (F; 0 @) Aw) + (F3 0 @) 3w v) } dudv

= J F(®(u,v)) - N(u,v)dudv.
D

Now let n = n(u,v) be the unit vector in the direction of N(u, v). [If N(u,v) = 0 for
some (u,v) € D, take n(u,v) = e;.] Then N = [N|n, and therefore the last integral
becomes
J F(®(u,v)) -n(u,v) |N(u,v) dudv.
D
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By (10.131), we can finally write this in the form

(10.144) LD WE = LD (F-n)dA.

With regard to the meaning of F-n, the remark made at the end of [Sec. 10.48
applies here as well.
We can now state the original form of Stokes’ theorem.

10.50 Theorem (Stokes’ Formula). If F is a vector field of class €' in an open set
E C R3, and if ® is a 2-surface of class €2 in E, then

(10.145) J@(V x F)-ndA = LCD(F -t)ds.

Proof. PutH =V X F. Then, as in the proof of[Theorem 10.43} we have
(10.146) wy = dAp.

Hence

LD(V ><F)~ndA:LD

:J d)\F:J )\F:J (F-t)ds.
@ oD oD
Here we used the deﬁmtlon of H, then (10.144) with H in place of F, then

(10.146), then—the main step—Theorem 10.33 33 and finally (10.143] extended in

the obvious way from curves to 1 chains.

(H~n)dA:J Wy
@

10.51 Theorem (The Divergence Theorem). IfF is a vector field of class €1 in an open
set E C R3, and if Q is a closed subset of E with positively oriented boundary 3Q (as
described in[Sec.10.31|then

(10.147) J (V-F)dV = J (F-n)dA.
Q 00
Proof. By (10.125),
dwg = (V-F)dxAdyAdz = (V-F)dV.

Hence

JQ(V -F)dV = JQ dwg = JBQ WE = LQ(F -n)dA,

by|Theorem 10.33} applied to the 2-form wg and (10.144). O
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EXERCISES

10.1. Let H be a compact convex set in R* with nonempty interior. Let f € €'(H), put f(x) = 0
in the complement of H, and define [, f as in Prove that [, fis independent
of the order in which the k integrations are carried out.

Hint: Approximate f by functions that are continuous on R¥ and whose supports are in

H, as was done in
10.2. Fori=1,2,3,...,let ¢; € €(R') have support in (2=%,21-1) and satisfy [ @3 = 1. Put

[ee)

o y) =Y [0i(x) — @ir1 (¥)i(y).

i=1

Then f has compact support in R?, f is continuous except at (0,0), and

deJf(x,y)dx:O but de‘[f(x,y)dy:k

Observe that f is unbounded in every neighborhood of (0, 0).
10.3.
(a) IfFisas in put A = F’(0), Fy(x) = A~'F(x). Then F} (0) = L. Show that
Fi1(x) =GnhoGn_10---0G7(x)
in some neighborhood of 0, for certain primitive mappings G1,...,Gn. This gives
another version of Theorem 10.7
F(x) =F (0)GroGn_10---0Gq(x).

(b) Prove that the mapping (x,y) — (y,x) of R? onto R? is not the composition of any
two primitive mappings, in any neighborhood of the origin. (This shows that the flips
B; cannot be omitted from the statement of )

10.4. For (x,y) € R?, define
F(x,y) = (e*cosy —1,e*siny).
Prove that F = G, o G, where
Gi(xy) = (e¥cosy—1,y)
Gz (w,v) = (u, (1 +u) tanv)

are primitive in some neighborhood of (0, 0).
Compute the Jacobians of G1, G, F at (0,0). Define

H;(x,y) = (xe*siny),
and find

Hi(w,v) = (h(w,v),v)
so that F = H; o H; in some neighborhood of (0, 0).

10.5. Formulate and prove an analogue of [Theorem 10.8} in which K is a compact subset of
an arbitrary metric space. (Replace the functions @; that occur in the proof of

by functions of the type constructed in[Exercise 4.22})

10.6. Strengthen the conclusion of by showing that the functions 1{; can be
made differentiable, and even infinitely differentiable. (Use in the construction
of the auxiliary functions ¢;.)
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10.7.
(a) Show that the simplex Qk is the smallest convex subset of R¥ that contains 0, e1, ..., ex.
(b) Show that affine mappings take convex sets to convex sets.

10.8. Let H be the parallelogram in RZ whose vertices are (1,1), (3,2), (4,5), (2,4). Find the

affine map T which sends (0,0) to (1,1), (1,0) to (3,2), (0,1) to (2,4). Show that J; = 5. Use
T to convert the integral

o= J e Ydxdy
H

to an integral over I? and thus compute o.
10.9. Define (x,y) = T(r, 8) on the rectangle

0<r<aq, 0<0<2n
by the equations

X =1cos0, y =rsinb.

Show that T maps this rectangle onto the closed disc D with center at (0, 0) and radius a, that
T is one-to-one in the interior of the rectangle, and that J1(r,0) = r. If f € €(D), prove the
formula for integration in polar coordinates:

JD f(x,y)dxdy = J: Jjﬂ f(T(r,0))rdrd6.

Hint: Let Dy be the interior of D, minus the interval from (0,0) to (0, a). As it stands,
Theorem 10.9|applies to continuous functions f whose support lies in Dy. To remove this

restriction, proceed as in[Example 10.4
10.10. Let a — oo in|Exercise 10.9|and prove that
27

J]RZ f(x,y)dxdy = J:o Jo f(T(r,0))rdrdo

for continuous functions f that decrease sulfficiently rapidly as x| +[y| — oo. (Find a more
precise formulation.) Apply this to

f(x,y) = exp(—x* —y?)

to derive formula (8.101).
10.11. Define (u,v) = T(s, t) on the strip

0<s<oo, O0<t<]

by setting u = s —st, v = st. Show that T is a 1-1 mapping of the strip onto the positive
quadrant Q in R?. Show that J1(s,t) = s.

For x > 0,y > 0, integrate

ux71 efu.vy71 eV

over Q, use to convert the integral to one over the strip, and derive formula
(8.96) in this way.

(For this application, has to be extended so as to cover certain improper
integrals. Provide this extension.)
10.12. Let I¥ be the set of all u = (uy,...,ux) € R* with 0 < u; < 1 for all i; let Qk be the
setof all x = (x1,...,xx) € R¥ with x; > 0, Zx; < 1. (I is the unit cube; Qk is the standard
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simplex in R¥.) Define x = T(u) by
X1 =U

x2 = (T—ug)uy

e =(1—uy) - (1 —up1)uk.

Show that
k

k
> xi=1-]J0-w).
i=1

i=1
Show that T maps I* onto Q¥, that T is 1-1 in the interior of I¥, and that its inverse S is
defined in the interior of Q¥ by u; = x; and

uy =
fori=2,...,k. Show that

Jrw) = (1—u)* (1 —w)* 2 (1 —we ),

and
Js() =[1=x1)(1—x1 —x2) -+ (1 =% — - —x_1 )] 7"

10.13. Let ry, ..., 1 be nonnegative integers and prove that

[
TRy = Tk
JQkX1 M X (k+T]+"'+Tk)l

Hint: Use|Exercise 10.12} Theorems|10.9|jand Note that the special case 1 = --- =1 =0

shows that the volume of Qk is 1/k!.
10.14. Prove formula (10.46)

10.15. If w and A are k- and m-forms, respectively, prove that
WAAX= (=D*AA w.

10.16. If k > 2 and ¢ = [po, P1, ..., Pk} is an oriented affine k-simplex, prove that 920 =0,
directly from the definition of the boundary operator 9. Deduce from this that 32¥ = 0 for
every chain V.

Hint: For orientation, do it first for k = 2, k = 3. In general, if i < j, let 0y be the (k —2)-
simplex obtained by deleting p; and p; from o. Show that each oy; occurs twice in 9% ¢ with
opposite sign.

10.17. Put J2 = 1y + 15, where
71 =[0,e7,e7 +e3], T, =—[0,e,e2 +eql.

Explain why it is reasonable to call J? the positively oriented unit square in R2. Show that
9] is the sum of 4 oriented affine 1-simplexes. Find these. What is 0(ty —T3)?

10.18. Consider the oriented affine 3-simplex
o1 =1[0,e1,e1 +ez,e1 +e +e3]

in R3. Show that o; (regarded as a linear transformation) has determinant 1. Thus oy is
positively oriented.
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Let 03,...,06 be five other oriented 3-simplexes, obtained as follows: There are five
permutations (i1,12,13) of (1,2,3), distinct from (1,2,3). Associate with each (i,1,,13) the
simplex

s(i1,12,13)[0,e1,, €1, +ei,, e, +ei, +ei,]
where s is the sign that occurs in the definition of the determinant. (This is how T, was

obtained from Ty in ) Show that 03, ..., 04 are positively oriented.

Put J® = o7+ + 0. Then J> may be called the positively oriented unit cube in R3.
Show that 9J3 is the sum of 12 oriented affine 2-simplexes. (These 12 triangles cover the
surface of the unit cube I3.)

Show that x = (x1,x2,x3) is in the range of o7 if and only if 0 < x3 < x; < x; < 1. Show
that the ranges of 071, ..., 0 have disjoint interiors and that their union covers I3. (Compare

with note that 3! = 6.)

10.19. Let J2 and J? be as in Exercise and|[10.18| Define
Bor(w,v)=(0,w,v),  Bui(wv)=(1,uv),
Boz(w,v) = (u,0,v),  Bra(wv)=(u,1,v),
Boz(w,v) = (w,v,0),  Biz(w,v)=(uv,1).

These are affine, and map R? into R3.

Put B; = Byi(J2), forr=0,1,i=1,2,3. Each B, is an affine-oriented 2-chain. (See
110.30}) Verify that

3

o =Y (=1)*(Boi —B1i),
i=1
in agreement with [Exercise 10.18

10.20. State conditions under which the formula

J fdw:J fw—J (df) ANw
[ 9D ]

is valid, and show that it generalizes the formula for integration by parts.
Hint: d(fw) = (df) Aw + fdw.

10.21. As in consider the 1-form
_ xdy—ydx
Iz y?
in R —{0}.
(a) Carry out the computation that leads to formula and prove that dn = 0.

(b) Lety(t) = (rcost,rsint), for some r > 0, and let T be a ¥2-curve in RZ — {0}, with
parameter interval [0, 271], with T'(0) = T'(27), such that the intervals [y(t), I'(t)] do not
contain 0 for any t € [0, 271]. Prove that

J n=2m
r

Hint: For 0 < t < 27, 0 < u < 1, define
D(t,u) = (1 —u)l(t) +wy(t).

Then @ is a 2-surface in R% — {0} whose parameter domain is the indicated rectangle.
Because of cancellations (as in[Example 10.32),
00 =T —v.
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Use Stokes’ theorem to deduce that

because dn = 0.
(c) TakeT(t) = (acost, bsint) where a > 0, b > 0 are fixed. Use part (b) to show that
27
ab
—_————dt =21
L a2 cos? t+b2sin? t
(d) Show that
n=d (arctan E)
X

in any convex open set in which x # 0, and that
n= d( — arctan i)
Y

in any convex open set in which y # 0.

Explain why this justifies the notation = d6, in spite of the fact that 11 is not exact in
R? —{0}.

(e) Show that (b) can be derived from (d).
(f) If I'is any closed ¥ -curve in R? —{0}, prove that

1
— = Ind(T).
37 | = ma(r)
(See[Exercise 8.23|for the definition of the index of a curve.)
10.22. As in|[Example 10.37} define ¢ in R3 —{0}

(= xdyAdz+ydzAdx+zdxAdy
= 3

where 1 = (x2 +y2 +22)1/2 let D be the rectangle given by 0 < u <, 0 <v < 27, and let
¥ be the 2-surface in R3, with parameter domain D, given by

X = sinucosv, y =sinusinv, Z = COS .

(a) Prove thatd( = 0in R3 —{0}.
(b) Let S denote the restriction of £ to a parameter domain E C D. Prove that

J 4 :J sinududv = A(S),
S E

where A denotes area, as in[Theorem 10.43] Note that this contains (10.115) as a special

case.

(c) Suppose g, hy,hy, h3, are %2 -functions on [0, 1], g > 0. Let (x,y,z) = ®(s, t) define a
2-surface @, with parameter domain 12, by

x=g(tJhi(s), y=g(thhals), z=g(t)hsz(s).
Prove that
| =0
®
directly from (10.35).

Note the shape of range ®: For fixed s, ®(s,t) runs over an interval on a line
through 0. The range of @ thus lies in a “cone” with vertex at the origin.
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(d)

®

(8)

Let E be a closed rectangle in D with edges parallel to those of D. Suppose f € ¥2(D),
f > 0. Let Q be the 2-surface with a parameter domain E, defined by

Quw,v) = f(u,v)Z(u,v).
Define § as in (b) and prove that

(Since S is the “radial projection” of Q) into the unit sphere, this result makes it reason-
able to call [ ¢ the “solid angle” subtended by the range of Q at the origin.)
Hint: Consider the 3-surface ¥ given by
Yt u,v) =[1—t+tf(u,v)]Z(u,v),

where (u,v) € E,0 <t < 1. For fixed v, the mapping (t,u) — ¥(t,u,v) is a 2-surface
® to which (c) can be applied to show that [, { = 0. The same thing holds when u is
fixed. By (a) and Stokes’ theorem,

J C:J d¢=0.
v \%

_ xdy—ydx
o ox2+y?

as in|Exercise 10.21] Then A is a 1-form in the open set V C R3 in which x? +y? > 0.

Show that ( is exact in V by showing that
¢ =dA

Put A = —(z/r)n, where

’

Derive (d) from (e), without using (c).
Hint: To begin with, assume 0 < u < 7t on E. By (e),

J C:J A and JC:J A
o 20 S 2S

Show that the two integrals of A are equal, by using part (d) of and by

noting that z/r is the same as Z(u,v) as at Q(u, v).
Is ¢ exact in the complement of every line through the origin?

10.23. Fix n.. Define 1 = (x% + e +xﬁ)1/2 for 1 < k < n, let Ey be the set of all x € R™ at
which 1 > 0 and let wy be the (k — 1)-form defined in Ey by

k
Wi =(m) 7 D (1) Txidxg A Adxio Adxir A Adxg

i=1

Note that w,; =n, w3 = ¢, in the terminology of [Exercise 10.21jand 10.ZZI Note also that

(@
(b)

EiCE,C - CEp=R™—{0}.
Prove that dwy = 0in Ey.
Fork =2,...,n, prove that wy is exact in Ey_1 by showing that
wy = d(frwyk_1) = (dfi) ANwy 1,

where fi (x) = (—1)*gy (xi /T ) and

t
g (t) :J (1—s)0=3)/2g5  (C1<t<1),
—1
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Hint: fy satisfies the differential equations
x- (Vi) (x) =0
and . _
(=D *(r—1)*"
Dify)(x) = ————.
(D fi)(x) L

(c) Is wn exactin En?

(d) Note that (b) is a generalization of part (e) of [Exercise 10.22} Try to extend some of the
other assertions of [Exercise 10.21]and [10.22]to w-,, for arbitrary n.

10.24. Let w = Za;(x)dx; be a 1-form of class 42 in a convex open set E C R™. Assume
dw = 0 and prove that w is exact in E, by completing the following outline:
Fix p € E. Define

f(x):L ]w (x € B).
pX

Apply Stokes’ theorem to affine-oriented 2-simplexes [p, X, y] in E. Deduce that

n 1

) =100 = 3 (=) | ail(1=xrey) e
i=1

forx € E, y € E. Hence (D;if)(x) = a;i(x).

10.25. Assume that w is a 1-form in an open set E C R™ such that

J w=0
v

for every closed curve vy in E of class . Prove that w is exact in E, by imitating part of the
argument sketched in |Exercise 10.24]

10.26. Assume w is a 1-form in R3 —{0} of class €' such that dw = 0. Prove that w is exact
in R3 —{0}. Hint: Every closed continuously differentiable curve in R3 —{0} is the boundary
of the 2-surface in R3 — {0}. Apply Stokes’ theorem and [Exercise 10.25

10.27. Let E be an open ball 3-cell in R3 with edges parallel to the coordinate axes. Suppose
(a,b,c) €E fi e €' (E) fori=1,2,3,

w =fydyAdz+f;dzAdx+ fz3dxAdy,
and assume that dw = 0 in E. Define
A=gjdx+gady

where

z Y
g1(x,y,z) = J fa(x,y,s)ds ,J f3(x,t,¢)dt
c b

z
92(x,y,2) = —J f1(x,y,s)ds,
Cc
for (x,y,z) € E. Prove that dA\ = w in E.
Evaluate these integrals when w = ¢ and thus find the form A that occurs in part (e) of

IExercise 10.22)
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10.28. Fix b > a > 0, define
O(r,0) = (rcos,rsin0)

fora <r <b,0 <0 < 2m (The range of @ is an annulus in ]Rz.) Put w = x3 dy, and

compute both
J dw and J w
o 20

10.29. Prove the existence of a function « with the properties needed in the proof of
rem 10.38) and prove that the resulting function F is of class %’'. (Both assertions become
trivial if E is an open cell or an open ball, since o can then be taken to be a constant. Refer to
[Theorem 9.43)

10.30. If N is the vector given by (10.135), prove that

to verify that they are equal.

o B2 azBr o3| =N

x Pr1 xaP3—azP2
det
az Bz Bz —azPs

Also, verify|Eq. (10.137
10.31. Let E C R3 be open, suppose g € %2(E), h € €2(E), and consider the vector field

F=gVh
(a) Prove that
V- -F=gV?h+(Vg)-(Vh)
where VZh =V - (Vh) = £3%h/ axf is the so-called “Laplacian” of h.

(b) If Qisa closed subset of E with positively oriented boundary 9Q (as in|Theorem 10.51)),
prove that

oh
2h S(Vh)]dV = —dA
| lav*h(Va)- (Vhnav = | o3t

where (as is customary) we have written 0h/on in place of (Vh) - n. (Thus 9h/0n is
the directional derivative of h in the direction of the outward normal to 0Q), the so-
called normal derivative of h.) Interchange g and h and subtract the resulting formula
from the first one to obtain

oh dg
21 L2 _ _
J (gV h—hV~<g)dV L (gan han> dA.

These two formulas are usually called Green’s identities.
(c) Assume that h is harmonic in E; this means that V2h = 0. Take g = 1 and conclude

that
[ Tarce
20 On
Take g = h and conclude thath = 0in Q if h = 0 on Q.
(d) Show that Green’s identities are also valid in RZ.
10.32. Fix 5,0 < & < 1. Let D be the set of all (8,t) € RZ suchthat0 < 0 <7, -5 <t < 6.
Let @ be the 2-surface in R3, with the parameter domain D, given by
x = (1 —tsin0) cos 20
y=(1—1tsin06)sin26
z=tcosO

where (x,y,z) = ©(6,t). Note that O (7, t) = O (0, —t), and that ® is one-to-one on the rest of
D.
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The range of M = ®(D) of ® is known as a Mobius band. It is the simplest example of a
nonorientable surface.

Prove the various assertions made in the following description: Put p; = (0,—0), p2 =
(rr,=8), p3 = (m,8), pa = (0,8), p5s = p1. Putyi = [pi, pi+1l,i=1,...,4, and putl} = Do;.
Then

D =Ty +T5 + T3 +Ty.

Puta=(1,0,-6),b=(1,0,8). Then
O(p1) =D(p3)=a,  D(pz2) =C(ps) =Db,
and 0® can be described as follows.

® T spirals up from a to b; its projection into the (x,y)-plane has winding number +1

around the origin. (See[Exercise 8.23])
L4 rz = [b, a].

® T3 spirals up from a to b; its projection into the (x,y) plane has winding number —1
around the origin.

L4 F4 = [b,a].

Thus 00 =Ty + T3 + 2I.
If we go from a to b along I'y and continue along the “edge” of M until we return to a,
the curve traced out is
Fr=n—T;,

which may also be represented on the parameter interval [0, 271] by the equations
x = (14 6sin0) cos 20
y = (1+45sin0)sin 26

z=—0cos0.

It should be emphasized that I' # 9®: Let n be the 1-form discussed in Exercises [10.21
and|10.22} Since dn = 0, Stokes’ theorem shows that

J n=0.
L)

But although T is the “geometric” boundary of M, we have

J n =4m.
r

In order to avoid this possible source of confusion, Stokes’ formula (Theorem 10.50) is

frequently stated only for orientable surfaces @.



Chapter 11

THE LEBESGUE THEORY

It is the purpose of this chapter to present the fundamental concepts of the Lebesgue
theory of measure and integration and to prove some of the crucial theorems in a
rather general setting, without obscuring the main lines of development by a mass
of comparatively trivial detail. Therefore proofs are only sketched in some cases,
and some of the easier propositions are stated without proof. However, the reader
who has become familiar with the techniques used in the preceding chapters will
certainly find no difficulty in supplying the missing steps.
The theory of the Lebesgue integral can be developed in several distinct ways.

Only one of these methods will be discussed here. For alternative procedures we
refer to the more specialized treatises on integration listed in the Bibliography.

SET FUNCTIONS

If A and B are any two sets, we write A — B for the set of all elements x such that
x € A, x & B. The notation A — B does not imply that B C A. We denote the empty
set by @ and say that A and B are disjointif ANB = &.

11.1 Definition. A family % of sets is called a ring if A € #Z and B € Z implies
(11.1) AUB e Z, A—BeZ.
Since ANB =A — (A —B),wealsohave ANB € Z if Z is aring.

A ring is called a o-ring if

o0
(11.2) U Ane2

n=1

282
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whenever A, € Z (n=1,2,3,...). Since

oo oo
N An=A1— J (A1 —An),
n=1 n=1
we also have
oo
() An€Z

n=1

if Z is a o-ring.

11.2 Definition. We say that ¢ is a set function defined on Z if ¢ assigns to ev-
ery A € #Z anumber ¢(A) of the extended real number system. ¢ is additive if
A NB = @ implies

(11.3) $(AUB) = d(A) + ¢(B),

and ¢ is countably additive if Ay N Aj = & (i # j) implies

(114) ¢ ( U An) =2 d(An).
n=1 n=1

We shall always assume that the range of ¢ does not contain both +co and —oo;
if it did, the right side of could become meaningless. Also, we exclude set
functions whose only value is +oc0 or —co.

It is interesting to note that the left side of is independent of the order
in which the A;,’s are arranged. Hence the rearrangement theorem shows that the
right side of converges absolutely if it converges at all; if it does not converge,
the partial sums tend to +oo or to —oo.

If ¢ is additive, the following properties are easily verified:

(11.5) d(2) =92,
(11.6) GATU---UAR) = (A1) +- -+ d(An)

if A; N Aj = @ whenever i # .

(11.7) d(ATUAZ) + (AT NAZ) = d(A1) + d(A2).
If p(A) > O forall Aand A; UA,, then

(11.8) d(A1) < d(A2).

Because of (11.8), nonnegative additive set functions are often called mono-
tonic.

(11.9) ®(A—B) = d(A)— d(B)
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if BC A and |$(B)| < +oo.

11.3 Theorem. Suppose ¢ is countably additive on a ring %. Suppose An € Z (n =
1,2,3,...),Af CAy CA3C---,AeZ,and

oo
A=J An.
n=1

Then, asn — oo,

$(An) — d(A).
Proof. Put By = A and
Bn=An—An_1 (n=23,...).

Then B; NBj =@ fori#j, An =By U---UBn,and A = UBn. Hence
G(An) =) &(By)

and

CONSTRUCTION OF THE LEBESGUE MEASURE

11.4 Definition. Let RP denote p-dimensional euclidean space. By an interval in
IRP, we mean the set of points x = (x1,...,xp) such that

(1110) ai SXi Sbi (:L:L...,p),

or the set of points which is characterized by with any or all of the < signs
replaced by <. The possibility that a; = b; for any value of i is not ruled out; in
particular, the empty set is included among intervals.

If A is the union of a finite number of intervals, A is said to be an elementary set.

If Iis an interval, we define

P
m(I) = [ [(bi —ai),
i=1

no matter whether equality is included or excluded in any of the inequalities (I1.10).

If A=1; U---Uly, and if these intervals are pairwise disjoint, we set

(11.11) m(A) =m(I;) + - +m(In).

We let & denote the family of all elementary subsets of RP.
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At this point, the following properties should be verified:
(11.12) & is aring butnot a o-ring.
(11.13) If A € &, then A is the union of a finite number of disjoint intervals.

(11.14) If A € &, m(A) is well defined by (11.11); that is, if two different decompo-
sitions of A into disjoint intervals are used, each gives rise to the same value
of m(A).

(11.15) m is additive on &.
Note that if p = 1,2, 3, then m is length, area, and volume, respectively.

11.5 Definition. A nonnegative additive set function ¢ defined on & is said to be
regular if the following is true: To every A € & and to every ¢ > 0, there exists sets
F € &, G € & such that Fis closed, G is open, F C A C G, and

(11.16) $(G)—e < P(A) < d(F) +e.

11.6 Examples.

(a) The set function m is regular.
If A is an interval, it is trivial that the requirements of [Definition 11.5|are
satisfied. The general case follows from|(11.13

(b) Take RP = R' and let « be a monotonically increasing function defined for
all real x. Put

u(la, b)) = x(b—) — a(a—),
w(la, b]) = a(b+) — a(a—),
1((a,bl) = a(b+) — x(a+),
1((a, b)) = a(b—) — a(a+).

Here [a, b) is the set a < x < b, etc. Because of the possible discontinuities
of «, these cases have to be distinguished. If (t is defined for elementary sets

as in ([1.11), p is regular on &. The proof is just like that of

Our next objective is to show that every regular set function on & can be ex-
tended to a countably additive set function on a o-ring which contains &'.

11.7 Definition. Let p be additive, regular, nonnegative, and finite on &. Consider
countable coverings of any set E C RP by open elementary sets An:

oo
Ec |J An

n=1

Define

(11.17) W (E) =inf > w(An),
n=1
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the inf being taken over all countable coverings of E by open elementary sets. *(E)
is called the outer measure of E, corresponding to p.

It is clear that u*(E) > O for all E and that
(11.18) W (Eqr) < u*(E2)
if By C Ey.

11.8 Theorem.
(a) Forevery A € &, uw*(A) = n(A).

(b) IfE C U En, then

o0
(11.19) WE) < ) ui(En)
n=1
Note that @ asserts that p* is an extension of p from & to the family of all

subsets of RP. The property (11.19) is called subadditivity.

Proof. Choose A € & and € > 0.
The regularity of u shows that A is contained in an open elementary set G such
that u(G) < p(A) +e. Since u*(A) < u(G) and since ¢ was arbitrary, we have

(11.20) H(A) < p(A).

The definition of u* shows that there is a countable collection of open elemen-
tary sets {A} whose union contains A, such that

D HAR) S WA Fe.
n=1

The regularity of p shows that A contains a closed elementary set F such that
w(F) > n(A) — ¢; since F is compact, we have

FCAjU---UAN

for some N. Hence
N
WA) S (P +e<p(ATU-UAN) +e< Y p(An)+e < pf(A)+ 2.
n=1

In conjunction with (11.20), this provesl@
Next, suppose E = |J E, and assume that u*(Ey, ) < +oo for all n. Given ¢ > 0,
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there are coverings {A i}, k =1,2,3,..., of E;, by open elementary sets such that

o0

(11.21) HApK) S W (En) +27 e
k=1
Then
[ee] [e.e] [ee]
WE < D Y wAn) < ) wi(En)+e,

n=1k=1 n=1
and (11.19) follows. In the excluded case, i.e., if u*(Ey) = +oo for some n, (11.19)
is of course trivial. O

11.9 Definition. For any A C RP, B C RP, we define

(11.22) S(A,B) =(A—B)U(B—A),
(11.23) d(A,B) = u*(S(A, B)).

We write A, — A if
lim d(A,An) =0.

n—oo
If there is a sequence (A, ) of elementary sets such that A, — A, we say that
A is finitely p-measurable and write A € Mig(w). If A is the union of a countable
collection of finitely p-measurable sets, we say that A is p-measurable and write
A € M(p).

S(A,B) is the so-called “symmetric difference” of A and B. We shall see that
d(A, B) is essentially a distance function.
The following theorem will enable us to obtain the desired extension of p.

11.10 Theorem. Mi(w) is a o-ring and u* is countably additive on M().

Before we turn to the proof of this theorem, we develop some of the properties
of S(A,B) and d(A, B). We have

(11.24) S(A,B) =S(B,A),  S(A,A)=0.
(11.25) S(A,B) C S(A,C)US(C,B).

S(A; UA,, By UB3)
(11.26) S(A;NA2,B;NBy) » C S(A7,B1)US(A7,B3).

S(A1—Az,B1 —B3)
is clear and follows from
(A—B)C (A—C)U(C—B), (B—A)C (C—A)U((B-C).
The first formula of is obtained from

(A7 UAZ)—(B7UB2) C (A7 —By)U (A —By).
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Next, writing E€ for the complement of E, we have

S(A1NA,,B1NBy) = S(A? UAE,B% UBE)
C S(A],BY) US(A3,B3) = S(A1,B1) US(A2,B2);

the last formula of (11.26) is obtained if we note that

Al —A) =Aq ﬂAE.

by (11.23), (11.19), and (11.18), these properties of S(A, B) imply

(11.27) d(A,B) =d(B,A),  d(A,A)=0,
(11.28) d(A,B) < d(A, C) +d(C,B),

d(A; UA,, By UB,)
(11.29) d(A;NA2, By NB,) » <d(A7,Bq)+d(As,By).

d(Ay —Az,B1 —B))

The relations (11.27) and (11.28) show that d(A, B) satisfies the requirements
of |[Definition 2.15| except that d(A, B) = 0 does not imply A = B. For instance, if

p = m, A is countable, and B is empty, we have
d(A,B) =m*(A) =0;
to see this, cover the nth point of A by an interval I, such that
m(In) <27 M.
However, if we define two sets A and B to be equivalent, provided
d(A,B) =0,

we divide the subsets of RP into equivalence classes and d(A, B) makes the set
of these equivalence classes into a metric space. 9p(i) is then obtained as the
closure of &. This interpretation is not essential for the proof, but it explains the
underlying idea.

We need one more property of d(A, B), namely,

(11.30) W (A) —p*(B)| < d(A, B),

if at least one of u*(A), u*(B) is finite. For suppose 0 < u*(B) < p*(A). Then
(11.28) showos that
d(A, @) < d(A,B)+d(B,2),

that is,
n(A) < d(A,B) + u*(B).
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Since p*(B) is finite, it follows that
w'(A) —u*(B) < d(A,B).

Proof of[Theorem 11.10, Suppose A € M (pn), B € M(n). Choose (An), (Bn) such
that An € &, Bn € &, An — A, By — B. Then and (11.30) show that

(11.31) AnUBn — AUB,
(11.32) AnNBn — ANB,
(11.33) An—Bn — A—B,
(11.34) W (An) = 1 (A),

and p*(A) < 4o0 since d(An,A) — 0. By (11.31) and (11.33), M¢(u) is a ring. By
(11.7),
WAR) +1(Bn) = W(An UBn) + u(An NBy).

Letting n — oo, we obtain, by (11.34) and Theorem 11.8(a))

wW(A)+u*(B) =u (AUB) +u*(ANB).

If ANB = g, then u*(A N B) = 0. It follows that pu* is additive on ¢ (w).

Now let A € M(u). Then A can be represented as the union of a countable
collection of disjoint sets of Mg (u). For if A = JA],, with A}, € Mg(n), write
A; =Ajand

An=(AjU---UA)—(AjU---UA, ;)  (n=234,...).

Then

(11.35) A= fj An

n=1

is the required representation. By (11.19),
[e9)
(11.36) WA) < ) (An).
n=1

On the other hand, A D Aj U - U Ay; by the additivity of u* on ¢ (pn), we
obtain

(11.37) R(A) 2 p (AU UAR) = (A1) +- -+ 1 (An).

Equations (11.36) and (11.37) imply

(11.38) W(A) =) W(An).

n=1
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Suppose p*(A) is finite. Put By = A U--- U Ay Then (11.38) shows that

[e.e] [ee]
d(A,Bn) = p* ( U Ai) = r (A =0
i=n+1 i=n+1

asn — oo. Hence By, — A; since By, € My (), it is easily seen that A € M (n).
We have thus shown that A € 9 (p) if A € M(p) and p*(A) < +oo.
It is now clear that u* is countably additive on 9t(y). For if

o0
A= J An,

n=1

where {A,} is a countable collection of disjoint sets of Mt(t), we have shown that
(11.38) holds if u*(An) < +oo for every n, and in the other case (11.38) is trivial.
Finally, we have to show that () is a o-ring. If A, € M(pn), n=1,2,3,...,it

is clear that [JAn € M(u) (Theorem 2.12). Suppose A € Mi(u), B € M(u), and

.

n=1

oo
ATL/ B = U Bn/
n=1

where An, By € My (1). Then the identity
[ee]

AnNB= J(AnNBy)

i=1
shows that A, N B € M (u); since
' (AnNB) < p'(An) < oo,

AnNB € Me(n). Hence Ay —B € Me(n), and A —B € M(u) since A—B =
U (An—B). O

We now replace u*(A) by u(A) if A € M(p). Thus p, originally only defined
on &, is extended to a countably additive set function on the o-ring 9t(p). This
extended set function is called a measure. The special case p = m is called the
Lebesgue measure on RP.

11.11 Remarks.

(a) If A is open, then A € Mi(n). For every open set in RP is the union of a
countable collection of open intervals. To see this, it is sufficient to construct a
countable base whose members are open intervals. By taking complements,
it follows that every closed set is in 9t(p).

(b) If A € M(u) and ¢ > 0, there exist sets F and G such that

FCACG,
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Fis closed, G is open, and
(11.39) wG—A) <e, WA —F) <e.

The first inequality holds since u* was defined by means of coverings by
open elementary sets. The second inequality then follows by taking comple-
ments.

(c) We say that E is a Borel set if E can be obtained by a countable number of op-
erations, starting from open sets, each operation consisting in taking unions,
intersections, or complements. The collection % of all Borel sets in RP is a
o-ring; in fact, it is the smallest sigma ring which contains all open sets. By

[@) E e Mp)ifE e 2.
(d) If A € M(u), there exist Borel sets F and G such that F C A C G, and

(11.40) wWG—A)=p(A—F) =0.

This follows from[(b)]if we take ¢ = 1/n and let n — oo.
Since A = FU (A —F) we see that every 9i() is the union of a Borel set
and a set of measure zero.
The Borel sets are p-measurable for every . But the sets of measure zero
[that is, the sets E for which p*(E) = 0] may be different for different p’s.
(e) For every y, the sets of measure zero form a o-ring.
(f) In the case of the Lebesgue measure, every countable set has measure zero.
But there are uncountable sets of measure zero. The Cantor set may be taken

as an example: Using the notation of [Theorem 2.44} it is easily seen that

2

m(En) = (§>n n=1,23...);

since P = En, P C E, for every n so that m(P) = 0.

MEASURE SPACES

11.12 Definition. Suppose X is a set, not necessarily a subset of a euclidean space
or, indeed, of any metric space. X is said to be a measure space if there exists a o-ring
M of subsets of X (which are called measurable sets) and a nonnegative countably
additive set function p (which is called a measure), defined on 2. If, in addition,
X € M, then X is said to be a measurable spaceﬂ

For instance, we can take X = RP, 9t the collection of all Lebesgue-measurable
subsets of RP, and p the Lebesgue measure.

Or, let X be the set of all positive integers, 9t be the collection of all subsets of
X, and p(E) the number of elements of E.

!The definition that Rudin gives here is very much at-odds with everybody else. Even he defines this
term differently later, in his Real and Complex Analysis text.
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Another example is provided by probability theory, where events may be con-
sidered as sets, and the probability of the occurrence of events is an additive (or
countably additive) set function.

In the following sections we shall always deal with measurable spaces. It
should be emphasized that the integration theory which we shall soon discuss
would not become simpler in any respect if we sacrificed the generality we have
now attained and restricted ourselves to Lebesgue measure, say, on an interval
of the real line. In fact, the essential features of the theory are brought out with
much greater clarity in the more general situation, where it is seen that everything
depends only on the countable additivity of 1 on a o-ring.

It will be convenient to introduce the notation

(11.41) {x| P}

for the set of all elements x which have the property P.

MEASURABLE FUNCTIONS

11.13 Definition. Let f be a function defined on the measurable space X with val-
ues in the extended real number system. The function f is said to be measurable if
the set

(11.42) {x|f(x) > a}

is measurable for every real a.

11.14 Example. If X = RP and 9t = M(p) as defined in[Definition 11.9} then every
continuous f is measurable, since then (11.42) is an open set.

11.15 Theorem. Each of the following four conditions implies the other three:

(11.43) {x | f(x) > a} is measurable for every real a.
(11.44) {x | f(x) > a} is measurable for every real a.
(11.45) {x | f(x) < a} is measurable for every real a.
(11.46) {x | f(x) < a} is measurable for every real a.

Proof. The relations

P 1
x1f6x) > at= ) {x‘f(x)>a—;},

n=1
{x[f(x) <a}=X—{x[f(x) > a},

o0

x1fx) <a= ) {X‘f(x)<a+%},

n=1

x[f(x) >a} =X—-{x[f(x) < a}
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show successively that 1mphes [MT.44) implies (T1.45] im-
plies (11.46), and (11.49] 1mphes [11.43)

Hence any of these conditions may be used instead of (11.42) to define measur-
ability.

11.16 Theorem. If f is measurable, then |f| is measurable.
Proof. {x | [f(x)| < a} ={x]|f(x) < a}U{x|f(x) > —a}) O
11.17 Theorem. Let (fn,) be a sequence of measurable functions. For x € X, put

g(x) =sup fn(x) n=1,23...),
h(x) = limsup fn (x).

n—oo

Then g and h are measurable. The same is of course true of the inf and lim inf.

Proof.
{xlgx)>at= U{X\fn ) > al,
?ﬂX):lnfgnJXL
where g (x) =sup frn(x) (n > m). O
Corollary.

(a) If f and g are measurable, then max(f, g) and min(f, g) are measurable. If
(11.47) T = max(f,0), f~ = —min(f,0),
it follows, in particular, that £+ and £~ are measurable.

(b) The limit of a convergent sequence of measurable functions is measurable.

11.18 Theorem. Let f and g be measurable real-valued functions defined on X, let F be
real and continuous on R2, and put

hix) =F(f(x),g(x))  (x € X).
Then h is measurable. In particular, f + g and fq are measurable.

Proof. Let
Gq ={(w,v) | F(w,v) > a}.

Then G is an open subset of R? and we can write

0
Gq = U In,
n=1
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where (I,,) is a sequence of open intervals:
In ={(w,v)|an <u<bn, cn <v<dnh

Since
{xlan <f(x) <bn}={x|f(x) >an}N{x|f(x) <bn}

is measurable, it follows that the set
{x[(f(x),g(x)) € In} ={x | an <f(x) <bn}N{x|cn < g(x) < dn}
is measurable. Hence the same is true of
{x [ h(x) > a} ={x|(f(x), g(x)) € Ga}

= J [ (f(x), g(x) € In} 0
n=1

Summing up, we may say that all ordinary operations of analysis, including
limit operations, when applied to measurable functions, lead to measurable func-
tions; in other words, all functions that are ordinarily met with are measurable.

That this is, however, only a rough statement is shown by the following ex-
ample (based on Lebesgue measure, on the real line): If h(x) = f(g(x)), where f
is measurable and g is continuous, then h is not necessarily measurable. (For the
details, we refer to McShane [McS44], page 241).

The reader may have noticed that measure has not been mentioned in our dis-
cussion of measurable functions. In fact, the class of measurable functions on X
depends only on the o-ring 9 (using the notation of [Definition 11.12). For in-
stance, we may speak of Borel-measurable functions on RP, that is, of functions f for
which

{x|f(x) > a}

is always a Borel set, without reference to any particular measure.

SIMPLE FUNCTIONS

11.19 Definition. Let s be a real-valued function defined on X. If the range of s is
finite, we say that s is a simple function.
Let E C X, and put

(11.48) Ke (x) = {] (x€B),

K¢ is called the characteristic function of E.
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Suppose the range of s consists of the distinct numbers cy,...,cn. Let
Ei ={x|s(x) =cyi} i=1,...,m).

Then
n

(11.49) s=) ciKg,
i=1

that is, every simple function is a finite linear combination of characteristic func-
tions. It is clear that s is measurable if and only if the sets Ey, ..., E;y are measur-
able.

It is of interest that every function can be approximated by simple functions:

11.20 Theorem. Let f be a real function on X. There exists a sequence (sy) of simple
functions such that sy (x) — f(x) as 1 — oo, for every x € X. If f is measurable, (sn)
may be chosen to be a sequence of measurable functions. If f > 0, (sn) may be chosen to
be a monotonically increasing sequence.

Proof. If f > 0, define

i—1 i
En,i:{x‘Z—ngf(x)<2—n}, Fn={x[f(x) = n}
forn=1,2,3,...,i=1,2,...,n-2". Put

n2m .,
i—1
(11.50) sn= ) S Ke o H1KE,

i=1
In the general case, let f = f© —f~ and apply the preceding construction to f* and
f. O

It may be noted that the sequence (sn ) given by (11.50) converges uniformly to
f if f is bounded.

INTEGRATION

We shall define integration on a measurable space X, in which 97 is the o-ring of
measurable sets, and . is the measure. The reader who wishes to visualize a more
concrete situation may think of X as the real line, or an interval, and of p as the
Lebesgue measure m.

11.21 Definition. Suppose

(11.51) s(x) = Z ciKg, (x) (xeX, ¢y >0)
i=1
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is measurable, and suppose E € 9t. We define
n

(11.52) Te(s) =) cin(ENEy).
i=1

If f is measurable and nonnegative, we define

(11.53) J fdu = sup Ig(s),
E

where the sup is taken over all measurable simple functions s such that 0 < s < f.

The left member of is called the Lebesgue integral of f, with respect to the
measure (1, over the set E. It should be noted that the integral may have the value
+00.

It is easily verified that

(11.54) J sdp =Ig(s)
E

for every nonnegative simple measurable function s.

11.22 Definition. Let f be measurable and consider the two integrals
(11.55) J T dy, J f~du,
E E

where f* and f~ are defined as in (I1.47). If at least one of the integrals (T1.55) is
finite, we define

(11.56) J fdu = J fr dufJ f~du
E E E

If both integrals in (L1.55) are finite, then (11.56) is finite, and we say that f is
integrable (or summable) on E in the Lebesgue sense, with respect to w; we write
f e Z(u) onE. If x = m, the usual notationis f € .Z on E.

This terminology may be a little confusing: If is +o00 or —oo, then the
integral of f over E is defined, although f is not integrable in the above sense of the
word; f is integrable on E if and only if its integral over E is finite.

We shall mainly be interested in integrable functions, although in some cases it
is desirable to deal with the more general situation.

11.23 Remarks. The following properties are evident

(a) If fis measurable and bounded on E, and if u(E) < 400, then f € £ () on E.

(b) If a < f(x) <bforx € E, and p(E) < +oo, then

ap(E) < L fdp < bu(E).
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(c) Iffand g € Z(u) on E, and if f(x) < g(x) for x € E, then
J fduSJ gdp.
E E

(d) If f € Z(n) on E, then cf € Z(u) on E for every finite constant ¢, and

J cfdu:cj fdu.
E E

(e) If u(E) = 0 and f is measurable, then
J fdu=0.
E

() Iffe Z(u)onE, AeM,and A C E, then f € Z(u) on A.
11.24 Theorem.

(a) Suppose f is measurable and nonnegative on X. For A € I, define

(11.57) $(A) = JA fdyu.

Then ¢ is countably additive on .

(b) The same conclusion holds if f € £ (u) on X.

Proof. It is clear that follows from |(a)|if we write f = f* — f~ and apply |(a)|to
ftand f~.
To prove([(a)} we have to show that

oo

(11.58) d(A) =) b(An)
n=1
ifAn €M =1,23...),A;NA;=0fori#j,and A = Uy An.
If f is a characteristic function, then the countable additivity of ¢ is precisely
the same as the countable additivity of u, since

J Kgdpu=u(ANE).
A

If f is simple, then f is of the form (11.51), and the conclusion again holds.
In the general case, we have, for every measurable simple function s such that
0<s<H,

o

[ £

n=1 n

sdu< 3 d(An).
n=1
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Therefore, by (I1.53),
(11.59) d(A) < D d(An).
n=1

Now if ¢p(An) = +oo for some n, is trivial, since ¢p(A) > ¢(An). Sup-
pose ¢(An) < +oo for every n.

Given ¢ > 0, we can choose a measurable function s such that 0 < s < f, and
such that

(11.60) J sdu > J fdu—e, J sdu > J fdu—e.
Aq Aq Az Az
Hence

¢(A1UA2)2JA » sdu=JA sdu+J sdu > b(A) + (As) — 2,

Az

so that
SATUAL) > d(A1) + d(AL).

It follows that we have, for every n,
(11.61) GATU---UAR) 2 d(A)+ -+ d(An).

Since A D A7 U---UAp, (11.61) implies

o0
(11.62) (A) = ) B(An),
n=1
and follows from and (T1.62). O

Corollary. IfA € M, B € M, B C A, and u(A —B) =0, then

J fdp.:J fdu.
A B

Since A = B U (A — B), this follows from [Remark 11.23(e)

11.25 Remarks. The preceding corollary shows that sets of measure zero are neg-
ligible in integration.
Let us write f ~ g on E if the set

(eI f(x) #g(x)INE

has measure zero. Then f ~ f; f ~ g implies g ~ f; and f ~ g, g ~ h implies f ~ h.
That is, the relation ~ is an equivalence relation.
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If f ~ gon E, we clearly have

J fdu:J gdu,
A A

provided the integrals exist, for every measurable subset A of E.

If a property P holds for every x € E— A, and if u(A) = 0, it is customary
to say that P holds for almost all x € E, or that P holds almost everywhere on E.
(This concept of “almost everywhere” depends of course on the particular measure
under consideration. In the literature, unless something is said to the contrary, it
usually refers to the Lebesgue measure.)

If f € Z(u) on E, it is clear that f(x) must be finite almost everywhere on
E. In most cases, we therefore do not lose any generality if we assume the given
functions to be finite-valued from the outset.

11.26 Theorem. If f € Z(u) on &, then |f| € £ (u) on E, and
(11.63) H fdp‘ SJ [f] dp.
E E
Proof. Write E = A UB, where f(x) > 0 on A and f(x) < 0 on B. By[Theorem 11.24
| trran= i | rda=] rdus | rde<s,
E A B A B

so that [f| € Z(u). Since f < |f| and —f < |f|, we see that

J fduSJ #ld, —J fduSJ em
E E E E
and (11.63) follows. O

Since the integrability of f implies that of |f|, the Lebesgue integral is often
called an absolutely convergent integral. It is of course possible to define nonabso-
lutely convergent integrals, and in the treatment of some problems it is essential to
do so. But these integrals lack some of the most useful properties of the Lebesgue
integral and play a somewhat less important role in analysis.

11.27 Theorem. Suppose f is measurable on €, |f| < g, and g € Z(u) on E. Then
fe Zuonkt.

Proof. We have f™ < gand f~ < g. O

11.28 Theorem (Lebesgue’s Monotone Convergence Theorem). Suppose E € 9.
Let (fn ) be a sequence of measurable functions such that

(11.64) 0<fi(x) < fa(x) < - (x € E).
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Let f be defined by
(11.65) fr(x) = f(x) (x €E)

asm — oo. Then
(11.66) J frndp —— J fdu.

E n—oo E
Proof. By (T1.64), it is clear that, asn — oo,
(11.67) J fndy — o

E
for some o; since [ fr, < [ f, we have
(11.68) x < J fdu.
E

Choose c such that 0 < ¢ < 1 and let s be a simple measurable function such
that 0 < s < f. Put

En ={x|frn(x) > cs(x)} (n=1,23...).

By (11.64), E1 CE; C E3 C ---; by (11.65)

o0
(11.69) E= (J En.
n=1
For every n,
(11.70) J frndu > J frndu > CJ sdp.
E En En

We let n — oo in (11.70). Since the integral is a countably additive set function

(Theorem 11.24), (11.69) shows that we may apply[Theorem 11.3|to the last integral
in (11.70) and we obtain

(11.71) o> CJ sdp.
E

Letting ¢ — 1, we see that
o> J sdy,
E
and (11.53) implies

(11.72) o> J fdu.
E
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The theorem follows from (11.67)), (11.68), and (11.72). O

11.29 Theorem. Suppose f = f1 +f,, wheref; € L(n)onE (i =1,2). Thenf € £ (n)
on E, and

(11.73) J fdu:J fq du—l—J fydu.
E E E

Proof. First, suppose f; > 0,f, > 0. If f; and f, are simple, (11.73) follows trivially
from (11.52) and (11.54). Otherwise, choose monotonically increasing sequences
(s.), (s) of nonnegative measurable simple functions which converge to f1, f2.

Theorem 11.20[shows that this is possible. Put sn = s/, + s/1. Then
J sndu:J s%dp—ﬁ—J sl dy,
E E E

and (11.73) follows if we let n — co and appeal to[Theorem 11.28
Next, suppose f1 > 0, f, < 0. Put

A={x|f(x) >0}, B={x|f(x)<O0}
Then f, f1, and —f; are nonnegative on A. Hence
(11.74) J fq dp.:J fdp.+J (ffz)duzj fdp.—J fydu.
A A A A A
Similarly, —f, f1, and —f, are nonnegative on B, so that
| =rrau= | fraus| (-naw,
B B B

or
(11.75) J fidu = J fdu—J foduy,

B B B

and (11.73) follows if we add (11.74) and (11.75).

In the general case, E can be decomposed into four sets E; on each of which
f1(x) and f,(x) are of constant sign. These two cases we have proved so far imply

J fdu:J f1du+J fodu (i=1,2,34),
E; E; i

i

and (11.73) follows by adding these four equations. O
We are now in a position to reformulate for series.
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11.30 Theorem. Suppose E € 9. If (fn) is a sequence of nonnegative measurable func-
tions and

(11.76) fx) =) fulx) (x€F),
n=1
then -
du = i
Jeran= X | man

Proof. The partial sums of (11.76) form a monotonically increasing sequence. [

11.31 Theorem (Fatou’s Theorem). Suppose E € M. If (fy) is a sequence of nonnega-
tive measurable functions and
f(x) = liminf f;; (x) (x € E),

n—oo

then
(11.77) JE fdu < lhnl)loréfJE fr dp.
Strict inequality may hold in (11.77). An example is given in[Exercise 11.5
Proof. Forn=1,2,3,... and x € E, put
gn(x) =inffi(x) (i>n).

Then gy, is measurable on E, and

(11.78) 0<gilx) <galx) <-v )
(11.79) gn(x) < fn(x),
(11.80) gn(x) — f(x) (n — o)
By (11.78), (11.80), and Theorem 11.28|,
(11.81) J gndyu — J fduy,
E E
so that follows from and (IT1.81). O

11.32 Theorem (Lebesgue’s Dominated Convergence Theorem). Suppose E € 9.
Let (fn ) be a sequence of measurable functions such that

(11.82) fn(x) = f(x) (x €E)
as n — oo. If there exists a function g € £ () on E such that

(11.83) fn(x)| < glx) (M=1,23,..., x€E),
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then

n—oo

(11.84) lim J fndu:J fdu.
E E

Because of (11.83), (fn,) is said to be dominated by g, and we talk about dom-
inated convergence. By |Remark 11.25 the conclusion is the same if (11.82) holds

almost everywhere on E.

Proof. First, (I1.83) and [Theorem 11.27/imply that f, € .Z(n) and f € .Z(u) on E.
Since fn + g > 0, Fatou’s theorem shows that

| 1t 9)du < timinf | £+ ),
E n—oo E

or
(11.85) J fdu < limian frdu.
E n—oo E
Since g — fn, > 0, we see similarly that
| to=ndu<timin | (g tu)an,
E n—oo E
so that

fJ fdp < liminf {f‘[ fn dp.} ,
E n—oo E

which is the same as

n—oo

(11.86) J fdu > limsupJ fdu.
E E

The existence of the limit in (11.84) and the equality asserted by (11.84) now
follow from (11.85) and (11.86). O

Corollary. If u(E) < +oo, (fn) is uniformly bounded on E, and fr(x) — f(x) on E,
then (11.84)) holds.

COMPARISON WITH THE RIEMANN INTEGRAL

Our next theorem will show that every function which is Riemann-integrable on an
interval is also Lebesgue-integrable, and that the Riemann-integrable functions are
subject to rather stringent continuity conditions. Quite apart from the fact that the
Lebesgue theory therefore enables us to integrate a much larger class of functions,
its greatest advantage lies perhaps in the ease with which many limit operations
can be handled; from this point of view, Lebesgue’s convergence theorems may
well be regarded as the core of the Lebesgue theory.
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One of the difficulties which is encountered in the Riemann theory is that lim-
its of Riemann-integrable functions (or even continuous functions) may fail to be
Riemann-integrable. This difficulty is now almost eliminated, since limits of mea-
surable functions are always measurable.

Let the measure space X be the interval [a, b] of the real line, with u = m (the
Lebesgue measure), and 9t be the family of Lebesgue-measurable subsets of [a, b].

Instead of
J fdm,
X

it is customary to use the familiar notation
b
J fdx
a

for the Lebesgue integral of f over [a,b]. To distinguish Riemann integrals from
Lebesgue integrals, we shall now denote the former by

b
%’J fdx.

a

11.33 Theorem.
(a) If f € Z on [a,b], then f € £ on [a,b], and

b b
(11.87) J fdx:%J fdx.

a a

(b) Suppose f is bounded on [a,b]. Then f € % on [a,b] if and only if f is continuous
almost everywhere on [a, b].

Proof. Suppose f is bounded. By [Definition 6.1| and [Theorem 6.4} there is a se-
quence (Py) of partitions of [a, b] such that Py 1 is a refinement of Py, the distance
between adjacent points of Py is less than 1/k, and

(11.88) lim L(Py,f) = %’Jf dx, lim U(Py,f) = ,%’Jf dx.
k—oo k—o0

(In this proof, all integrals are taken over [a, b].)
If Py ={x0,%1,...,xn}, withxg = a, xn, = b, define

Uk (a) = Lx(a) = f(a);

put Uy (x) = Mj and Ly (x) = m; for x;_1 < x < x4, 1 <1 < n, using the notation
introduced in[Definition 6.1l Then

(1189) L(Pk, f) = JLk dX, U(Pk, f) = Juk dX,
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and

(11.90) Lix) SLa(x) <--- < Af(x) < - S Up(x) < Ug(x)

for all x € [a, b], since Py refines Py. By (11.90), there exist

(11.91) L(x) = lim Ly(x), U(x) = lim Uyg(x).

k—o0 k—o0

Observe that L and U are bounded measurable functions on [a, b], that

(11.92) Lx) < f(x) <Ux) (a<x<D),
and that
(11.93) J Ldx = %Jf dx, J Udx = FZ}‘ dx,

by (I1.88), (11.90), and the monotone convergence theorem.
So far, nothing has been assumed about f except that f is a bounded real func-

tion on [a, b].
To complete the proof, note that f € # if and only if its upper and lower Rie-
mann integrals are equal, hence if and only if

(11.94) Jde = Judx;

Since L < U, (11.94) happens if and only if L(x) = U(x) for almost all x € [a, b]
(Exercise 11.1). In that case, (11.92) implies that

(11.95) L(x) = f(x) = U(x)

almost everywhere on [a, b], so that f is measurable, and follows from
and (TL33)

Furthermore, if x belongs to no Py, it is quite easy to see that U(x) = L(x) if and
only if f is continuous at x. Since the union of the sets Py is countable, its measure
is 0, and we conclude that f is continuous almost everywhere on [a, b] if and only
if L(x) = U(x) almost everywhere, hence (as we saw above) if and only if f € Z.
This completes the proof. O

The familiar connection between integration and differentiation is to a large
degree carried over into the Lebesgue theory. If f € £ on [a, b] and

(11.96) F(x) = JX fdt (a<x<b),

then F/(x) = f(x) almost everywhere on [a, b].
Conversely, if F is differentiable at every point of [a, b] (“almost everywhere” is
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not good enough here!) and if F' € .Z on [, b], then

F(x) — Fla) = jXF’(t) dt  (a<x<b)

a

For the proofs of these two theorems, we refer the reader to any of the works

on integration cited in the

INTEGRATION OF COMPLEX FUNCTIONS

Suppose f is a complex-valued function defined on a measure space X, and f =
u+iv, where u and v are real. We say that f is measurable if and only if both uand
v are measurable.
It is easy to verify that sums and products of complex measurable functions are
again measurable. Since
1= (u? +v?)1/2,

Theorem 11.18shows that |f| is measurable for every complex measurable f.
Suppose 1 is a measure on X, E is a measurable subset of X, and f is a complex
function on X. We say that f € .Z’(i) on E provided that f is measurable and

(11.97) J If]du < +o00,
E

and we define

J fdu:J udu+iJ- vdp
E E E

if (11.97) holds. Since |[u| < [f], |[v| < [f], and |f| < |u|+ |v], it is clear that (11.97)
holds if and only if u € Z(p) and v € Z(u) on E.

Theorems[T1:23(a)} [[d)} [(e)} [(F)} [[1-24(b)| [[1:26} [11:27}[I1.29} and[I1.32)can now be

extended to Lebesgue integrals of complex functions. The proofs are quite straight-

forward. That of [Theorem 11.26|is the only one that offers anything of interest:
If f € Z(u) on E, there is a complex number ¢, |c| = 1, such that

CJ fdu>0.
E
Put g = cf =u+1iv, uand v real. Then

J fdp‘ch fdsz gdu:J uduSJ [f| du.
E E E E E

The third of the above equalities holds since the preceding ones show that [ gdp
is real.
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FUNCTIONS OF CLASS %2

As an application of the Lebesgue theory, we shall now extend the Parseval the-
orem (which we proved only for Riemann-integrable functions in and
prove the Riesz-Fischer theorem for orthonormal sets of functions.

11.34 Definition. Let X be a measurable space. We say that a complex function
f € £%(u) on X is measurable if

J |f|2 dp < +o0.
X

If p is Lebesgue measure, we say f € £ 2 For f € 2 () (we shall omit the phrase
“on X” from now on) we define

1/2
o1 = {1}
X

and call ||f|| the .22 (i) norm of f.
11.35 Theorem. Suppose f € L2 and g € L% (). Then tg € £ () and

(11.98) jx Ifgldu < [1f] [lg]] .

This is the Schwarz inequality, which we have already encountered for series
and for Riemann integrals. It follows from the inequality

0 | (11 Algh du= [ +22 ] Ifgldu+32 o],
which holds for every real A.
11.36 Theorem. Iff € L2(W)and g € L), then T+ g € L2 (u) and
If+gll < I+l -

Proof. The Schwarz inequality shows that

\H+mF:JHF+J@+Jﬁ+JmF
2 2
< =+ 2011 gl + gl
= (I + lgln>. O

11.37 Remark. If we define the distance between two functions f and g in 22(w)
to be ||f — g||, we see that the conditions of [Definition 2.15|are satisfied, except for
the fact that ||f —g|| = 0 does not imply that f(x) = g(x) for all x, but only for
almost all x. Thus, if we identify functions which differ only on a set of measure
zero, £2(p) is a metric space.
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We now consider .#2 on an interval of the real line, with respect to Lebesgue
measure.

11.38 Theorem. The continuous functions form a dense subset of £% on [a, b].

More explicitly, this means that for any f € .2 2 on [a,b], and any ¢ > 0, there
is a function g, continuous on [a, b], such that

b 1/2
||fg|—{J Ifglzdx} <e
a

Proof. We shall say that f is approximated in .#? by a sequence (gn ) if ||f — gn || —
Oasn — oo.
Let A be a closed subset of [a, b] and K 4 its characteristic function. Put

t(x) = inf|x —y| (yeA)
and

1

:m (n:1,2,3,...)‘

gn(x)

Then gy, is continuous on [a,b], gn(x) = 1 on A, and gn(x) — 0 on B, where
B = [a,b] — A. Hence

1/2
lon—Kal = {[ shax} "0

by Thus characteristic functions of closed sets can be approximated
in .£“ by continuous functions.

By (T1.39), the same is true for the characteristic functions of any measurable
set, and hence also for simple measurable functions.

If f > 0and f € #2, let (s5,) be a monotonically increasing sequence of simple
nonnegative measurable functions such that s (x) — f(x). Since |f — snl2 < f2,

Theorem 11.32|shows that ||f — sn || — 0. The general case follows. O

11.39 Definition. We say that a sequence of complex functions (¢ ) is an orthonor-
mal set of functions on a measurable space X if

_ 0 ,
J ¢n¢mdu—{ (n 7 m)
X 1 (n=

In particular, we must have ¢, € L2(w). If f € 22(u) and if

Cn:J f$nd]"l’ (n:1/2/3/~"]/
X
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we write
(o)
f~ Z cndn,
n=1

as in|Definition 8.10

The definition of a trigonometric Fourier series is extended in the same way to
£? (or even to .#) on [—, 7). [Theorem 8.11|and [Theorem 8.12|(the Bessel inequal-
ity) hold for any f € .22 (y1). The proofs are the same, word for word.

We can now prove the Parseval theorem.

11.40 Theorem. Suppose

(11.99) f(x)~ > cne™,

n=—oo

where £ € #2 on [—m, 7. Let sn be the nth partial sum of (11.99). Then

(11.100) lim |[f—sn|| =0,
n—oo
- P KA
(11.101) > lenl :ZLTW dx.
n=—oo

Proof. Let € > 0 be given. By [Theorem 11.38) there is a continuous function g such
that

£
f— =.
If—oll <4

Moreover, it is easy to see that we can arrange it so that g(mr) = g(—). Then g

can be extended to a periodic continuous function. By there is a
trigonometric polynomial T, of degree N, say, such that

I3
-7 =.
lg—Tl <3
Hence, by [Theorem 8.11|(extended to ZZ), n > N implies
lsn —f < IT— 1 <,

and (11.100) follows. Equation (11.101) is deduced from (11.100) as in the proof of
[Theorem 8.76 O

Corollary. Iff € #? on [—m, 7, and if
as .
J f(x)e ™ dx =0 m=0,%41,£2,...),
—7t
then ||f|| = 0.

Thus if two functions in .#2 have the same Fourier series, they differ at most
on a set of measure zero.
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11.41 Definition. Let f and fn € £Z(n) (n = 1,2,3,...). We say that (fn) con-
verges to f in .Z2(u) if ||[fn —f|| — 0. We say that (fn) is a Cauchy sequence in
fz(u) if for every € > 0 there is an integer N such thatn > N, m > N implies
|fn—fm] <e.

11.42 Theorem. If (fy) is a Cauchy sequence in L2(W), then there exists a function
f e L2(u) such that (fn) converges to f in L2(w).

This says, in other words, that .2 2(w)isa complete metric space.

Proof. Since (fy,) is a Cauchy sequence, we can find a sequence (ny), k=1,2,3,...

such that :
e — fre ||<2—k (k=1,2,3,...).

Choose a function g € .Z 2(p). By the Schwarz inequality,

Jx}g(fnk—fnk|1)|du< M

— zk .
Hence
[ee)
(11.102) > JX |9(fr — fry )| A < [l
k=1

By |[Theorem 11.30} we may interchange the summation and integration in (11.102).

It follows that
o0
(11.103) 1901 D [fry () = ey (X)| < +o0
k=1
almost everywhere on X. Therefore
o0
(11.104) D e () = (x)] < 400
k=1

almost everywhere on X. For if the series in were divergent on a set E of
positive measure, we could take g(x) to be nonzero on a subset of E of positive
measure, thus obtaining a contradiction to (I1.103).

Since the kth partial sum of the series

Mg

(fnk+1 (X) - fnk (X))/
k

Il
-

which converges almost everywhere on X, is

fnk 1 (X) - le] (X]/
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we see that the equation
f(x) = lim fn, (x)

k—oo
defines f(x) for almost all x € X, and it does not matter how we define f(x) at the
remaining points of X.
We shall now show that this function f has the desired properties. Let ¢ > 0 be

given and choose N as indicated in [Definition 11.41} If ny > N, Fatou’s theorem

shows that
If — frp || < lminf |[fn, —fn, || <e.
1—00

Thusf—fn, € £2(n), and since f = (f — fn,)+fn,, weseethatf € 22 (). Also,
since ¢ is arbitrary,

Hm [|f—fn, || = 0.
k—o0
Finally, the inequality
(11.105) If —fnll < If—fn |l + [frne —fnll

shows that (fn ) converges to f in £2(w); for if we take n and ny large enough,
each of the two terms on the right of (11.105) can be made arbitrarily small. O

11.43 The Riesz-Fischer Theorem. Let (¢ ) be orthonormal on X. Suppose Z|cn |2

converges, and put s, = c1Py + -+ cndn. Then there exists a function
f e £2(u) such that (sn) converges to f in £2(w), and
o0
f~ Z cnbn.
n=1

Proof. Forn > m,
Isn = smll® =lem1 1>+ +lenl?,

so that (s, ) is a Cauchy sequence in .Z 2(w). By [Theorem 11.42} there is a function

f € £2(u) such that

lim ||f—snl|| =0.
n—oo

Now, forn >k,
J for du—cy = J by dp — J sndy du,
X X X

so that
‘ J fdy du—cx
X

S f=snll - Il + If —snll-

Letting n — oo, we see that

Ck:J f@kdu (k:1/2/3/~~')/
X
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and the proof is complete. O

11.44 Definition. An orthonormal set (¢ ) is said to be complete if, for f € . 2(w),
the equations

J fo,du=0 m=1,23...)
X

imply that ||f|| = 0.

In the|Corollary|to[Theorem 11.40|we deduced the completeness of the trigono-
metric system from the Parseval equation (11.101). Conversely, the Parseval equa-
tion holds for every complete orthonormal set:

11.45 Theorem. Let ($r) be a complete orthonormal set. If f € £2(w) and if

oo
(11.106) f~> cnbn,
n=1
then
o0
(11.107) J [fPdu=Y lenl®.
X n=1

Proof. By the Bessel inequality, X |cn, \2 converges. Putting

sn=c1dP1+ - +cnbdn,

[The Riesz-Fischer theorem|shows that there is a function g € .#% (1) such that

oo
(11.108) g~ cndn,
n=1

and such that ||g — sn || — 0. Hence ||sn || — ||g||. Since
lsnll® =ler P+ +lenl?,
we have
o0
(11.109) [ 19 di= 3" tenl?.
X n=1
Now (11.106), (11.108), and the completeness of (¢pn ) show that ||[f —g|| =0, so

that (11.109) implies (11.107). O

Combining Theorems|11.43[and [11.45} we arrive at the very interesting conclu-
sion that every complete orthonormal set induces a 1-1 correspondence between
the functions f € Z2(p) (identifying those which are equal almost everywhere)
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on the one hand and the sequences (c,) for which £ |cn, |2 converges, on the other.
The representation
oo
f~ Z Cndn,
n=1

together with the Parseval equation, shows that L2(w) may be regarded as an
infinite-dimensional euclidean space (the so-called “Hilbert space”), in which the
point f has coordinates ¢, and the functions ¢, are the coordinate vectors.

EXERCISES

11.1. If f > 0 and IE fdu = 0, prove that f(x) = 0 almost everywhere on E. Hint: Let E,, be
the subset of E on which f(x) > 1/n. Write A = [JEy,. Then u(A) = 0if and only if u(E,,) =0
for every n.

1m.2.1f | A fdu = 0 for every measurable subset A of a measurable set E, then f(x) = 0 almost
everywhere on E.

11.3. If (f,,) is a sequence of measurable functions, prove that the set of points x at which
(fn(x)) converges is measurable.

11.4.If f € Z(n) on E and g is bounded and measurable on E, prove that fg € £ (u) on E.

11.5. Put
0 o<x< 1y,
o) = =x=2)
1 (z £x<0),
fa(x) = g(x) (0<x<1,
faer1(x) =g(1—x) (0<x<T).
Show that
liminff, (x) =0 0<x<1),
n {o o]
but
! 1
L fn(x)dx = 7
[Compare with (TT.77).]
11.6. Let

Then f,, (x) — 0 uniformly on R', but

o0
J fndx =2 m=123...).

(We write fiooo in place of |: 1.) Thus uniform convergence does not imply dominated con-
vergence in the sense of [Theorem 11.32} However, on sets of finite measure, uniformly con-
vergent sequences of bounded functions do satisfy [Theorem 11.32

11.7. Find a necessary and sufficient condition that f € () on [a, b]. Hint: Consider
[ple 11.6(b)|and [Theorem 11.33}

11.8.1f f € % on [a,b] and if F(x) = [ f(t) dt, prove that F/(x) = f(x) almost everywhere on
la, bl.
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11.9. Prove that the function F given by is continuous on [a, b].

11.10. If u(X) < +oo and f € .£%(u) on X, prove that f € £(u) on X. If
1(X) = +oo,
this is false. For instance, if 1
f(x) = T\X\,
thenf € Z?2onR!,butf ¢ ZonR'.
11.11.If f, g € Z(n) on X, define the distance between f and g by

j [ —gld.
X

Prove that (i) is a complete metric space.
11.12. Suppose
(@ Hxyl<1if0<x<1,0<y<1,
(b) for fixed x, f(x,y) is a continuous function of y,
(c) for fixed y, f(x,y) is a continuous function of x.
Put

1
g(x) = L foy)dy  (0<x<1).

Is g continuous?
11.13. Consider the functions

fn(x) =sinnx n=1,23,..., - t<x<mn)

as points of #2. Prove that the set of these points is closed and bounded, but not compact.

11.14. Prove that a complex function f is measurable if and only if £=1(V) is measurable for
every open set V in the plane.

11.15. Let % be the ring of all elementary subsets of (0,1]. If 0 < a < b < 1, define

$([a,b]) = d(la, b)) = d((a,b]) = ((a,b)) =b—aq,
but define
$((0,6)) =d((0,b]) =T+b
if 0 < b < 1. Show that this gives an additive set function ¢ on % which is not regular and
cannot be extended to a countably additive set function on a o-ring.

11.16. Suppose (ny) is an increasing sequence of positive integers and E is the set of all x €
(=, m) at which (sinmnx)32 ; converges. Prove that m(E) = 0. Hint: For every A C E,

J sinnxdx — 0,
A
and
ZJ (sinnyx)? dx = J (1= cos® nyx) dx — m(A) as k — oo.
A

A

11.17. Suppose E C (—m, ), m(E) > 0, > 0. Use the Bessel inequality to prove that there
are at most finitely many integers n such that sinnx > 6 forall x € E.

11.18. Suppose f € Z2(n), g € Z£?(u). Prove that

2
Uf?du‘ — [172 i 19
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if and only if there is a constant ¢ such that g(x) = cf(x) almost everywhere. (Compare

Mheorem 11.35)
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